




THEORY OF SOUND. 




THE 


THEORY OF SOUND 


BY 

JOHN WTLLTAM: STRUTT, BARONyRA YLEIGH, M.A., F.R.S. 

PORMEULY FELLOW OP TUIXITY COLLEGE, CAMHRTDOE. 


YOLUME^ n 


Eontion: 

MACMILLAN AND CO. 

1878 


[All Riffhts reserved.'} 



PRINTED BT C. J. CLAY. M.A 
AT THE UNIYBRBITY PRESS. 



CONTENTS. 


CHAPTER XI. 

PAGE 

§§ 23G — 254 1 

Aorial vibrations. Equality of pressnro in all directions. Eqnntions of 
moti 1. Equation of continuity. Special form for iucomprcssiblo fluid. 
Motion in two dimensions. Stream function. Symmcti y about an axis. 
Volocity-potoutial. Lagrange’s theorem. Stokes’ proof. rhyt.ieal in- 
terpretation, Thomson’s investigation. Circulation. Equation of con- 
tinuity in terms of velocity-potential. Expression in polar co-ordinates. 
Motion of incompressible fluid in simply connected bpaccs is determined 
by boundary conditions. Extension tomultiply connected spaces. Sphere 
irrotatioiially moving fluid suddenly soliditied would Iiave no rotation, 
Irrotational motion has tho least pos<<iblo energy. Analogy with theories 
of heat and electricity. Equation of prebsurc. Ccneral equation for 
srnorouB motion, kfotion in one dimension. Positive and negative ]wo- 
gressivo waves. Eelation between velocity and condensation. lior- 
monic type. Energy propagated. Tlalf tho onerg} is potential, and 
half kinetic. Newton’s calculation of velocity of faoimd. Laplace’s cor- 
rection. Expression of velocity in* terms of ratio of specific heats. 
Lxperiment of Clement and Desormos. Rankinc’s calculation from 
Joule’s equivalent. Possible effect of«radintiou. Stokes’ investigation. 

Rapid stifling of the sound. It appears that colnmuuicatiou of heat has 
no sensible effect in practice. Velocity depcudeiit upon tomporaturo. 
Variation of pitch of organ-pipes. Vciocity of sound in water. Exact 
differential equation for plane waves. Application to waves of theory 
of steady motion. Only on one supposition as to the law connecting 
pressure and density can a wave maintain its form without the assist- , 
ance of on impressed force. Explanation of change of type. Poisson’s 
equation. Relation between velocity and condcusatiou.iu a progressive 
wave of finite ampUtude. Difficulty of ultimate discontinuity. Earn- 
shaw’s integrals. Riemann’s investigation. Limited initial disturbance. 
Experimental determinations of tho velocity of sonnet. * 



CHAPTER XII. 


PAGB 

§§255—260 4.4 

Vibrations m tubes. General form for sinfple harmonic type. Nodes and 
loops. Condition for on open end. In stationary vibrations there must 
be nodes at intervals of Befleotion of pulses at closed and open ends. 
Problem in compound vibrations. Vibration in a tub*e due to external 
sources. Both ends open. Progressive wave duo to disturbanop at open 
end. Motion originating in the tube itself. Forced vibration of piston. 
Kundt’s experiments. Summary of results. Vibrations of the column 
of air in an organ-pipe. Belatiou of length of wave to length of pipe. 
Overtones. Frequency of an organ-pipe depends upon tho gas. Com- 
parison of^elocities of sound in various gases. Examination of 
vibrating column of air by membrane and sand. By Eonig’s ■dames. 

Curved pipes. Branched pipes. Conditions to be saiisilGd at the 
junctions of connected pipes. Variable V^tion. Approximate calcula- 
tion of pitch for pipes of variable soetioii. luiiucuco of variation of 
section on progressive waves. Variation of edensity 

CHAPTER XIII. 

§§207—273 . , . ... . . . .6.'. 

Aerial vibrations in a rectangular chamber. Cubical box. Hcsonanco of 
rooms. Bectangular tube. Oomposition of two equal trains of waves. 
Beflection by a rigid plane wall. Green’s investigation of redootion and 
refraction of plane waves at a plane surface. Law of sines. Case of air 
and water. Both media gaseous. Fresnel’s expression. Beflection at 
surface of air and hydrogen, B^ection from wai'm air. TyndaH’s* 
experiments. Total reflection. Beflection from a plate of flnite 
thickness. 


CHAPTER XIV." 

§§ 273— 2U5 

Arbitrary initial disturbance in an unlimited atmosphere. Boibson’s solu- 
tion. Verification. Limited initiid disturbance. Case of two dimen- 
sions. Deduction of solution for a disturbance continually renewed. 
Sources of sound. Harmonic typo. Verification of solution. Sources 
distributed over a surface. Infinite plane wall. Sheet of double 
BOUTTOs. Waves in three dimensions, symmetrical obout a point. Har- 
monic type. A condensed or rarefied wavo cannot exist alone. Con* 
tmuity through polo. Initial cucumsfanccs. Velocity-potential of a 
given source.^ Calculation of enerj^ emitted. Speaking trumpet. 
Theory of conical tubes. Position of nodes. Composition of vibrations 
from two simple sources of like pitch. Interference of sounds fi'om 
electrically maintained tuning folks. Points of silence. Exibtenco 
often to bo inferred from considerations of symmetry. Cose of bell. 



PAGl 


Experimental methods. Mayer’s experiment. Sound shadows. Aperture 
in plane screen. Huyc^ens’ zones. Genertd explanation of shadows. 
Oblique screen. Conditions of approximately complete reflection. 
Diverging Waves. Variation of intensity. Foci. Beflection from 
curved surfaces. Elliptical and parabolic reflectors. Fermat’s prin- 
ciple. Whispering galleries. Observations in St Paul’s cathedral. 
Probable exjdanation. Besonance in buildings. Atmospheric refrac- 
tion of sound. Convective equilibrium of temperature. Differential 
equation to path of ray. Befractidn of sound by wind. Stokes* 
explanatioi^ Law of refraction. Total reflection from wind overhead.' 
In the case of refraction by wind tho course of a sound ray is not* 
reversiblo. Observations by BeynJlds. Tyndall’s observations on fog 
signals. Law of divergence of sound. Speaking trumpet. Diffraction 
of sound through a small aperture in an infinite screen. Extension of 
Green’s theorem to velocity-potentials. Helmholtz’s theorcni of reci- 
procity. *AppUoation to double sources. Variation of total energy 
within a closed space. 


dJAFTER XV. 

§§ 290—302 . * 

Secondary waves duo to a variation in tho medium. Belativo importance of 
secondary waves depends upon tho wave-length. A region of altered 
compressibility acts like a simple source, a region of altered density like 
a double source. Law of inverse fourtli powers inferred by method of 
dimensions. Explanation of harmonic echos. Alteration of character 
of compound sound. • Secondary sources duo to exccbsive amplitndo. 
Alteration of pitch by relative motion of source and reeijnent. lixpcri- 
montill illustrations of Do]>pler’s i»rinoiplo. Motion of a simple source. 
Vibrations in a roctaiigiilur chamber due to iuturnal sourcob. Simple 
sourco situated in an unlimited tulje. Energy emitted. Comparihoii 
with conical tube. Furfher discussion of the motion. Calculation of 
tho reaction of tho air on a vihraiiug cii’cular pbito, whohC plane is com- 
pleted by a fixed flange.* Equation of motion for the idato. Case of 
coiucidciico of natural and forced periods. 


OIIAPTEIi XVI. 

§§ 303—322 

Theory of resonators. Besonator comjiosed of a inston and air reservoir. 
Potential energy of compression. Periodic time. In a largo class of air 
Resonators the comprossiou is sensibly uniform throughout the reservoir, 
and the kinetic energy is sensibly confined to the neighbourhood of the 
air passages. Expression of kinetic energy of motion threu^^ passages 
in terms of electrical conductivity. Calculation of natural pitch. Case 
of several (diauuels. Superior and inferior limits to conductivity of 
channels. Simple apertures. Elliptic aperture. Comparison with cir- 
cular aperture of equal area. In many cases a calculr4ion based on area 



CONTENTS. 


PAGE 

only is snfElcient. Saperior and inferior limits to the condootirity of 
necks. Correotion to length of passage on aoconnt of open end. Con- 
ductivity of passages bounded by nearly oylindrioal surfaces of revolution. 
Comparison of calculated and observed pitch. Multiple resonance. 
Cidoulation of periods for double resonator. Communication of energy 
to external atmosphere. Bate of ^dissipation. Numerical example. 

Forced vibrations due to an external source. Helmholtz's theory of 
open pipes. Correction to length. Bate of dissipation. Influence of 
flange. Experimental methods dl determining the pitch of resonators. 
Discussion of motion originating Trithin an open pipe. Motion due to 
•extemfti sources. Effect of enlargement at a closed end. Absorption of 
sound by resonators. Quincke’s tubes. Operation of a resonator dose 
to a sburoe of sotmd. Beinforoement of sound by resonators. Ideal 
resonator. Operation of a resonator close to a double source. Savort’s 
experiment. Two or more resonators. Question of formation of jets 
daring sonorous motion. 


CHAPTER# XVII. 

§§ 323 — 335 ^ , * • • • • 

AppUoations of Laplace's functions to acoustical problems* General solution 
involving the term of the order. Espression for radial velocity. Di- 
vergent waves. Origin at a spherical surface. The formation of sonorous 
waves requires in general a certain area of moving sui'face ; otherwise the 
mechanical conditions ore satisfied by a local transference of air without 
appreciable condensation or rarefaction. Stokes' discubsion of the effect 
of lateral motion, Leslie’s experiment. Calculation of numerical results. 
The term of zero order is usually dofleient when the sound originates in 
the vibration of a solid body. Beactiox^ of the surrounding air on a 
rigid vibrating sphere. Ihcreaso of effective inertia. "When the sphere 
is small in comparison with the wave-length, there is but little commu- 
nication of energy. Vibration of an ellipsoid. Multiple sources. In 
cases of symmetry Laplace's functions reduce to^ Legendre’s functions. 
Calculation of the energy emitted from a vibrating spherical surface. 
Case when the disturbance is limited to a snAll part of the spherical 
surface. Numerical results. Effect of a small sphere situated dose to a 
source of sound. Analytic^ transformations. Case of continuity 
ihroi^h pole. Analytical expressions for tlio volooity-potontial. Ex- 
pression in terms of Bessel’s functions of fractional order. Particular 
cases. Vibrations of ^as confiffed within a rigid spherical envelope. 
Badial vibrations. Diametral vibrations. Vibrations expressed by a 
Laplace’s fmiction of the second order. Table of wave-lengths. Belative 
pitch of various tones. General moyon expressible by simple vibrations. 
Case of uniform initial velocity. Vibrations of gas indnded between 
concentric spherical surfaces. Spherical sheet of gas. Investigation of. 
the disturbance produced when plane waves of sound impinge upon a 
spherical obstacle. Expansion of the velocity-poten tial of plane waves. 
Sphtte fixed and rigid. Intensity of secondary waves. Primary waves 
orating in a source at a finite distance. Symmetrical expression 
tor secondaiy waves. Case of a gaseous obstacle. Equal compressi- 



CONTENTS. 


IX 


CHAPTER XVIII. 

PAOS 

§§ 336 — 343 .......... 253 

Problem of a splierioal layer of air. Expansion of vclooity-potcntiiJ in 
Fourier’s series. Differentif^ equaSon satisfied by each term. Ex- 
pressed in terms of ii and of v. Solution for the ease of symmetxy. 
Conditions to bo satisfied when tlio poles are not sources. Beduction 
to Legendre’s functions. Conjugate property. Transition from sphe- 
rical to plane layer. Bessel’s function of zero oxder. Spherical 
layer bounded by parallels of latitude. Solution for spherical layer 
bounded by small circle. Particular tcases soluble by Legendre’s func- 
tions. General problem for unsymmetrical motion. Transition to 
two dimensions. Complete solution for entire sphere in terms of 
Laplace’s functions. Expansion of an arbitrary function. Formula 
of derivation. Corresponding formula in Bessel’s functions for two 
dimensions. Independent investigation of plane problem. Transverse 
vibrations in a cyUndrical envelope. Case of unifoisn initial vriocity. 

Sector bounded by radial walls. • 'Application to water waves. Vibra- 
tions, not necessarily transverse, within a (‘ircular cylinder with plane 
ends. Complete sc^lution of difitorintial equation without restriction 
as to absence of polar source. Foi-mula of derhation. FiXpro*.sion ol 
velocity-potential by descending semi-conveigcnt serh^s. Case of purely 
divergent wave. Stokes’ application to vibrating strings. Importance' 
of sounding-boards. I’reventhm of lateral motion, Velooily-potentinJ 
of a linear source. Siguificancf of retardation of IX. Problem of 
plane waves impinging upon a cylindrical obstacle. Fixed and rigid 
cylinder. Mathematically analogous problem relating to the transverse 
vibrations of an clastic A)lid. Apj)lication to theory of light. Tyndall’s 
experiments showing the smallndsM of tJie obMtruction to sound offered 
by^abrios, whoso pores are open. 

t^HAPTER XTX. 


§§ 344—348 . . ... 280 

Fluid Friction. Nature of \iseocity. Coefliciont of viscocity. Independent 
of the density of the gas. bloxwell’s experiments. Comparison of 
equations of viscous motion with those applicablu to an elastic solid. 
Assumption that a motion of uniform dilatation or contraction is not 
opposed by viscous forces. Stokes’ expression for dissipation function. 
Application to theory of piano waves. Gradual decay of harmonic 
waves maintained at the origin. To a first approximation the velocity 
of propagation is unaffected by viscosity. Numerical calculation of 
coefficient of decay. The effect of viscosity at atmospheric pressure is 
sensible for very high notes only. A hiss becomes inaudible at a mode- 
rate distance from its source. In rarefied air tbo effect of viscosity is 
much increased. Transverse vibrations due to viscosity. Application 
to calculate effects of viscosity on vibrations in narrow tubes. ^|m- 
holtz’s and E[irohl^fi*s results. Observations of Sehneebeli and Seebock. 
Principle of dynt^oal similarity. Theory of ships and modds. Ap- 
plication of principle of similarity to elastic plates. 



X 


CONTENTS. 


APPENDIX A. 

PAGE 

Correction to Open End 291 

Note to § 273 . . . * 290 

Note on Progressive Waves 297. 



CHAPTER XL 

AEIIJAL VIIUIATIDXW. 


23(). SrNCK the atinoapbere is tho almost imivcTsal vfliiclc* of 
sound, tlu' investigation of the vibrations of a "asoous uiedinm 
has always been considered the |K*ciiliar i)robl(‘m of Physical 
Acoustics; but in fill, except a few specially simfde questions, 
chiefly relating to th(‘ 2 >vo])agatipn of sound in one dinuMision, the 
mathematical diflicnJtios are Mich that ])rogress has bt en very slow. 
Even \Nhen a theoretical nssult is obtained, it often ha])pens that 
it cannot be submitted to the test of (*\periment in default of 
accuiatc methods of Tiu*abining the intensity of vil)rati<»ns. In 
some ])arts of the subject all tln^t we can do is to solvt) those 
probh'uis whose matlK'inatieal comlititnis are sulHeiisitly simple to 
admit of solution, ainl lo trust to them and to gmural iniuciples 
not toh*ave ns (juite iii.tho daik w’ith r(*-.pecl to oLlier questions in 
which w^e may Ik) interested. 

Jn the present chapter W'C shall rc'gard fluids as jx'rfect, that is 
to say, we shall assume that the mutual action betw^oon any two 
portions separated by an ideal surface is normal to that surface. 
Hereafter wc sliall say something about fluhl friction; but, in 
general, acoustical phenomena are not materially disturbed by 
such deviation from perfect fluidity as exists in the case of air 
an^ other gases. 

The equality of pressure in all directions about a given point 
is a necessary consequence of perfect fluidity, wdiethor there be 
rest or motion, as is proved by considering the equilibrium of a 
small tetrahedron under the operation of the fluvl pressures, the 
R. It. 1 
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EQUATIONS OP FLUID MOTION. 


[236. 

impressed forces, and the reactions against acceleration. In the 
limit, when the tetrahedron is taken indefinitely small, the fluid 
pressures on its sides become paramount, and equilibrum requires 
that their whole magnitudes be proportional to the areas of the 
faces over which they act. The pressure at the point x, y, z will 
be denoted by p, 

237. If pXdV, pYdV, pXdV, denote the impressed forces 
acting on the element of mass pdV, the equation of equili- 
brium is 

dp==p {Xdx + Y^dy + Zdz)^ 

where dp denotes the variation of pressure corresponding to 
changes dx^ dy, dz in tlie co-ordinates of the point at which the 
pressure is estimated. This equation is readily establibked by coii- 
sidering the cquilibr^m of a small cylinder with flat ends, the 
projections of whose axis on those df •co-ordinates are respectively 
dx, dyt dz. To obtain the equations of n^otion we have, in accordance 

with D’Alembert’s Piinciple, merely to replace by X— , &c., 

where , &c. denote the accelerations of the particle of fluid con- 
sidered. Thus 



In hydrodynamical investigations it is usual to express the veloci- 
ties of the fluid u, v, to in terms of x, y, z and t. They then 
denote the velocities of the particle, whichever it may be, that at 
the time t is found at the point^a?, y, z. After a small interval of 

time dt, a now particle has reached x, y, z; ^ dt expresses the 

excess of its velocity over that of '^the first particle, while ^ dt on 

tl^ other hand expresses the change in the velocity of the origmal 
particle in the same time, or the change of velocity at a point, 
which is not fixed in space, but moves with the fluid. To this 

notation we shall adhere. In the change contemplated in ~ , the 

at 



EQUATION OF CONTINUITY. 


position in space (determined by the values of a?, y, z) is retained 

invariable, while in it is a certain particle of tlio fluid on whicli 

attention is fixed. The relation between the two kinds of difler- 
eiitiation with respect to time ig expressed by 

( 2 ). 

and must be cleavl}^ conceived, thou'^h in a large class <.»f important 
problems wiVh wliich we sh.all be occupied in the sequel, tin; dis- 
tinction practically disappears* Whenever the motion is very 

small, the terms ‘S:*'. diminish in relative importance, and 

ultimately g = 

23S. We have further tft •express the condition that there is 
no creation or aniiiliilatioii.of matter in the interior of the fluid. 
11" a, 7 be llu? e<lges of a small vectangidsir parallelepiped 
parallel to the axes of co-ordinates, the quantity of matter which 
passes out of the included space in time dt in excess of that which 
enters is • 


4- -L 

( d.c dy ds 




Hid this must be eipifil to tlie actual Jo.ss sinshiiued, or 


tip d{pu) d(pv) d (pw) _ , , . 

dt ~tU!~ ~dir ^ ~'dr “ ” 

tl»e so-called equation of continuity. When p is constant (with 
respect to both time and space), the etpiation assumes the simple 
form 

du dv ( 2 ). 

dx dy dz 

In problems connected with sound, the velocities and the varia- 
tion of density are usually treated as small quantities. Putting 
p po (1 + s), where «, called the condensation, is small, and neglcct- 
ds 

ing the products u ^ , &c., we find 

ds du dv dw „ 

+ + = ® 
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STREAM-FUNCTION. 


Laaa. 


In special cases these equations take even simpler forms. In 
the case of an incompressible fluid whose motion is entirely 
parallel to the plane of jry^ 


du ^ dv 
ILl dy 


w, 


from which wo infer that the expression t/dy — is a porfi‘ct 
differential. Calling it d’^y weiiavc as the equivalent of (4) 



d^ 

dx' 




where is a function of the co-ortHnaios wliicli so fixr is perfectly 
arbitrary. The function is called the «<?'erm-fuiiction, since the 
motion of the fluid is everywhere in the diroetion of the curves 
= constant. When the motion is^ steady, that is, always tlio 
same at the same point of space, the curves = constant mark 
out a system of pipes or channels in H^hich the fluid may be sup- 
posed to flow. Analytically, the substitution of one function 
for the two functions u and v is often a step of great consequence'. 


Another case of importance is* when tlic're is symmetry round 
an axis, for example, that of x. Everything is then expressible in 
terms of x and ?•, wliere r =>/y“ + s“, and tho motion takes place 
ill planes passing through the axis of symmetry. If the velocities 
respectively parallel and perpendicular to the axis of symmetry be 
u and qy the equation of coutinifity is 


d{rn) d(rq) 
dx ^ dr 


(G), 


which, as before, is equivalent to 


ru 


dy^ 

dr 


‘tfr being the stream-function. 



(7), 


239. In almost all the cases with which we shall have to 
deal, the hydrodynamical equations undergo a remarkable sim- 
plification in virtue of a proposition first enunciated by Lagrange. 
If for any part o^ a fluid mass udx + vdy + wdz be at one moment 
a perfect differential it will remain so for all subsequent 
time. In particular, if a fluid be originally at rest, and be then 



Lagrange’s theorem. 


set in motion by conservative forces and pressures transmitted 
from the exterior, the quantities 

dv _ dw dw da da do 

dz dy * d,c ~ dz' dy" dx' 

(which we shall denote by f, 17, J) cun never depart from zero. 

We assume that p is a function of />, and we shall write for 
brevity 

® 

The (‘(piations of motion obtained from (1), (2), § 237, arc 
„ da da da da 



* • 

with two others of the same form rehiting to y and z. I>y 
hypothesis, 

dX^d)\ 
dy dx ’ 

so that by difTi*roiitiatiiig the first of the above equations with 
respc‘et to y and the seeoiid witli respect to ?nid subtracting, 
we eliminate w and the impressed forces, obtaining equations 
wliich may be put intd the form 


da ^ . do (da . dc\ ^ 


with two others ol' the saiuo form giving ^ “ . 

• JJt ut 

In the case of an incompressible ftuid, we may substitute for 
^2 ifs equivalent — ~ , and thus obtain 

jDf du ^ , dv , dw p /jN 

-A = dz^-^Tz^+di^’ 


which are tho equations used by Helmlioltz as the foundation 
of his theorems respecting vortices. 

If the motion bo continuous, the coefficients of f, 17, ^ in 
the above c<][uations arc all finite. Let L denote their greatest 
numerical value, and H the sum of the numerical values of 17, (T* 
By hypothesis, 12 is initially zero; the question is whether in 



6 Lagrange’s theorem. [239. 

the course of time it can become finite. The preceding equa- 
tions show that it cannot; for its rate of increase for a given 
particle is at any time less than all the quantities con- 

cerned being positive. Now even if its rate of increase were 
as great as H would ncvci* become finite, as appears from 

the solution of the equation 


nt 




,(5). 


A fortiori in the actual casR), £l cannot depart from zero, 
and the same must bo true of f, 17 , 

It is worth notice that this conclusion would not ho disturbed 
by the presence of frictional forces acting on each pirticle pro- 
portional to its velocity, as may be scon by substituting -AT— 
y — #cv, Z—KWy for X, YyZ in (1)*. But it is otherwise with 
the frictional forces which actually f^xist in fluids, and are de- 
pendent on the relative velocities of their j^artsi 

The first satisfactory demonstration of the important pro- 
position now under discussion was given by Cauchy; but that 
sketched above is due to Stokes^. It is not sufficient merely to 
shew that if, and whenever, f, 9 ;, f vanish, their differential 

coefficients , &c. vanish also, though this is a point that is 

often overlooked. When a body falls from rest under the action 
of gravity, but it does not follow that s never becomes 

finite. To justify that conclusion it would be necessary to prove 
that 8 vanishes in the limit, not mcrol 3 r to the first order, but 
to all orders of the small quantity t ; which, of course, eannot 
be done in the case of a falling body. If, however, the equation 
had been « oc s, all the differential coefficients of 8 with respect 
to t would vanish with t, if 8 did so, and then it might be in- 
ferred legitimately that 8 coulJ never vary from zero. 

By a theorem due to Stokes, the moments of momentum about 
the axes of co-ordinates of any infinitesimal spherical portion 
of fluid are equal to f, f, multiplied by the moment of 
inertia of the mass ; and thus these quantities may be regarded 

■u forces and neglecting the terms dependent on inertia, wo 

conductors*^ applicable to the motion of electricity through 'uniform 

» Canibridge Tram. vin. p. 807.' B. A. Beport on Hydrodynamics, 1847. 



ROTATORY VELOCITIES. 


as tlio component rotatory velocities of the fluid at the point to 
'which they refer. 

If Vi ? vanish throujjhout a s])aoo occupied by moving 
fluid, any small spherical portion of the fluid if suddenly solidilied 
would retain only a motion bf translation. A proof of this 
proposition in a generalised form will be given a little later. 
‘ Lagrange’s thc{)reni thus consists in the assertion that particles 

of fluid at any time destitute of rotation can never ac<juire it. 

• 

210. A somewhat different mode of investigation has lioen 
. adopted by Thomson, which affords a highly instructive view 
of the whole subject \ 

J3y the fundamental eipiations 

i. - M, + - 'll is - »•; *. 

Now Xdx+ Ydy + Zdz^ i1 U, if the forces be conservative. 


Du , . Dv 7 . Dun , 


in which 


D , j , j , , V 7)diJ Dt7t/ Ddz 

= vdu + u>dz)-u - w , 

*DdX y Dx y * 


Thus, if a* + w* + w*, wc have 

d'ST = dll - {udx + vdy’^wdz)-^r\dU^ 


or {^udx + vdy + wdz) = (i2 + J J/"* — «r) (2). 

Integrating this equation along any finite arc moving 

with the fluid, we have 

^ J (udx + vdy + tods) = (ll + i ID— w), — (B+ilD— 'Br)j. . .(3), 

in which suffixes denote the values of the bracketed function 
at the points and JP^ respectively. If the arc bo a complete 
circuit, 

^ ^(Mdaj + vdy + wdz) =0 (4f) ; 

^ Vortex Motion. JBdinburffh Transaction^ 181^9. 
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CIRCtJLATION. 


[240. 


or, in words, 

The line-integral of the tangential component velocity round 
any closed curve of a mooing fluid re^nains Sonstant throughout all 
time. 

The lincdntegral in question iS appropriately called the drcu- 
lationy and the proposition may be stated : — 

The circulation in any closed line moving with the fluid re- 
niains constant. 

In a state of rest the circulation is of course zero, so tliat, 
if a fluiti be set in motion by J)ressure8 transmitted from the 
outside or by conservative forces, the circulation along any closed ’ 
line must ever remain zero, which requires that udx + vdy wdz 
be a complete differential. 

But it does not jjpllow conversely that in irrotational motion 
there can never be circulation, unlelfe*it be known that 0 is single- 
valued; for otficrwise need not vanish round a closed circuit. 
In such a case all that cun be said is that <here is no circu- 
lation round any closed curve capable of being contracted to 
a point without passing out of space occupied by irrotationally 
moving fluid, or more generally, that the circulation is the same 
in all mutually reconcilable clo.sed curves. Two curves arc said 
to be reconcilable, when one can bo obtained from the other 
by continuous delbnnation, without passiug out of the irrota- 
tionally moving fluid. 

Within an oval space, such ds that included by an ellipsoid, all 
circuits are reconcilable, and tliercforc if mass of fluid of that 
form move irrotationally, there can be no circulation along any 
closed curve drawn wuthin it. Such spaces are called simply- 
connected. But in an annular space like that bounded by the 
surface of an anchor ring, a closed curve going round the ring is 
not c«mtinuou3ly reducible to a point, and therefore there may bo 
circulation along it, even although the motion be irrotational 
throughout the whole volume included. But the circulation is 
zero for every closed curve which dbes not pass round the ring, and 
has the same constant value for all those that do. 

• 241. When udx vdy -)r wdz is an exact differential d^, ‘the 
velocity in any direction is expressed by the corresponding rate 
of change of <f, ^hich is called the velocity-potential, and 
^i^dv dw 
dx'^Sy'^'dz 
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may be replaced by 

^<l > d^tj} 

If 8 denote any closed surface, the rate of flow outwards across the 
clement d8 is expressed by dS, where is the rate of varia- 
tion of <l> in proceeding outwards along the norinal. In the case of 
constant density, the total loss of fluid in time dt is thus 


the integration ranging over tlie whole surface' j)f 8. If the space 
8 be full both at the beginning and at the (‘iid of llie time df, 
the loss must vanish; and thus 


II 


(m 




The application of this <‘quafiou to the element dj^dydz gives ftir 
the e(piation of continuity of an incom])i’essiblc‘ fluid 




(2), 


or, as it is generally wj*itten, 

= ( 3 ); 

when it is <losired to work with polar co-ordi mites, the trans- 
formed equatii)!! is nn)i\ readily obtaiiu'd directly by applying (1) 
to the corresjionding element of volume, than by transforming (2) 
in accordance with the analytical rules for effecting changes in tlio 
indep(‘ndeiit variables. 

Thus, if wc take polar co-ordiiiatcs in the plane xy, so that 


we find 


£c = r cos 6^ y*= r sin 0, 

^ '^r dr 


(t); 


or, if wc take polar co-ordinates in space, 

as =5 r sin B cos q>, y = »* sin Q sin <», » = ? cos 




2 ^ 1 d^ 

r dr sill 0 dd 



+ 


?•_ (r)) 
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Simpler forms are assumed in special cases, such, for example, as 
that of symmetry round z in (5). 

When the fluid is compressible, and the motion such that the 
squares of small qufintities may be neglected, the equation of con- 
tinuity is by (3), § 238, 

* + = 0 ( 6 ), 


where any form of i^iay be used that may be moSt coiivcnieiit 
for the problem in hand. 


242. The irrotational motion of incompressible fluid within 
any simply-connected closed space 8 is completely determined by 
the normal velocities over the surface of 8. If iS bo a material 
envelope, it is evidcnl that an arbit^guy normal velocity may be im- 
pressed upon its surface, which normal velocity must bo shared 
by the fluid immediately in contact, provided that the whole- 
volume inclosed remain unaltered. If the fluid be previously at 
rest, it can ac(iuire no molecular rotation under the operation of 
the fluid pressures, which shcws^tliat it must bo possible to de- 
termine a function 0, such that ~ ^ throughout the space 

inclosed by 8^ while over the surface ^ has a prescribed value, 

limited only by the condition 



An analytical proof of this important proposition is indicated 
in Thomson and Tait’s Natural Philosophy^ § 317. 

ir 

There is no difficulty in proving that but one solution of the 
problem is possible. By Green’s theorem, if v*^ = 0, 





dS.. 


•( 2 ), 


the integration on the left-hand side ranging over the volume, 
and on the right over the surface of 8, Now if ^ and </> 
be two functions, satisfying Laplace’s equation, and giving 

prescribed surface-values of ^ , tbeir difference is a function 
also satisfying. Laplace’s equation, and making vanish 
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over the surface of S. Under those circumstances the double 
integral in (2) vanishes, and wo infer that at (‘very point of S 

tU ’ 

must bo constant, and tlie two niothms idtoilical. As a ]>ar- 
ticular case, there can Ixj no nit>tion of the iriotaiional kind 
within th(‘ voluint' *S\ indt'pendently of a motioii of the surface. 
The Ti'strietion to snn]>ly coniu'cteil spaces lendi'U'tl lu'cessaiy 
by the f.tilure of (luH'irs thcoreni, wliicli, as was iirst pointed 
out by Helmholtz, i'> oilierwiso p'^ssibh'. 

When the space H is mull ij>ly-conn<‘c^i d, the iiiotatioual 
motion is still d( l(‘uuiiiate, if ho-iidt"' llie noimal vidocity at 
every point ^of there be gi\(‘n lh(‘ xalue'^ of tlu' eon-«tatd cir- 
culations in all tlie possible nreconcihlde rliciilts For a 
coni])lete disiuis^iou (»f this (]t!l(Vlion W(‘ miot to Thomson's 

oiiginal meinoii, and Ct)ntc^ul ourstlve‘« la r« with the case of 
a doubl}-conu< ct(‘d ♦'pai'e, which wdl .'Ullic(‘ loi ilhi^liatiou. 

Let AIK^l) be an (‘udlc'-s tube wothm A\hicli fluid moves 
iiTotationally. For tliis motion then must < xist a velocity 

Fi;?. 5 J. 


must be ecpial to zero. In other w'^ords A<f> 



potential, whoso diftercutial coefficients, expressing, as they do, 
the component velocities, arc necessarily single-valued, but 
which need not itself bo single-valued. IMie simplest way of 
attacking the difficulty presented by the ambiguity of is to 
conceive a barrier AB taken across the ring, so as to close tha 
passage. Tlic space ABC DBA EF is then simply continuous, 
and Green’s theorem applies to it without modification, if allow- 
.ance bo made for a possible finite difference in the value of ^ 
on the two sides of the barrier. This diffcrcyicc, if it existj is 
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necessarily the same at all points of AB, and in the hydro- 
dynamical application expresses the circidation round the ring. 

In applying the equation 



we have to calculate the douJ)le integral over the two faces of 
the barrier as well as over the original surface of the ring. Now 

since ^ has the same value on tjie two sides, 
an, 

“lldt ” *//2 

« 

if K denote the constant difference of Thus, if #c vanish, 
or there be no circulation round sUie ring, wo infer, just as for 
a simply-connected space, that ^ is^ completely determined by 

the surface-values of If there be cirtulation, ^ is still 

determined, if the amount of the circulation be given. For, 
if ^ and 0 + be two functigns satisfying Laplace's equation 
and giving the same amount of circulation and the same normal 
velocities at S, their difference A<f> also satisfies Lapluce s equa- 
tion and the condition that there shall be neither circulation 
nor normal velocities over S. But,*as we have Just seen, under 
these circumstances A^ vanishes at every point. 

Although in a doubly-connected sps^e irrotational motion 
is possible independently of surface normal velocities, yet such 
a motion cannot bo generated by confervative forces nor by 
motions imposed (at any previous time) on tho bounding surface, 
for we have proved that if tlie fluid be originally at rest, there 
can never be circulation along any closcil curve. Hence, for 
multiply-connected as well 'as simply-connected spaces, if a 
fluid be set in motion by arbitrary deformation of the boundary, 
the whole mass comes to rest so soon as the motion of the boun- 
dary ceases. 

^ If in a fluid naoving without circulation all tho fluid outside 
a reentrant tube-like surface of uniform section become instan- 
taneously solid,* then also at the same moment all the fluid 
within the tube comes to rest. This mechanical interpretation, 
however unpraotical, will help the student to understand more 
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clearly what is meant by a fluid having no circulation, and it 
leads to an extension of Stokes* theorem with respect to mole- 
cular rotation. For, if all the fluid (moving subject to a 
velocity-potential) outside a sjiherical cavity of any radius be- 
come suddenly solid, the fluid inside the cavity can retain no 
motion. Or, as we may also state it, any spherical portion of 
an irrotationally moving fluid becoming suddenly solid wouhl 
possess only a motion of translation, rotation^, 

A similar ^proposition will apply to a circular disc, or cvliuder 
with flat ends, in the ease of fluid moving iirotalionally in two 
dimensions only. 

The motion of an incompressible flniil \vhich has been once 
at rest partakes of the remarkable proptuty (§ 7i)) common to that 
of all systems which are set in motion with prescribed velocities, 
namely, that the energy is^ljlie h'ast possible. If any other 
motion be proposiul satisfying the cujnation of continuity and 
the boundjiry conditions, its (‘iieigy is necessarily greater than 
that of the motion which would he generated from rest. 

243, The fact that the inotational motion of incompressible 
fluid depends upon a velocity-potential satisfying Laplace’s 
equation, is the foundation of a far-reaching analogy betw-een 
the motion of such a^ fluid, and that of electricity or heat in 
a uniform conductor, which U is often of great service to hear 
in mind. The same may bo said of the connection between 
all the branches of Physics whicli depend mathematically on 
a potential, for it often happens that the analogous theorems 
are far from equally obvious. For example, the analytic£^l 
theorem that, if 

over a closed surface, is most readily suggested by the fluid 
interpretation, but once obtained may be interpreted for electric 
or magnetic forces. 

Again, in the theory of the conduction of heat or electricity, 
it is, obvious that there can be no steady motion in the interior 
of iSf, without transmission across some part of the. bounding sur- 
face, but this, when interpreted for incompressible fluids, gives an 
important and rather recondite law. 

^ Thomson on Vortex Motion, loe, cit. * 
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244. When a velocity-potential exists, the equation to deter- 
mine tlic pressure may be put into a simpler form. We have from 
(1),§240, 


d'or = dit — . 


whence by integration 


so that 






which is the form ordinarily given. 

If p be constant, f -- is replaced, of course, by ^ . 

* J P P 

The relation between p and ^ in the case* of impulsive motion 
from rest may be deduced from (2) by integration. We see that 

ulti inatoly . 

The same conclusion may be arrived at by a direct application of 
mechanical principles to the circumstances^ of impulsive motion. 

If p = KPf equation (2) takes the form 

Klogp=.B-^^-iU‘ (3). 

If the motion be such that the component velocities are always the 
same at the same point of space, it is called steady, and (f> becomes 
independent of the time. The equation of pressure is then 

= (4). 

or in the case when there are no impressed forces. 


j^=c-iu‘ 

In most acoustical applications of (2), the velocities and condensa- 
tion are small; and then wo may neglect the term J 17*, and sub- 
stitute -~foT j-^ , if Bp denote the small variable part of ^ ; thus 
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which with 


p, dt 


•( 6 ). 



V’'<#> = 0 


( 7 ) 


arc tlio equations l>y moans of wliioli tlio siiioll vibrations of an 
oliistic fluid arc to Ixj investigated. 


ff a*= *^^„so tliJit Sp — it^p^i, booouios 


9 F> 


•Ch). 


and we get on cliininalioii of .«?, 


_ iin 

ili^ ~ ift 


f 


• • 


m. 


245. The ftiinjih^st kind (^( wjut'-nnffion is that m which the 
Excursions of every }»witich‘ aie jursdl^d 1i» :i liv*‘d line, and aie the 
same iji all planes perpendicuLir to that lux Jjct us tlx»itf«)re 
(assuming that /^=?0) suppost* tha+ is a tnncti«>n ol a* ^aiid t) 
only. Our equation iJ); § heicines 


iP<l> __ 2 
(It* (Ij/ 

% 


(I), 


the same as that alieady conmdored in tlie chapter on Strings. 
We tliere found that the geneud sol nation is 


4 > — «^) + (•<■ + ^^0 C -)* 

representing the propagat^)!! of indepimdinit Avaves in the positive 
and negative directions with the coiuinou velocity a. 

AVithin such limits iis allow tlx' application of ilu* approximate 
equation (1), the velocity of sound is (*ntirely iiidcqiendi'iit of the 
form of the wave, being, for example, the same for .simjjle tvaves 

0 = ^1 cos ^ 


whatever the wave-length may be. The condition satisfied by the 
positive wave, and therefore by the initial disturbance if a posi- 
tive wave alone be generated, is 
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or by (8) §244 (3). 

Similiirly, for a negative wave 

M+ as = 0 (4)» 


WJiatcvcr tlia initial disturbance may be (and u and 8 are both 
arbitrary), it can always bo divided into two parts, satisfying 
respectively (3) and (4), which are propagated undisturbed. In 
each component wave the direction of propagation.is the same as 
that of the motion of the condet^^ed parts of the fluid. 

The rate at which energy is Iransmitted across unit of area of 
a plane parallel to the front of a progi*ossive wave may be re- 
garded as the mechanical measure of the intensity of jihe radiation. 
In the case of a simple wave, for whicli 

^ = A cos ^ (.V— at) ('»)» 

\ f 

the velocity f of the particle at as ^equal to is given by 

f sin (a? - aO 0>)> 

A A 

and the displacement f is given by 

B — —’^co3~(a} — at) ^ 7 ). 

a» A 

The pressure p = 3p, where by (0) § 244 

^ Po aA sin ^{x — at) (8). 

A A 

Hence, if W denote the worK transmitted across unit area of the 
plane x in time t, 

(Po + 3p) f = Jpo® -d*+ periodic terms. 

If the integration with respect to time extend over any number of 
complete periods, or practically whenever its range is sufficiently 
long, the periodic terms may be omitted, and we may take 


( 9 ), 
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or by (6), if denote the maximum value of 

( 10 ). 

Thus the work cousumcd in generating waves of harmonic type 
is the same as would be required to give the maximum velocity 
to the whole mass of air through which the waves extend 

In terms of the maximum exclusion a by (7) and (0) 

ir= J (11)', 

where T(=\-t-a)is the periodic time. In a yiven wetliiim the 
mechanical inoaKUi’e of the intensity is proportional to the square 
ot the amplitude directly, and to the s(|U!no of the periodic time 
inversely. The readi'i*, liowever, must he on his guard against 
supposing that the me<*hanical*’iieasur<* of intensity of undulations 
of different wave lengths is a proper measure of the loudness of 
the corresponding stjunds, as perceived by the car. 

In any plane progressive wave, whether tlio type be hanntmic 
or not, the whole energy is tH£uully divided between the potential 
and kinetic forms. Porliaps thff simplest road to this result is 
to consider tho formation of positive and negative waves from an 
initifil disturbanc(', whose energy is wholly potential®. Tho total 
energies of the tw^o d<‘rivc(l progressive waves are evidently equal, 
and make up together the energy of tho original disturbance. 
Moreover, in each progressive wav'o the condensation (or rare- 
faction) is one-half of that which existed at tJie coriesponding 
point initially, so that the potential energy of each progressive 
wave is one-qaarter of tl?at of the original disturbance. Since, as 
we have just soon, the wlwle energy is one-half of tho same 
quantity, it follows that in a pre^ressivo wave of any type one- 
lialf of the energy is potential and one-half is kinetic. 

Tho same conclusion may also be drawn from the general 
expressions for the potential and kinetic energies and the relations 
between velocity and condensation expressed in (3) and (4). 
The potential energy of the element of volume d K is tho work 

• 

^ The earlieRt statement of the principle embodied in equation (10) that 1 have’ 
met with is in a paper by Sir W. Thomson, **On the possible density of the 
laminiferons medium, and on tho meohanioal value of a enbio Ikiile of pan-lig^t.” 
Phil. Maff. IX. p. 86. 1855. 

* Bosanquot. Phil. Mag. xlv. p. 173. 1873. 

» Phil. Mag. (5) t. p. 260. 1870. 
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that would be gained during the expansion of the corresponding 
quantity of gas from its actual to its normal volume, the expansion 
being opposed throughout by tho normal procure At any 
stage of the expansion, when the condensation is s', the effective 
pressure ^ is by § 244 a* which pressure has to be multiplied 
by tho corresponding increment of volume dV^da*. Tho whole 
work gained during the exjjansion from dV to c?7 (1 + s) is 

therefore a^p^dV, f a' da' or ^a^p^dV. s^. The general expressions 

for tlio potential and kinetic energies are accordingly 


potential energy » J 

(12). 

kinetic^ energy ^ /// 

(13), 


and these are equal in tho case of^plane progressive waves for 
which 

M = ± os. 

If the plane progressive waves bo of harmonic type, u and a 
at any moment of time are circular functions of one of tho space 
co-ordinates («), and therefore the mean value of their squares 
is one-half of the maximum value. Hence the total energy of 
the waves is equal to the kinetic energy *of the whole mass of 
air concerned, moving with the maumum velocity to be found in 
the waves, or to the potential energy of the same mass of air 
when condensed to the maximum density jof tho waves. 

^46. The first theoretical investigation of tho velocity of 
sound was made by Newton, who assumed tha^ the relation be- 
tween pressure and density wq^ that formulated in Boyle’s law. If 
we assume p «= we see that the velocity of sound is expressed 
by or VP Vpj iu which the dimensions of p (= force -4- area) 
are [if] [Zf]“‘ [T]"*, and those of p (= mass -j- volume) are [if] [2^]“®. 
Newton expressed the result in t^rms of the ‘ Jmght of the h(mo- 
genaoua atmoaphere^ defined by the equation 

( 1 ), 

where p and p refer to tho pressure and the density at the earth’s 
surface. The velocity of sound is thus ^/gh, or the velocity which 
would be acquired by a body falling freely under the action of 
gravity through h^lf the height of the homogeneous atmosphere. 
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To obtain a numerical result we require to know a pair of 
simultaneous values of p and p. It is found by experiment that 
at 0® Cent, under a pressure of 1033 grammes per square centi- 
metre, the density of dry air is ‘001293 grammes per cubic centi- 
metre. If wo take the centimetre, gramme, and second as the 
fundamental units the (e.G.S. system), tliese data give 


whence 


p = 1033 X ^ = 1033 X 931, p = 001293, 


a = 




•001293 


2799.5 ; 


so that the velocity of sound at 0® would be 279 J>5 metres per 
second, falling short of the result of direct observation by about 
a sixth part. 

» 

Newton’s investigation esthbbshed that the velocity of sound 
should be independent of thc^ amplitude of the vibration, and also 
"*01 the pitch, but the discrepancy b( ‘tween his calculated value 
(published in 1G87) and the experimental value was not explained 
until Laplace pointed out tliat the use of Boyle’s Law involved 
the assumption that in the condensations and rarefactions ac- 
companying sound the temperature remains constant, in contra- 
diction to the known fact that, when air is suddenly compressc<l, 
its temperature rises. *TJk* laws of Boyle and Charles supply only 
one relation between the three quantith.vs, pressure, volume, and 
temperature, of a gas, viz. 

. ( 2 ), 

where the temperature ^ is measured froiri tlic zero of the gras 
thermometer ; and therefore without some auxiliary assumption it 
is impossible to specify the connection between p and v (or p). 
Laplace considered that the condensations and rarefactions con- 
cerned in the propagation of sound take place with such rapidity 
tliat the heat and cold produced have not time to pass away, and 
that therefore the relation between volume and pressure is sensibly 
the same as if the aii* were confined in an absolutely non-con- 
ducting vessel. Under these circumstances the change of pressure 
corresponding to a given condensation or rarefaction is greater 
than on the hypothesis of constant temperature, and the velocity 
of sound is accordingly increased. 

In equation (2) let v denote the volume and p the pressure of 
the unit of mass, and let 6 be expressed in ceiptigi'ade degrees 

2—2 
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reckoned from the absolute zero\ The condition of the gaa (if 
uniform) is defined by any two of the three quantities i?, v. 0, imd 
the third may be expressed in terms of them. The relation 
between the simultaneous variations of the three quantities is 

0 jp ^ t? •• • ^ ^ 

In order to effect the chkngo specified by dp and dv, it is 
in general necessary to communicate heat to the -gas. Calling 
the necessary quantity of heat dQ, wo may write 



Suppose now (o) that 0. Equations (3) and '(4) give 
(y const.)?" 

where const.) expresses the specific heat of the gas under , 

a constant pressure. This being denoted by iCp, we have 


__ fdQ\ V 
dv/d ' 




.(5). 


Again, suppose (6) that dv = 0, We find in a similar manner 
that, if /c, denote the specific heat under a oonstant volume. 




MpJ 0 

In order to obtain the relation between dp and dv when 
there is no communication of heat, we have only to put dQ=^0. 
Thus 

or, on substituting for the differential coefficients of Q their values 
in terms of x,, 


Since v 
so that 


1 


dv ^ dp ^ 
— +«--^ = 0 
^ V p 

dv dp 

V p * 


.(7). 




1 On the ordinpy centigrade scale the absolute zero is about - 273®. 
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if, as usual, the ratio of the specific heats be denoted by 7 . 
Laplace’s value of the velocity of sound is therefore greater than 
Newton’s in the ratio of ; 1. 

By integration of ( 8 ), we obtain for the relation between 
p and p, on the supposition of no communication of heat. 



where are two simultaneous values. Under the same 

circumstances the relation between pressure and temperature is 
by (3) 



The magnitude of 7 cannot bo determined witli accuracy by direct 
experiment, but an approximate value may bo obtained by a 
method of which the followiijg is the principle. Air is compressed 
into a reservoir capable of being put into communication with 
the external atmosphere by opening a wide valve. At first the 
temperature of the compressed air is raised, but after a time 
the supoi’fluous heat passes aw.%y and the whole mass assumes 
the temperature of the atmospliorc 0. Let the pressure (measured 
by a manometer) be p. The valve is now ojjened for as short 
a time as is sufficient to permit tlio equilibrium of pressure to 
be completely established, iJliat is, until tlio internal pressure 
has liecome equal to that of the atmosphere P. If the experiment 
be properly arranged, this operation is so quick that the air in 
the vessel has not sufficient time to receive heat from the sides, 
and therefore expands nearly according to the law expressed in 
(9). Its tcmperp,turc 0 at the moment the operation is complete 
is therefore determined by 



The enclosed air is next allowed to absorb heat until it has re- 
gained the atmospheric temperature 0 , and its pressure {p') is 
then observed. iSuring the last change the volume is constant, 
an(h therefore the relation between pressure and temperature 


gives 

P_0 

p' 0 

^ It is here assimied that y is constant. This equation aj^pears 
giv^ first by Poisson. 


...(12)5 

to have been 
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80 that by elimination of B 


whence 


7 


: 



log jP - log P 
iogjj-iogp 


(13). 


By experiments of this nature Clement and Dcsonnes de- 
termined 7 = 1*3492 \ but the method is obviously ijot susceptible 
of any great accuracy. The value of 7 required to reconcile 
the calculated and observed velocities of sound is 1*408, of the 
substantial correctness of which there can bo little doubt. 

We are not, however, dependent on the phenomena of sound 
for our knowledge of the magnitude of 7 . The value of — 
the specific heat si constant pressure — ^has been detorminod 
experimentally., by Rcgnault; and although on account of in- 
herent difficulties the experimental method may fail to yield 
a satisfactory result for /c,, the information ‘sought for may be 
obtained indirectly by means of a relation between the two spe- 
cific heats, brought to light by the modern science of Thermo- 
dynamics. * 

If from the equations 


dQ dv . dp 
— = 

V p 


e 


dO ^ ^ 

0 V p J 


we eliminate dp, there results 


( 1 , 4 ) 


dQ - (-», - + 'c.de (15). 

Let us suppose that dQ = 0, or that there is no communication 
of heat. It is known that the heat developed during the com- 
pression of an approximately perfect gas, such as air, is almost 
exactly the thermal equivalent of -the work done in compressing 
it. This important principle was assumed by Mayer in his 
celebrated memoir on the dynamical theory of heat, though 
on grounds which can hardly be considered adequate. However 
that may be, the principle itself is very nearly true, as has since 
been proved by*the experiments of Joule and Thomson. 

If wo measure heat in dynamical uniti^ Mayer’s principle 
may be expressed^ on the understanding that there 
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is no communication of heat. Comparing this with (15), we see 
that 

(IG), 

and therefore 


^ ir, Af., - li 


The value of pv in gravitation measure (gramme, centimetre) 
is, as we saw, 1033 -h *001293, at 0® Cent, so that 


•001293 X 272*85 ' 


By Regnault*s experiments the specific heat of air is *2379 
of that of water; and in order to raise a gramme of water one 
degree Cent., 42350 gramme-centimetres of work must be done 

on it. Hence with the sjimc units as for i?, 

• • 

/»„ = -2379 x 42350. 

Calculating frord these data, wo find 7= 1*410, agreeing almost 
exactly with the value deduced from the velocity of sound. This 
investigation is due to Rankino, who employed it in 1860 to 
calculate the specific heat of aii*, taking Joule’s equivalent and 
the observed velocity of sound as data. In this way he antici- 
pated the result of ^Regnault’s exporimeuts, which were not 
published until 1853. 

247. Laplace’s theory has often been the subject of mis- 
apprehension among students, and a stumblingblock to those 
remarkable persons, called by He Morgan, ‘ paradoxers. But there 
can be no reasonable dcnibt that, antecedently to all calculation, 
the hypothesis of no communication of heat is greatly to bo 
preferred to the equally special hypothesis of constant temperature. 
There would be a real difficulty if the velocity of sound were 
not decidedly in excess of Newton’s value, and the wonder is 
rather that the cause of the excess remained so long undiscovered. 

The only question which can possibly be considered open, 
is whether a small part of the heat and cold developed may not 
escape by conduction or radiation before producing its full effect^ 
Everything must depend on the rapidity of the alternations. 
Below a certain limit of slowness, the heat in excess, or defeefi 
would have time to adjust itself, and the temperature would 
remain sensibly constant. In this case the relation between 
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pr^ssuro and density would be that which leads to Newton s value 
of the velocity of sound. On the other hand, above a certain limit 
of quickness, the gas would behave as if confined in a non-con- 
ducting vessel, as supposed in Laplace’s theory. Now although 
the circumstances of the actual problem are better represented 
by the latter than by the former supposition, there may still 
(it may be said) be a sensible deviation from the law of pressure 
and density involved in Lapface’s theory, entailing a somewhat 
slower velocity of propagation of sound. This question has been 
carefiiUy discussed by Stokes in a paper published in 1851^, 
of which the following is an outline. 


The mechanical equations for the small motion of air are 


dp du 0 


with the equation of continuity 


c?s ^ 


.( 1 ). 

( 2 ). 


The temperature is supposed to be uniform except in so far 
as it is disturbed by the vibrations themselves, so that if 6 denote 
the miess of temperature. 


p = /ep (1 + 5 +a^) (3). 

The effect of a small sudden condensation s is to prodqce an 
elevation of temperature, which may be denoted by ps. Let 
dQ be the quantity of heat entering th^ element of volume in 
time dt, measured by the rise of temperature that it would 
produce, if there wore no condensation.* Then (the distinction 

between ^ and ^ being neglected) 


dQ 

db 


^ 5_. O I ^9 

dt ^ dt^ dt 


(4), 


being a function of 0 and its differential coefficients with 


respect to space, dependent on the special character of the 
dissipation. Two extreme cases may be mentioned; the first 
when the tendency to equalisation of temperature is due to 
conduction, thq second when the operating cause is radiation, 
and the transparency of the medium such that radiant heat is 


> FfUl. Mag. (4) i. 806. 
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not sensibly absorbed within a distance of several wave-lengths. 
In the former case ^ cc ^*6, and in the latter, which is that 

selected by Stokes for analytical investigation, oc (— 0)^ Ncwton*s 

fit 


law of radiation being assumed as a sufficient approximation to 
the truth. We have then 


d6 ^ds * 


.(3). 


In the case of plane waves, to which we shall confine oiir 
attention, v and w vanish, wdiile u, p, s, 0 are functions of x (and t) 
only. Eliminating p and u between (1), (2) and (?1), wo find 


df ~ 



d^0\ 

dx‘J* 


from which and (5) we get 

(d \d's f d \d^s 

\dt V d^^^V dt ’^Vdx'- ^ 

if 7 be written (in the same sense "as before) for 1 -fa/S. 

If the vibrations be hannonic, we may suppose that s varies 
as and the e<iuatioji becomes 

^.+!L*.'9+^., = 0 (7). 

dx K q-\- lyn 

Let the coefficient of a in (7) be put into the form 
where 

** “V ' g“ + 7*»* 

and 

2*^ = tan"^ — — tan”* - = tan"* — (9)* 

^ q q ynr + q* 


Equation (7) is then satisfied by terms of the form 
(oos 

but ■((Lt ‘being positive, and ^ less than ^w) if we wish for the 
expression of the wave travelling in the positive direction, we" 
must take the lower sign. Discarding the imaginary part, we 
find as the appropriate solution 

s S8 COS (ni — fl cos x). 7, 


(10). 
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Tho first thing to bo noticed is that tho sound cannot bo 
projiagated to a distance unless sin ^ be insensible. 

The velocity of propagation ( V) is 

V = nfjk^ sec (11), 

which, when sin is insensible, reduces to 

( 12 ). 

Now from (9) we see that ‘jr cannot be insensible, unless 
^ : w is either very great, or very smalL On tho first supposition 
from (11), or directly from (7), we have approximately, V—Jk 
(Newton) ; and on the second, V = i/icy, (Laplace), as ought 
evidently to be the case, when the meaning of q in (5) is con- 
sidered. What wejaow learn is that, if q and n were comparable, 
the effect wo aid be not merely ‘deviation of V from either of 
tho limiting values, but a rapid stifling of the sound, which we 
know does not take place in nature. 

Of this theoretical result we may convince ourselves, as 
Stokes explains, without the use of analysis. Imagine a mass 
of air to be confined within a ^closed cylinder, in which a piston 
is worked with a reciprocating motion. If the period of the 
motion bo very long, the temperature of jihe air remains nearly 
constant, tho heat developed by, compression having time to 
escape by conduction or radiation. Under these circumstances 
the pressure is a function of volume, and whatever work has 
to be expended in producing a given ^compression is refunded 
when tho piston passes through the same position in the reverse 
direction ; no work is consumed in tho long run. Next suppose 
that the motion is so rapid that there is no time for the heat 
and cold developed by the ‘condensations and rarefactions to 
escape. The pressure is still a function of volume, and no work 
is dissipated. The only difference is that now the variations 
of pressure are more considerable than before in comparison 
with the variations of volume. We see how it is that both on 
Newton’s and on Laplace’s hypothesis, the waves travel without 
dissipation, though with different velocities. 

But in intermediate cases, when the motion of the piston 
is neither so Slow that the temperature remains constant nor 
BO quick that the heat has no time to adjust itscli^ tho result 
is different. The work expended in producing a flTwail condensa- 
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tion is no longer completely refunded during the corresponding 
rarefaction on account of the diminished temperature, pjirt of 
the heat developed by the compression having in the meantime 
escaped. In fact the passage of heat by conduction or radiation 
from a warmer to a finitely colder body always involves dissipa- 
tion, a principle which occupies a fundamental position in the 
science of Thermodynamics. In order therefore to maintain tlio 
motion of the piston, energy must bo supplied from without, 
and if there be only a limited store to be drawn from, the motion 
must ultimately subside. 

Another point to be noticed is that, if q and n -wore com- 
parable, F would depend upon w, viz. on the pitch of the sound, 
a state of tilings Avhich from experiment we have no reason to 
suspect. On the contrary the evidence of observation goes to 
prove that there is no such connection. 

• . . . 

From (10) wc soo that the falling olT in the intensity, esti- 
mated per wave-length, is a maximum with tan yfr, or ; and 
by (0) yjr is a maximum, when q : n = Jy. In tliis case 

= = tair^7* — tair‘7-* (13), 

whence, if wo take 7 = I SC, 2*^ = 8^ 47'. 

Calculating from these data, we find that for i.‘ach ■wavc- 
longtl^ of advance, the amplitude of tiie vibration would be 
dimiiiishod in the ratio *0172. 

To take a numerical example, let 

T = of a second, X = wave-length = 44 inches. 
oUv) 

In 20 yards the intensity would be diminished in the ratio 
of about 7 millions to ono. 

Corresponding to this, 

^ = 2198 (14). 

If the value of q were actually that just written, sounds of 
the pitch in question would be very rapidly stifled. We there- 
fore infer that q is in fact either much greater or else much less. 
But even so large a value as 2000 is utterly inadmissible, as 
we may convince ourselves by considering the significance of 
equation (5). 
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Suppose that by a rigid envelope transparent to radiant heat, 
the volume of a small mass of gas were maintained constant, 
then the equation to determine its thermal condition at any 
time is 

whence 

€ = ( 15 ), 

where A denotes the initial excess of temperature, proving that 
after a time the excess of temperature would fall to less than ^ 
half its original value. To suppose that this could happen in a 
two thousandth of a second of time would bo in contradiction to 
the most superficial observation. 

Wo are therefore justified in assuming that q is very small 
in comparisoli with n, and dur equations then become ap- 
proximately 

= v=nMr^=^, 

« = cos (16). 

The effects of a small radiation of « heat are to be sought 
for rather in a damping of the 'Vibration than in an altered 
velocity of propagation. 

Stokes calculates that if 7 = 1-414, r= 1100, the ratio 
(17 ; 1) in which the intensity is diminished in passing over a 
distance a, is given by logjoJ7= *0001166 ga: in foot-second mea- 
sure. Although we are not able to make precise measurements 
of the intensity of sound, yet the fact that audible vibrations 
can be propagated for many miles excludes any such value of 
q as could appreciably affect the velocity of transmission. 

Neither is it possible to attribute to the air such a conducting 
power as could materially disturb the application of Laplace’s 
t oory. In order to trace the effects of conduction, we have only 

to replace j in (5) by - ^ . Assuming as a particular solution 


we find 


mUmey = in* + g'n’m* - 
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whence, if ^ be relatively small, 

™' 

Thus the solution in real quantities is 

<>»)• 

leaving the velocity of propagation to this order of apprt>ximatiou 
still equal to ^/jey. 

From (18) it appears that the first effect of couthiction, as 
of radiation, is on the aiiqjlitude rather than on the velocity of 
propagation. , In truth the conducting i>owcr of gases is so 
feeble, and in the case of audible sounds at ai»y rate the time 
during which conduction can,^ake place is 'so short, that dis- 
turbance from this cause is in)t to l>o lookcsl for. 

% 

In the precetling discussions the •waves me supposed to bo 
propagated in an open space. When the ?iir is confined ■within 
a tube, wliose diameter is small in c<»mpari.son with the W'ave- 
length, the conditions of the pioblem arc altered, at least in 
the case of conduction. What we have to say on this head 
will, however, come more conveniently in another place. 

248. From the exprcs.sion V(i^7)-^Vpi 
same gas the velocity of sound is# indoj^endent of the don.sity, 
because if the temperature be constant, p varies as p {p — RpO), 
On the other hand the velocity of sound is proportional to the 
square root of the absciute temperature, so that if be its 
value at 0® Cent. 



where the temperature is measured in the ordinary manner from 
the freezing point of water. 

The most conspicuous effect of the dependence of the velocity 
of sound on temperature is the variability of the pitch of organ 
pipeL We shall see in the following chapters that the period 
of the note of a flue organ-pipe is the time occupied by a pulse 
in running over a distance which is a definite multiple of the 
length of the pipe, and therefore varies inversely as the velocity . 
of propagation. The inconvenience arising from '’this alteration 
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of pitch is aggravated by the fact that tho reed pipes are not 
similarly affected; so that a change of temperature puts an 
organ out of tune with itself. 

Prof. Mayor* has proposed to mako the connection between 
temperature and wave-length the foundation of a pyrometric 
method, but I am not awai'c whether the experiment has ever 
been carried out. 


The correctness of (1) as regards air at the temperatures of 0® 
and 100® has boon verified experimentally by Kundt. See § 2G0. 

In different gases at given temperature and pressure a is 
inversely proportional to the square roots of the densities, at 
least if 7 be constant*. For the non-condensable .gases 7 does 
not sensibly vary from its value for air. 

The velocity of sound is nst entirely independent of the 
degree of dryness of the air, since^t a given pressure moist air 
is somewhat lighter than dry air. It is calculated that at 50® F., 
air saturated with moisture would propagate sound between 
2 and 3 feet per second faster than if it were perfectly dry. 

The formula a* = ^ may be applied to calculate the velotdiy 

of sound in liquids, or, if that bo known, to infer conversely 
the coefiiciont of compressibility.^ In the case of water it is 
found by experiment that the compression per atmospl^ere is 
•0000457. Thus, if dp = 1038 x 981 in absolute (\as. units, 

dp = ’0000457, since •p = 1. 

Hence 

a = 1489 metres per Second, 

which does not differ much from the observed value (1435). 


249. In the preceding sections the tlicoiy of plane waves 
has been derived from the general equations of motion. We 
now proceed to an independent investigation in which the motion 
is expressed in terms of the actual position of tho layers of air 
instead of by means of the velocity potential, whose aid is no 
longer necessary inasmuch as in one dimension there can bo 
no question of molecular rotation. 

^ On an Aoouatio Pyrometer. PWZ. Mag, xiv. p. 18. 1873. 

* According to the kmotic theory of gases, the velocity of sound is determined 
solely by, and is proportional to, the mean velocity of the molecules. Preston, Phil. 
Mag. (5) 111 . p. 441. 1877. 
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If y + define the actual positions at t line t of 

neighbouring layers of air whose equilibrium positions arc (li?fino<] 
by x and x-Vdx^ the density p of the incliuled slice is givt‘u by 


whence by (0) § 240, 


^ ■ fix 

(1), 



p, 


the expansions and condensations being .sup}>osiMl to take? place 
according to the adiabatic law. The rnysjs of unit i>f area of 

the slice is p^rZ.r, and tlie corresponding moving fvuve is — dsc, 

giving for tlie equation of niotioii 


db/ 


4 


i\p 

(h 


0 ... 


... :n. 


Between (2') un<l p is to bo (‘liininutvd. Thus. 


r/vV 

^dj) dd dj' 




E<pintitni (t) is an q^atri cMpnition lUdiniiiL* tin' act uni abtscissa 
9/ in terin.s of tiu' equilibiiuni .absebsa a* and the time. If the 

( du\y ^ *• 
dx) * "diicli 


occurs as the cocfiicieut of tin* small quantity 


fFf/ 

dt~ 


, by its a])- 


proximate value unity; and f t) then bceonn s 
M p, fix' 




the ordinary apinoximate cipiatioii. 


If the expansion be isothermal, as in Newton’s theory, the 
equations corresponding to (t) and (5) arc obtained by merely 
putting 7 = 1. 

Whatever may be the relation between 2 ^ and p, depending on 
the constitution of the medium, the equation of motion is by 


(1) and (3) 


de 


'dp 
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dp 


from which p, occurring is to be eliminated by means of 

the relation between p and ~ expressed in (1). 


250. In the preceding investigations of aerial waves we 
have supposed that the air is at rest except in so far as it is 
disturbed by the vibrations of sound, but we are of course at 
liberty to attribute to the whole mass of air Concerned any 
common motion. If we suppose that the air is moving in tlie 
direction contrary to that of the waves and with the same actuar 
velocity, the wave form, if permanent, is stationary in space, 
and the motion is steady. In the present section we will con- 
sider the problem under this aspect, as it is important to obtain 
all possible clearness in our viewgi^on the mechanics of wave pro- 
pagation. 

A* Po denote respectively the velocity, pressure, and 
density of the fluid in its undisturbed state, and if u, p be 
the corresponding quantities at a point in the wave, we have 
for the equation of continuity • 


P« = PoWo (1), 

and by (5) § 244 for the equation of energy 



Eliminating we get 

;• ••••••( 3 )' 

determining tlie law of procure under which alone it is possible 
for a stationary wave to maintain itself in fluid moving with 
velocity From (3) 


dp' 

p aa constant — -£-1^ 
P 


,.(4), 


.( 6 ). 


'®****°“ between the pressure and the density of 
^a«d ga^ w not that expressed in (6). we conclude that a Lf- 
maintaming stationary aerial wave is an impossibility, whatever 
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may be the velocity of the general current, or in otlior Avonls that 
a wave cannot bo propagated nilatively to tlie uiidistuibed parts 
of the gas without iiiulorgoing an alteration of type. Xovortheless, 
when the changes of density concerin'd are sin.dl, (o) may bo 
satisfied api»roxiinalely ; and wo see from (-1-) tliat tlic velocity 
of stream necessary to keep the wava* sf at iona ry is giviai by 



which is the same as tlie velocity of tin; wave estimated rolativi'ly 
to the fluid. 


This method of regarding the subject sliews. perliaps more 
clearly than any oilier, the nature «)f tli*‘- lelaliou bi'lweeu velocity 
and cou<lens:itiou § l* to (3), (t). lu a st'diouary wave form a loss 
of velocity actfompauies an au^*jneuti.‘d dtaisiij aecju-diug to tlio 
priijcipli? of energy, and tberofero tb<? fluid e.omposing tlie con- 
dmised parts <»f a ^wavc? iiio\o.*s for\va,rd more slowly than the 
nmlisturbed portions. Jlelatively to the fhiiil therefore i.ho 
motion of tlie condensed p;i.rls is in tin: same direction as that 
in which I be wa ves artj jvropagaled.^ 


When tdie relation bidAveen jnessnre and density is other tlian 
that expressed in (o), a stationary wave can be mainlaiued only 
by tlie aid of an iiii[)n‘*ssed force, lly (1) and {’2j § :i37 we have, 
on the supposition that the ino+ion is stea<ly, 




dti *l (I/f 
dx p dx 


( 7 ), 


while the relat ion between u and p is given by (1). 
that p — a^pt (7) becomes 




dx 


If we suppose 


( 8 ), 


shewing that an impressed force is necessary at every jdacc where 
u is variable and unecpial to a. 


251. The reason of the change of type which ensues when a 
wave- is* left to itself is not difficult to understand. From the 
ordinary tlieory we know that an infinitely small disturbance is 
propagated with a certain velocity a, which velocity is relative 
to the parts of the medium undisturbed by the wave. Let ua 
consider now the case of a wave so long that the valuations of 
B. II. 3 
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velocity and density are insensible for a considerable distance 
along it, and at a place where the velocity (n) is finite let us 
imagine a small secondary wave to be superposed. The velocity 
with which the secondary wave is propagated through the 
medium is a, but on account of the local motion of the medium 
itself the whole velocity of advance is a + m, and depends upon 
the part of the long wave at which the small wave is placed. 
What has been said of a secon'dary wave applies also to the parts 
of the long wave itself, and thus we see that -aftei^ a time t the 
place, where a certain velocity u is to be found, is in advance of 
its original position by a distance equal, not to at, but to (a + w) t ; 
or, as we may express it, u is propagated with a velocity a + u. 
In. symbolical notation u=/[x+ (a + u) «}, where f is an arbitrary 
function, an equation first obtained by Poisson \ 

From the ^argument just emphjyed it might appear at first 
sight that alteration of type was a necessary incident in the progress 
of a wave, independently of any particular supposition as to the 
relation between pressure and density, and yet it was proved in 
§ 230 that in the case of one particular law of pressure there 
wouUl be no alteration of tfl^po. We have, however, tacitly 
assumed in the present section that a is constant, which is tanta- 
mount to a restriction to Boyle’s law. Under any other law of 

pressure * / j is a function of p, and therefore, as we shall see 


presently, of u. In the case qf the law expressed in (3) § 230, the 
relation between u and p for a progressive wave is s^h that 



+ w is constant, as much advance being lost by slower 


propagation due to augmented density as is gained by superposi- 
tion of the velocity u. 


So far as the constitution of the medium itself is concerned 
there is nothing to prevent our ascribing arbitrary values to both 
u and p, but in a progi’cssive wa^'^e a relation between these two 
quantities must be satisfied. We know already (§ 245) that this 
is the case when the disturbance is small, and the following 
argument will not only shew that such a relation is to be expected 
in cases where the square of the motion must be retained, but 
will even define the form of the relation. 


» Mdmoire siir la Thfiorie da Son. Journal de V€coU polyt€<^hnique, t. vrr. 
p.319. 1808. 



251.] BELATION BETWEEN VELOCITY AND DENSITY. 35 
Whatever may be the law of pressure, the velocity of propaga- 
tion of small disturbances is by § 245 equal to in n 

positive progressive wave tlic relation between velocity and con- 
donsatioii is 

'‘=*=\/iS 

If tills relation bo violated at any jioiiit, a wave will omorge, 
travelling in^tlie negative direction. Let us now picture to our- 
selves the case of a positive progressive wave in which the changes 
of velocity and d(‘nsity arc vtay gradual but become important by 
accumulation, and lot us inquire what eouditiims must be satisfied in 
order to preyeut the formation of a negative wave. It is clear that 
the answer to the (piestion wliether, or not, a m^gative wave w'ill bo 
generated at any point wull doj^vml upon tlni state of things in the 
immediate neigh bourhood of the point, and not npon the state of 
things at a distance^ from it, and will therefore be delermiuod by 
the criterion ap[>licahle to small d i si urban ces. In applying this 
criterion wo are to (ionsiilor the velocities and condensations, not 
ahsolutely, but relatively to those ju ova, iling in the neighbouring 
parts of tlie medium, so that the form of (1) prox^er for the present 
purpose is 


whence 


-/y® 


( 2 ); 




•( 3 ), 


which is the relation bet>veeii u and p necessary for a positive 
progressive wave. Equation (2) was obtained analytically by 
Earushaw*. 

// 7 «\ 

1 is constimt, and the rela- 


In the case of Boyle’s law, 

tion between velocity and density, given first, I believe, by 
Helmholtz’*, is 

w = alog-^ (4), 

Po 

if Po'bc the density corresponding to w = 0. 

In this case Poisson’s integral allows us to form a definite idea 
of the change of type accompanying the earlier stages of the 


1 Phil. Tram. 1859, p. UG. 

® Fortschritte der Pht/sthf iv. p. 106. 


1852. 


3—2 
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progress of the wave, and it finally leads ns to a difficulty which 
has not as yet been surmounted \ If we draw a curve to represent 
the distribution of velocity, taking x for abscissa and u for 
ordinate, we may find tiie corresponding curve after the lapse of 
time t by the following construction. Through any point on the 
original curve draw a straight line in the positive direction parallel 
to X, and of length c(pial to {a + u) t, or, as we are concerned with 
the shape of the curve only, equal to u t. The locus of the ends of 
these lines is the velocity curve after a time t, • 

But this law of derivation cannot hold good indefinitely. The 
crests of the velocity curve gain continually on the troughs and 
must at last overtake them. After this the curve would iiidicixto 
two values of u for one value of ar, ceasing to represept anything 
that could actually take place. In fact we are not at liberty to 
push the application of the integral*beyond the point at which the 
'velocity becomes discontinuous, or thq velocity curve 1ms a vertical 
tangent. In order to find when this hap])ons let us take two 
neighbouring points on any part of tho curve which slopes down- 
wards in the positive direction, and inquire after what time this 
part of the curve becomes vertical. If the difference of abscissie 
be dr, the hinder point will overtake tho forward point in the 
time rfj!-r-(— Jw). Thus the motion, as determined by Poisson's 
equation, becomes discontinuous after a tifne equal to llie reci- 
procal, taken positively, of the gi*eatest negative value of 

For example, let us suppose that 


where TJ is the greatest initiahvelocity. When i = 0, the greatest 
negative value of ^ is — CT; so that discontinuity will com- 
mence at the time < = \ 27 r CT. 


When discontinuity sets in, a state of things exists to which 
the usual differential equations are inapplicable ; and the siibse- 
<)uent progress of the motion has not been determined. Hi is 
probable, as suggested by Stokes, that some sort of reflection would 
ensue. In regard to this matter wo must be careful to keep 

* Stokes, « On vdiffionlty in the Theory of Sound.” Pkif. Uoq, Nov. 1848. 
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purely mathematical questions distinct from phj’sical ones. In 
practice we have to do with spherical waves, whose divergency 
may of itself be sufHcient to hold in check the tendency to discon- 
tinuity. In actual gases too it is certain that before liiscontinuity 
could outer, the law of pressure wouhl begin to change its form, 
and the influence of viscosity could no longer be m*glccted. Hut 
tliese considerations have nothing to do with the mathematical 
problem of determining what would happen to waves of tiuitc 
amplitude in a medium, free from viscosity, wln»se ]>ress)irc is 
under all circumstances exactly proportional to its tlensity; and 
this problem has not been solved. 


It is worthy of remark that, although we may of ermrso conceive 
a wave of finite disturbance to exist at any moment, there is a 
limit to the duration of its previous indepondi'nt existence. By 
drawing lines in the iicgative'nslead of in the positive direction 
we may trace tlie history of*the velocity curve; ami we see that 
as we push our iiuiiiiry further and further ii»to past tiino the for- 
Avard sloj»os boconio easier ainl the haokwaj‘d slopes steeper. At a 

time, equal to the greatest positive!, value antocedeJit to that 

at which the curve is first contemj)lal(‘d, the velocity woulil be 
disctmtinuoiis. 


252. The comj>leto inb'gration of the exact ef|uatio!is ( t) and 
(0) § 24‘J) in the* cn.se of a progressive wave was Jiisl ell’ected by 
Earnsluiw\ Finding reason for thinking that in a sound wave the 
equation 

. dt 




(1) 


must always be satisfied, he observed that the result of diti’eren- 
tiatiug (1) with respect to t, viz. 



( 2 ), 


can by means of the arbitrary function F bo made to coincide 
with any dynamical equation in which the ratio of and 

is expressed in terms of . The form of the function F being 


* Proceedings of the Royal Society, Jan. 6, 1859. Phil. Trans. 1860, p. 138. 
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thus determined, the solution may be completed by the usual 
process applicable to such cases\ 

Writing for brevity a in place of ^ , wo have 




ax 


dy 

dt 


dt — adx-\-F (a) dt, 


and the integral is to be found by eliminating a bctwpen the equa- 
tions 

y = aa!+ F (a)t + 4> {a)\ 

0 = x + r(a)t + (j>’(oi)j 

a being equal to p, and ^ being an arbitrary function. 

If = aV» tbe Qxact equation (6 § 249) is 

•• 


'de~ dj? 




by comparison of which with (2) we see that 


{«}=*„“ ( 3 ). 

or on integration^ 

^ (a) = 6' + a log a (0), 


as might also have been inferred from (4) § 251, The constant O 
vanishes, if F (a), viz. u, vaiiish when a = 1, or p = p„; otherwise 
it represents a velocity of the medium as, a whole, having nothing 
to do with the wave as such. For a positive progressive wave the 
lower signs in the ambiguities are to be* used. Thus in place of 
(3), we have • 


and 


y = o®-ologa«+0 (a))^ 

0 = aa! — at +a^'(a)| 

✓ 

M = — a log a = a log ^ (8). 


If we subtract the second of equations (7) from the first, we get 
y + aHoga = ^ (a) - a (a), 

from which by (8) we see that y — (a + w) i is an arbitrary function 


* Boole’s Differential Equations^ Ch. xiv. 
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of flt, or of M. Conversely therefore u is an arbitrary function of 
y — (a + tt) and we may write 

(^^ + <0 f] (0). 


Equation (0) is Poisson’s integral, considered in the preceding 
section, whore the symbol h.*is the sanii) meaning as Iioro attaclies 
to y. 


253. The problem of phine waves of linite ainplilnile attracted 
also the attention of Riomann, whose meniuir was (‘oinninnicated 
to the Royal Society of Giitlingen on the 2Sih of Nc.n'einber, 1S5!>\ 
Riemann’s investigation is founded on the g«:neral hydrodynaniical 
equations investigated in §§ 237, 23S, and is not rextriole<l to any 
particular law of ])ressure. In order, how(‘ver. not unduly to ex- 
tend the discussion of this p:v»t of our sui>ject, already perliaps 
treated at gnsiter length than its ]»liysu*:d iuqiorlance >Vindd 
warrant, wti shall h«;re confine ourselves to the case <»f Boyle's law 
of pressure. 

Applying equations (I), (2) of § 237 and (I) of § 238 to the 
circumstances of the present probhhn, we get 


du du 
di ^ dx 


2 d loi*- p 

dc 


(»). 


d log p ^ d log p^_dn 
dt dj) dx 


If wc multiply (2) by + a, and afterwards add it to (1); vve 
obtain , 



dP . , .<ip 
dt + ax- 

dQ. , « dQ 

a-- 

(3). 

where 

P = a\ogp + u, 

Q — a\ogp — 11 


Thus 

dP = {dx - (w + a) dt] 

.... 05 ), 


d(2=g {dx-{u-a)dt\..: 

....( 0 ). 


' Ueber dio Fortpflanznng ebeiier Lnftwcllcn von emllicher ScLwingiinga- 
weito. asttingen, AhhandUuw^^n, t. viu. 1800. Beo also an excellent abstract 
in the ForUchritte der Phyaiky xv. p. 123, * 
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Theso equations are more geneml than Poisson’s and Earnshaw’s 
in that they are not limited to the case of a single positive, or 
negative, progressive wave. From (5) wo learn tliat whatever 
may be the value of P corresponding to the point x and the time 
t, the same value of P corresponds to the point x+(a + c^dt at 
the time and in the same way from (0) we see that Q re- 

mains unchanged when x and t acquire the increments (u — a) dt 
an<l dt respectively. If P and Q be given at a certain instant of 
time as functions of a?, and the representative curves^be drawn, we 
may deduce the coiTespoiuling value of u by (4), and thus, as in 
§ S.*!)!, construct the curves rcpiesenting the values of P and Q 
after the smtill interval of time dt, from which the new values 
of u and p in their turn become known, and the pyoecss can be 
repeated. 

The clement of tlie fluid, to w^iich the values of Pand Q at 
any moment belong, is itself moving with the velocity u, so that 
the velocities of Pand Q relatively to the eleiAent are numerically 
the same, and equal to a, that of P being in the positive direction 
and that of Q in the negative direction. 

We are now in a position to trace the consequences of an 
initial disturbance which is confined to a finite portion of the 
medium, e,g. between a:= a and a*=s outside which the medium 
is at rest and at its normal density, so that the values of P aJid Q 
are a log Each value of P propagates itself in turn to the ele- 
ments of fluid which lie in front of it, and each value of Q to those 
that lie behind it. The hinder limit of Abe region in which P is 
variable, viz. the place where P first attains the constant value 
« comes into contact first with the* variable values of Q, and 

moves accordingly with a variable* velocity. At a definite time, 
requiring for its determination a solution of the differential <j(iua- 
tions, the hinder (loft hand) limit of the region through which P 
varies, meets the hinder (right hand) limit of the region through 
which Q varies, after which the two regions separate themselves, 
and include between them a portion of fluid in its equilibrium 
condition, as appears from the fact that the values of P and Q are 
both alogpQ. In the positive wave Q has the constant value 

® log Pv> ®o w =s a log — , as in (4) § 251 ; in the negative wave 

Po 

1 At this point an error seems to have crept into Riomann*s worh, which is cor- 
rected in the ahst^t of the ForttehriUe der Phyeik, 
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P has the same constant value, givinj? as the relation helwoen u 

and p, M = — rt log ^ . Since in eaclj progresNive wave, when iso- 
Po 

latod, a law prevails connecting tlu* (juanlities y and p. we see 
tliat in the positive wave iht vonishe-. ^\i^]l (7!\ and in the negative 
wave (hi vanishes ^\itli (IQ, 'J'lnis From ^^5' we learn that in a 
positive progressiv(‘ wa\o (/it vanishes, if tla* Incretneiil'^ of .r and 
t he such as to satisfy the ec|uatlim {Ix — jf *t w • ilt -- t», fiom ^\hicll 
Poisson’s integral immediattdy follows. 

Tt would lead us too far to follow nut t he analuical develop- 
ment of Uienmnii’s method, fm* whii-h the reader must In* iefi*rred 
to the original memoir; hut it wtnild he improper to pa'^'. o\er in 
silence an elTor on tlu‘ suhji'ct ()f discontinuous motion into which 
Kiemaiiii and other wniters have fallen. It h.-s been hold that a 
state of motion is po.'.-^il)!!' in* which tlu' thud is divided into tw'o 
parts by a siiilace of disconliiiuily jiropaeating itself with constant 
velocity, all tin' lliiid on one sid(‘ of the stiiface of discontinuity 
being in <ine unif<»rm condition tts to density and veliM-ity, ami on 
tin* other sid<‘ in a s('coijd nnifonn coinhtion in the same re.sjieets. 
!Now, if tliis motion were ])ossihl.‘, a motion of the rame hind 
ill which the snrfai<‘ of clhcontiimif} i.s at n st wcaild tils** bo 
])osMbh', as v\e may by Mjpp<»^ing a velo<*i(v equal and 

opposite to that with wliieli tin* snifais* of discontinuity at first 
iiio\(';!, to be impresS(Ml iqioii tin; wlmle mass (»f Ilmd. In older to 
find the relations that iiiu-.t siih-fi-t between the v<*Iocily and 
density on tin* one side pp and the velocity ami density on the 
other side pj, we imtice in the tiist place that by the princijile 
of conservation ol mattv?r = eoiisiilei tin* 

momentum of a .dice bouiidi*d by paralhd plam*s ami inclmling the 
surface of discontinuity, wo see that the moiueiitum leaving the 
sliee in the unit of time is for each unit of area = pp/J 
while the momentum entering it is p,Wi*. The diflereuce of mo- 
mentum must be bcalauced by the pre.ssures acting at the buuudaries 
of the slice, so that 

/j. «i -i’. =“' 0>i - p.)' 

whence 



The motion thus determined is, however, not possible ; it satisfies 
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indeed the conditions of mass and momentum, but it violates the 
condition of energy 244) expressed by the equation 

J ?// - 1 m/ = a* log pj - a* log p, (8). 

This argument has lx‘on already given in another form in § 250, 
which would alone justify us in reji*cting the assumed motion, since 
it appears that no steady motion is possible except under the law of 
density there determined. From ecpiation (8) of that section wo 
can fiinl what impressed forces would be necessary to*maintain the 
motion defined by (7). It ai)j)cai*s that the force Xj though con- 
fined to the jdaco of discontinuity, is made up of two parts of 
opposite signs, since by (7) u passes through the value a. The 
whole moving force, viz. JXp dxy vanislies, and this explains how 
it is that the condition relating to momentum is satisfied by (7), 
though the force X\)G ignored altogether, 

254. The exact experimental determination of the velocity 
of sound is a matter of greater difficulty than might ha\e be(’n 
expected. Obsei’vations in the open air are liable to errors from 
tho effects of wind, and from • uncertainty with respect to the 
exact condition of tho atmosphere as to tem[)erature and dryness. 
On tho other hand when sound is propagated through air con- 
tained in pipes, disturbance arises from friclion and from transfer 
of heat; and, although no great errors from these sources arc 
to bo feared in the case of tubes of considerable diameter, such 
as some of those emidoyed by Regnault, it is difficult to feel 
sure that tho ideal plane waves of theory are nearly enough 
realized. 

The following Table’ contains a list of the l)rincipal experi- 
mental determinations which have been made hitherto. 


Names of Observers. Velocity of Sontid at 

Cent, in Metres. 

Acaddmie des Sciences (1738) 832 

Benzenberg (1811) (333*7 

(332*3 

Goldingham (1821) 331*1 ■ 

Bureau des Longitudes (1822) 330*6 

Moll and van Beek 332*2 


J Bosonquet, Phil. Mag, April, 1877. 
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Names of Observers. Velocity of Smuid iit 

0“ Cent, in Melivs. 

Stainpfer anil Myrback t 

Bruvais and Martins (1844) 

Wertlu'iiii S.Sl (» 

Stone (1871) 4 

Lc Roux IjHOT 

Regnault :i:UV7 


111 Stone’s exporimonts' the course oxer xxliicli the sound 
was tiini'd commenced at a distance of (5 10 fed h.nn llu* soiirc«*, 
so that any errors arising from excessive disturbance weie to 
a great extent avoided. 

A inelholl lias bi'cri piopost‘d by fios'^clia" for iletci mining 
the velocity of souncl without the use of gi'e.\+ ill'-tanccrt. It 
depends n]K)U the precision willi which the c.'ir is able to di'cide 
wbi'tlier short ticks are sin in h*a neons, or not. In K<>nig’s' form of 
lliO experiment, two' small eleelro-magiietie eoiiuteis are controlled 
by a fork-interrupter (§(i4\ vvliose period is one-liujth of a second, 
and give .synchronons ticks of the same piriod. Whim the 
counters are close tftgctlier tlie aitdihle ticks ei'incide, hut as one 
counter is gradually removed from the car, the two s(*ries of ticks 
fall asunder. Wlieii the dillerenec of distances i.s about .*{4 metres, 
coincidence again takes plae,e, proving that 3 4 metres is about 
the distance traversed by sound in a tenth part of a second. 

1 rhil. Trans. lS7i>, p. 1. = /W/. Ann. xcn. I«<i. isiJA. 

* Tajtf. Ann. ixviii. 010. ISO:). 



CHAPTER XIL 

VIBRATIONS IN TUJiES. 


255. WEliavc already (§ 245) (wnsidorod the solution of our 
fundamental cci\iatiou, wlioii the volocity-potoutial, in au unlimited 
fluid, is a function of one space co-ordinate oiJy. In the absence 
of friction no chaug() would bo caused by the introduction of any 
number of fixed cylindrical sifrfiwes, wliose generating lines are 
pai-allol to the co-ordinate in question ; for even when the surfaces 
are absent the fluid has no tendency to move across them. If one 
of the cylindrical surfaces be clovscd (in respect to its transverse 
section), wo have the important problem of the axiaJ motion, of air 
within a cylindrical pipe, whic4i, when once the meehanicjil condi- 
tions at the ends are given, is independent of anything that may 
happen outside the pipe. 

Considering a simple harmonic vibration, we know (§ 245) 
that, if tp vaiies as 


where 




+ /r*0 = O 


a). 


K 


27r__ n 
\ ""a** 


,( 2 ). 


The solution may be written in two forms — 

^ « (.4 cos kx^B sin kx) 

^ = (il e*-® + B e“*«) j 

of which finally only the real parts will be retained. The first 
form will be miftit convenient when the vibration is stationary, or 
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nearly so, and the second when the motion reduces itself to a 
positive, or negative, progressive iiiuliilation. The constants A 
and B in the symbolical solution may be complex, and thus the 
final expression in terms of real quantities will involve four arbi- 
trary constants. It ■wo wish to use real quantities througlioiit, wo 
must take 

tf> = (A cos XJ7 B sin tc.c) cos nt 
^ + {C cos Ko: + 1) sin k.c) sin nt (4b 

but the analytical work would genonilly be longei'. Wiicn no 
ambiguity can arise, we shall sometunt^s Ibr I lie sake of brevity 
drop, or restore, the (afjtor involving the tinio without expiess 
mention. Eijiiations such as (1) are of course cMjually true whether 
the factor be understood or not. 


Taking the first form in (o), ite have 

0= A cos^.r+ 7? sin «-.r 

j- = — K A sin Kic H- kB cos k.c 
dx 


(5). 


If there bo any point at wliich either r/) or is porniniH.'ully zero, 

the ratio A : B must be real, and then tlie vibrathui is stalionar^, 
that is, the same in pha'40 at all points simnltanoously, 

Let^us suppose that there is a node at the origin. Then when 

x = 0, viiiiishcs, the condition of which is 71 = 0. Thus 
* dx 


dft> 


^ cos Kx 


.( 0 ), 


from which, if we* substitute Pe*® for A, and throw away the 
imaginary part, 

^ = P cos Kx cos {nt + 0) ' 

z=z^kP sin KX con {nt + 0) 

dx 

Yrom these equations we learn that ~ vanishes wherever 

sin KX—0; that is, that besides the origin there are nodes at the 
points = m being any positive or negative inteiger. At any 
of these places infinitely thin rigid plane . barriers normal to x 
might be stretched across the tube without in ar^y way alter- 
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t 

ing the motion. Midway between each pair of consecutive nodes 
there is a looj), or place of no pressure variation, since Bp 
(6) § 244. At any of these loops a communication with the 
external atmosphere might be opened, without causing any disturb- 
ance of the motion from air passing in or out. The loops are the 
places of maximum velocity, and the nodes those of maximum 
pressure variation. At intervals of X everything is exactly re- 
peated. 

If there be a node at ar = 2, as well as at the. origin, sin k1 = 0, 
or \ = 2Z la, where m is a positive integer. The gravest tone 
which can be sounded by air contained in a doubly closed pipe 
of length I is therefore that which has a wave-length equal to 2/. 
This statement, it will be observed, holds good whatever be the 
gas with which the pipe is filled ; but the frc(iucncy, or the place 
of the tone in the musical scale, *tlepends also on the nature of 
the particular gas. The periodic time is given by 


~ a 


( 8 ). 


The other tones possible for doubly closed pipe have periods 
which are submultiples of that of the gravest tone, and the whole 
system forms a harmonic scale. 

Let us now suppose, without stopping for the moment to in- 
quire how such a condition of things can be secured, that there is 
a loop instead of a node at {he point x = l. Equation (0) gives 
cos kI = 0, whence X = 4/ (2m + 1), wlwre m is zero or a positive 

integer. In this case the gravest tone has a wave-length equal 
to four times the length of the pipe reerkoned from the node to 
the loop, and the other tones form with it a haVmonic scale, from 
which, however, all the members of even order are missing. 


256. By means of a rigid barrier there is no difficulty in 
securing a node at any. desired point of a tube, but the condition 
for a loop, i.G. that under no circumstances shall the pressure vary, 
can only be realized approximately. In most cases the variation 
of pressure at any point of a pipe may be made small by allowing 
a free communication with the external air. Thus Euler and 
Lagrange assumed constancy of pressure as the condition to be 
satisfied at the end of an open pipe. We shall afterwards return 
to the problem of the open pipe, and investigate by. a rigorous 
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2S^3 

process the conditions to bo satihfiod at the end. For onr im- 
inodiato purpose it will bo suflioiout to know, >\hjit is iiuleoil 
tolerably ob\ious, that the ojion end ol* a pipe may be treated as 
a loop, if tlio diameter uf the pijie bi‘ m fleeted in eoniparisoii 
with tlio wave-length, provided the external pit‘ssure in the neigh- 
bourhood of the open end be not itself sariablo lioin some <’auso 
indi'pendent of the moti<»n within t};o ]»ipe Wl.cn there is an 
inil(‘j)<MKh'nt source of sound, the pn*s,iire ai tl.c (mwI of tlie pipe 
is the same it would be in tlie same it (be ])i])e were 

awa}'. Tlie impediment to seeming the fullihnent td' the eonditiou 
for a looj> at any ilesired point lies in the iniatbi of (be maeiiinerv 
n‘(|uired to sustain tlu' pre'^‘^ule, I’or llieoieneal pmpost-s w’e niay 
overh>ok this diltieulty, and imagine a nau'.le-.-^ pisi.m ha'*I;i‘d hy 
a compressed s 2 )iing also witlmul ma''. 'I'be .is>»iiiMpl It)n of a 
loo]» at an open end ol* a pip‘\is lanl.ou noil *10 ije‘;l( eting the 
inerti.J of tlu‘ tmtside air. * 

We lia\(* seen that, if a iio(h' e'Jsi at any point <»f a ]iipe, 
there must be a serit s, vangetl at equal inl(‘i\als .J that midway 
between cMoh JnKtr of eonseentivt* nodes thi‘i(‘ mud be a loop, and 
that the wholb vibration must ])e st^ilionary. The sauu* eiaielusiou 
follows if there be at any point a hsip ; but it may peifeetly widl 
happen that there arc* neither nodes nor lc»ops, as for exanqih* in 
the* (\nse wdien the motion icslnees to a ]>o^ilivo or negative* pro- 
gressive wave*. In St ilionaiy vibiation llicn* is no lrajjsff‘rence of 
(‘n<*rgy*ah>n«; tlie tube in eitlur direc-tiiUi, for eiu rgy cannot pass 
a node or a looji. 

257. The relations between the h-ngths of an opcui or rlosod 
pipe and the wave-lc*ngtlis of the ineiiided eohimn of air may tdso 
be investigated by folhjw'ing tlio motion of a piihcj by wliicli is 
understood a wave couii lied within narrow limits and composed 
of uniformly feonc^oiised or raretied fluid. In looking at the matter 
from this poinl of view it is necessary to take into account Ccare- 
fully the circumstaucc.s under wdiicli the various reflections take 
place. Let us first suppose that a con(h‘n.sed pulse travels in the 
positive direction towards a barrier fi.xcd across tlie tube. Since 
the energy contained in the wave cannot escape from the tube, 
there must be a reflected wave, and that this reflected wave is 
also a wave of condensation appears from the fact that there is no 
loss of fluid. The same conclusion- may be arrived at in another 
way. The effect, of the barrier may be imitated by* the introduc- 
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tion of a similar and equidistant wave of condensation moving in 
the negative direction. Since the two waves are both condensed 
and are propagated in contrary directions, the velocities of the 
fluid composing them are equal and opposite, and therefore neu- 
tralise one another when the waves are superposed. 

If the progress of the negative reflected wave bo interrupted 
by a second barrier, a similar Reflection takes place, and the wave, 
still remaining condensed, regains its positive character. When a 
distance has been travelled equal to twice the lengtfi of the pipe, 
the original state of things is completely restored, and the same 
cycle of events repeats itself indefinitely. We learn therefore that 
the period within a doubly closed jiipe is the time occupied by a 
pulse in travelling twice the length of the pipe. 

The case of an open end is somewhat different. The supple- 
mentary negative wave necessary lo imitate the effect of the oiicn 
end must evidently be a wave of rartfaction capable of neutralizing 
the positive pressure of the condensed primary wave, and thus in 
the act of reflection a wave changes it.s character from condensed 
to rarefied, or from rarefied to condensed. Another way of con- 
sidering the matter is to obaiirve that in a positive condensed 
pulse the momentum of the motion is forwards, and in the 
absence of the necessary forces cannot be changed by the reflec- 
tion. But forward motion in the reflected negative wave is 
indissolubly connected with the rai-ofied condition. 

When both ends of a tube are open, a pulse travelling back- 
wards and forwards within it is completely restored to its original 
state after traversing twice the length of the tube, suffering in the 
process two reflections, and thus the reldtion between length and 
period is the same as in the case of a tube, whftse ends are both 
closed ; but when one end of* a tube is open and the other closed, 
a double passage is not sufficient to close the cycle of changes. 
The original condensed or rarefied character cannot be recovered 
until after two reflections from the open end, and' accordingly in 
the case contemplated the period Is the time required by the pulse 
to travel oyer fowr times the length of the pipe. 

258. After the full discussion of the corresponding problems 
in the chapter on Strings, it will not be necessary to say much on 
the compound vibrations of columns of air. As a simple example 
we may take the case of a pipe open at one end and closed at the 
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other, which is suddenly brought to rest at the time =0, after 
being for some time in motion with a uniform velocity parallel to 
its length. The initial state of the contained air is tln*ii tme of 
uniform velocity parallel to x, and of frctslom from compression 
and rarefaction. If we sui>pcKse that the oiigin is at the closed 
end, the general solution is by (7) § 

^ = (yl j cos nf + sin n^t) eos 
4- (-do cos nj. + B^ sin nf) cos K,.e 

^i). 

2r 1 IT 

whore Iff, = , 1 ?,.=^ e//r , and ol,. 7/^ J , /> .. an* aibilrary 

constants. 

Since is to be zeio iiiitUTly tor eli s.iiui's of .r, the eoeni- 
cients B must vanish; tin' Civ'^tKounts aie to 1 m' di*b*riiiiiied 
by the condition that h)r all values <)f a ladween 0 atnl 

^ A, sin « SB = — ?/y (:J), 

where the summation extends to^i^Jl integral valu(‘s of r from 
1 to <x) . The determination of the* co(‘tKci(*nts A from (2) is 
effected in the usual way. Multiidyiiii* by sin </./♦, a lal int**- 
grating from 0 to 7. w(' j^ct 


or 



The complete svlutiuii is therefore 




I ^r=i Iff,* 


(3). 


w 


259. In the case of a tube stopped at the origin and open at 
x=sl, let ^ = cos nt bo the value of the potential at the open end 
duo to an external source of sound. Determining P and $ in 
cquatjpu (7) § 255, we find 


cos fCX 
cos /cl 


cos 


( 1 ). 


It appears that the vibration within the tube is ^a minimum, 
when cos W =* ± 1, that is when 2 is a multiple of JX, in which case • 
B. II. 4 
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there is a node at a?« When I is an odd multiple of JX, cos kI 
vanishes, and then according to (1) the motion would become 
infinite. In this case the supposition that the pressure at the 
open end is independent of what happens within the tube breaks 
down ; and we can only infer that the vibration is very largo, in 
consequence of the isochronism. Since there is a node at a; 0, 
there must be a loop when » is an odd multiple of J X, and we 
conclude that in the case of isochronism the variation of pressure 
at the open end of the tube due to the external cause is exactly 
neutralised by the variation of pressure due to the motion within 
the tube itself. If there were really at the open end a variation 
of pressure on the whole, the motion must increase without limit 
in the absence of dissipative forces. 

If we suppose that the origi(|L is a loop instead of a node, the 
solution is 

, sin ^ 



where 0 = cos n% is the given value of at the open end a? = 
In this case the expression Jj^comes infinite, when kI » mw, or 
^ mX. 

We will next consider the case of a tube, whoso ends are both 
open and exposed to disturbances of the* same period, making^ 
equal to K respectively. Unless the disturbances at the 

ends are in the same phases one at least of the coefficients ZT, K 
must be complex. 

Taking the first form in (3) § 255, we have as the general 
expression for ^ 

^ (^A cos fcic+B sin kcc)*. 

If we take the origin in the middle of the tube, and assume that 
the values correspond respectively to = a 5 = — /, 

we get to determine A and B, 



✓ 

A cos tcl+ B sin k1, 



K= A cos kI — B sin kI, 


whence 



giving 

._H+K 

2 COS #c^ ’ 2 sin kI 

— sinic0 + a7) + jK’smiie(i — ») 

^ sin 2ir{ 

( 3 ), 

( 4 ). 
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This result might also be deduced from (2), if we consider that 
the required motion arises from the huperpositiou of the inolion, 
which is due to the disturbance 11 calculated on the hypothesis 
that the other end — Z is a lof>p, on the motuui, which is 
due to on the hypothesis tliat the end a;= / is a loop. 

The vibration expressed by (4) cannot be unless the 

ratio U : K be real, that is unless tue disturbcincos at the ends be 
in similar, cA' in opposite, phases. Hence, t'xcept in tho cases 
reserved, there is no loop anywliere, and thendbre no place at 
Avhich a branch tube can l)e connected aNnig which sound will not 
be propagated \ 

At the twiddle of the lube, for which ,t - 0, 




II + K 

2 coh kI 


(•>) 


showing that tlio v'lU’iatioii ol' pre'^sure (proportional to 0) vanisln^s 
if H + 0, tliat is, if the <lisTurbancos at tho caids be eipial and 

in opposite pbas(»s. Unh'ss this condition be sjilistied, the expres- 
sion becomes iidinit(% when 2? ~ J t- 1) 


At a point distant 
expression for ^ is 


}X from tlio middle of the tube tho 




If K 
2 sin kI 


(h). 


vanishing wIk u 11 — K, that is, when the distnrhances at tho ends 
are equal an<l in the same jihase. In general ^ becoiues iutinito, 

when sin kI= 0, or 2/ = m\. 

• 

If at one cncl of an unlindtcd tube there be a variation of 
pressure due to an external source, a train of progressive waves 
will be propagated inwards from that end. Thus, if the length 
along tho tube measured from the open end be y, the velocity- 

potential is expressed by ^ = cos , corresponding to 

1 An arrangement of tliis kind Las been proposed by Prof. Mayer {Phil* Mag* 
XLV. op, 1873) for comparing the intensities of sources of sound of the same 
pitch. Each end of the tube is exposed to the action of one of the sources to be 
compared, atnl the distances are adjusted nntil the amplitudes of tho ‘vibrations 
denoted by H and K are equal. The branch tube is led to a manomoirie capsule 
(§ 262), and the method assumes that by voiying the point of junction the disturb- 
ance of the flftwift nftfi be stopped. From the discussion in the t^xt it appears that 
this assumption is not theoretically correct. 


4—2 
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^ = ooswi at y * 0 ; SO that, if the cause of the disturbance within 
the tube be the passage of a train of progressive waves across the 
open end, the intensity within the tube will be the same as in the 
space outside. It must not be forgotten that the diameter of the 
tube is supposed to be infinitely small in comparison with the 
length of a wave. 


Let us next suppose that tJie source of the motion is within the 
tube itself, due for example to the inexorable moticAi of a piston 
at the origin\ The constants in (5) § 255 are to be determined 

by the conditions that when a? = 0, ^ = cos nt (say), and that. 


when ® = ^ = 0. 

pression for (ft is 


Thus kA = — tan kI, kB = 1, and the ex- 


sinictg- 1 ) 
™ K cos kI 


(7). 


The motion is a minimum, when cos == ± 1* that is, when the 
length of the tube is a multiple of 

When I is an odd multiiile of the place occupied by the 
piston would be a node, if the o^n end were really a loop, but in 
this case the solution fails. The escape of energy from the tube 
prevents the energy from accumulating beyond a certain point ; 
but no account can be taken of this so long as the open end is 
treated rigorously as a loop. ^ We shall resume the question of 
resonance after we have considered in greater detail the theory of 
the open end, when we shall be able to ^eal with it more satis- 
factorily. 


In like manner if the point a? = i be a node, •instead of a loop, 
the expression for ^ is 


, _ cos« (?--a?) 
^ /esinicZ ■■ 


( 8 ); 


and thus the motion is a minimum when I is an odd multiple of JX, 
in which case the origin is a loop. When I is an even multiple of 
^X, the origin should be a node, which is forbidden by the condi- 
tions of the question. In this case according to (8) the motion 
becomes infinite, which means that in the absence of dissipative 
forces the vibration would increase without limit. 

• 

» These proUenu are considered hy Poisson, M6m, de Vlmtitut, t.’n. p. 806. 
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260. Tlie experimeDtiil iavestigation of aerial waves within 
pipes has been effected with considerable success by M. Knndt\ 
To generate waves is easy enough; but it is not so easy to invent a 
method by which they can bo effectually cxainiiieil. M. Ivundt 
discovered that the nodes of Rtatiomiry waves can bo made evident 
by dust. A little fine sand or lycopodium seed, shaken over the 
interior of a glass tube containing a vibrating column of air, 
disposes itself in recurring patterns, by means of which it is easy 
to determine the positions of the nodes and to measure tin* 
intervals between tlicm. In Kundt's expe^nments the origin of 
the sound was in tin* hmgitudiiial \ibridion of a gla'^s tube called 
the sounding-tube, and the dust-fig uies wen* formed in a se(*onil 
and larger tube, called llio wa\ e-tube, the latter being ]>io\idcd 
witli a moveable stopiier for the purpose of adjubtiiig its length. 
The other cud of the wavc-tuf^ was titled wi^i a cork through 
which the sounding- tube pa.shcd half waj. suitable fiiction 
the houiuliiig-tube was caused to \ihvalo in its gravest modi*, so 
that the central point was nodal, and its interior (*x1.romiiy (closed 
with a cork) excited aciial vibrations in the wave-tuhi\ By means 
of the stoiiper tin* length of the colijmn of air i‘oiihl be adjusted so 
as to make the vibiations as vigimnis as possible, vvhicli happens 
W'heii the interval between the stopjxi* and tlu* end of tlio 
sounding-tube is a multiple of half the wave-length of the 
sound. 

With this apparatus Kundt w^as^ahlo to compare the wave- 
lengths of the same sound in various gases, from which the rela- 
tive velocities of propagation are at once deducible, but the results 
were not entirely satisfaotory. It was found that the intervals 
of rccurrenco of the dust-patterns were not strictly equal, and, 
what was worse, that the pitch of tlie sound was not constant 
from one experiment to another. These defects were traced to a 
communication of motion to the wave-tube through the cork, by 
which the dust-figures were disturbed, and* the pitch made irregular 
in consequence of unavoidable variations in the mounting of the 
apparatus. To obviate them, Kundt replaced the cork, which 
formed .too stiff a connection between the tubes, by layers of sheet 
indiarubber tied round with silk, obtaining in this way a flexible 
and perfectly air-tight joint; and in order to avoid any risk of tho 
comj>arison of wave-lengths being vitiated by an alteration of pitch. 


' Pogg. Ann. t. czxxv. p. 337. 1868. 
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the apparatus was modified so as to make it possible to excite 
the two systems of dust-figures simultaneously and in response to 
the same sound. A collateral advantage of the new method con- 
sisted in the elimination of temperature -corrections. 

In the improved “Double Apparatus” the sounding-tube was 
caused to vibrate in its second mode by friction applied near 
the middle; and thus the nodes were formed at the points distant 
from the ends by one-fourth of tlie length of the ti^be. At each 
of these points connection was made with an independent wave- 
tube, provided with an adjustable stopper, and with branch tubes 
and stop-cocks suitable for admitting the various gases to be 
experimented upon. It is evident that dust-figures formed in the 
two tubes correspond rigorously to the same pitch, and that thcTc- 
foro a comparihon of the intervals of recurrence leads to a correct 
determination of the velocities of .propagation, under the circum- 
stances of the experiment, for the l^wo gases with which the tubes 
are filled. 

The results at which Kundt arrived wore as follows: — 

(a) The velocity of bound in a tube diminishes with the 
diameter. Above a certain diameter, however, the change is not 
perceptible. 

(fi) The diminution of velocity increases with the wave- 
length of the tone employed. 

(c) Powder, scattered iy a tube, diminishes the velocity of 
sound in narrow tubes, but in wide ones is without cfTcct. 

(d) In narrow tubes the efiect o/ powder increases, when 
it is very finely divided, and is strongly ugitated in consequence. 

(c) Roughening the interior of a naiTow tube, or increasing 
its surface, diminishes the velocity. 

wide tubes these changes of velocity are of no im- 
portance, so that the method may be used in spite of them for 
exact determinations. ^ 

(^) The influence of the intensity of sound on the velocity 
cannot be proved. 

(^) With the exception of the first, the wave-lengths of a 
tone as shewn by dust are not affected by the mode of excitation, 

(t) In wide tubes the velocity is independent of pressure, 
but in small tubes the velocity increases with the pressure. 
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U) observed changes in the velocity were due to 

friction, and especially to exchange of heat between the air and 
the sides of the tube. 

(Ar) The velocity of sound at 100® agi’ccs oxiactly with that 
given by theory*. 

Wo shall return to the question of the propagation of sound in 
narrow tubes as affected by the causes mentioned above (j), ami 
shall then investigate the foriimlte given hy Helmholtz ami 
Kirchhoff. 

2G1. In the experiments described in tlio i»receding section the 
aerial vibrations are forced, the pitch being dctcrniiued by the 
external source, and not (in any appreciable degree) by the longtli 
of the column of air. Indeed, strictly speaking, all sustained 
vibrations are forced, as it is Hot in the power of free vibrations 
to maintain themselves, exempt in the ideal ease when there is 
absolutely no friction. Nevertheless there is an important prac- 
tical distinction between the vibrations of a column of air as 
excited by a longitudinally vibrating rod or by a tuning-fork, ami 
such vibrations as those of the oygtin-pipe or clicmical harmonicon. 
In the latter cases the pitch of the sound depcmls 2 )rincipally on 
the length of tlio aerial column, the function of the wiml or of the 
ilame® being merely to restore the energy lost by friction and hy 
communication to the exterrial air. The air in an organ-pipe is to 
be considered as a column swinging almost freely, the lower emd, 
across which tlie wind s^weeps, being treated roughly as open, ami 
the upper <jnd as closed, or open, as the case may be. Thus the 
wave-length of the principal tune of a stopped jiipe is four times 
the length of tlfe pipe; and, except at the extremities, thcrcs is 
neither node nor loop. The overtones of the pipe are the odd 
harmonics, twelfth,' higher third, &c., corresijondiiig to the various 
subdivisions of the column of air. In the case of the twelfth, for 
example, there is a node at the point of trisection nearest to the 

1 From some expressions in tlie memoir already cited, from wbioli tlie notice 
in the text is principally derived, M. Kundt appears to have contemplated a con- 
tinnAtion of his invoBtigationB ; hut I am unable to find any later publication on 
the subject. 

* The subject of sensitive flames ^ith and vrithout pipes is treated in con- 
siderable detail by Prof. Tyndall in his work on Sound ; but the mechanics of 
this class of phenomena is still very imperfectly understood. We shall return to 
it in a subsequent chapter. • 
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open end, and a loop at the other point of trisection midway 
between the first and the stopped end of the pipe. 

In the case of the open organ-pipe both ends are loops, and 
there must be at least one internal node. The wave-length of the 
principal tone is twice the length of the pipe, which is divided 
into two similar parts by a node in the middle. From this we see 
the foundation of the ordinary rule that the pitch of an open pipe 
is the same as that of a stopped pipe of half its lcngth>i For reasons 
to be more fully explained in a subsequent chapter, connected 
with our present imperfect treatment of the open end, the rule is 
only approximately correct The open pipe, differing in this re- 
spect from the stopped pipe, is capable of sounding the whole sci-ics 
of tones forming the harmonic scale founded upon its principal 
tone. In the case of the octave there is a loop at the centre of the 
pipe and nodes at the points midi^ay between the centre and the 
extremities. 

Since the frequency of the vibration in a pipe is proportional 
to the velocity of propagation of sound m the gas with which the 
]npo is filled, the comparison of the pitches of the notes obtained 
from the same pipe in different- gases is ^ obvious method of 
determining the velocity of propagation, in coses where the impos- 
sibility of obtaining a sufficiently long column of the gas precludes 
the use of the direct method. In this application Chladni with his 
usual sagacity led the way. The subject was resumed at a later 
date by Dulong' and by Werthoim®, who obtained fairly satisfac- 
tory results. 

202. The condition of the air in the interior of an organ-pipe 
was investigated experimentally by Savart*, who* lowered into the 
pipe a small stretched membrane on which a little sand was 
scattered. In the neighbourhood of a node the sand remained 
sensibly undisturbed, but, os a loop was approached, it danced with 
more and more vigour. But by jar the most striking form of the 
experiment is that invented by Konig. In this method the vibra- 
tion is indicated by a small gas flame, fed through a tube which 
is in communication with a cavity called a manometric capi^ule. 

1 Roolinrclies sur les clialeurs apiSoiAques des fluidcs ^atiques. Ann, d, Chim., 
t. XU. p. 118. 

■ Ann, de Chim,, 8««iie s^rie, t. xxn. p. 431. 

» Ann, de Chim,^t. xxiv. p. 66. 1823. 
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This cavity is bounded on one side by a membrane on wbioh 
the vibrating air acts. As the membnuic vibrates rendering the 
capacity of tlie capsule variable, the supply of gas becomes un- 
steady and the 6ame intermittent. The period is of course too 
small for the intermittence to lnanife^t itself as sueh when the 
flame is looked at steadily. By shaking the ht‘ad, or with the aid 
of a moveable mirror, the resolution into more or less detached 
images may ^e effected; but e\cn without resolution the altc'ivtl 
character of tlic flame is evident iimn its gtmeral appearance. In 
the application to organ-pipes, tuu' or more eapsiih s an* mounted 
on a pipe in sueh a manner that the membra ik's an) in conlaot 
w'ith the vibrating column of air; and the iliffereiiee in the (lanuj 
is very marked, according as the associated cai»sule ih situated at 
a node or at a loo]). 

Hitherto w<* have •tup]M>sc<l the pipe to he straight, hut 
il w'ill leadily he anth’ijwted that, when the (Tos^ section is Kiuall 
and does not vary in area, straightne^s is not a matter of Impor- 
tance. (V)nc<*i\<* a cui'V<*d axis of j ninning along tin* middle of 
the pi]»o, and lot the constant s(‘Ction pcrp(‘ndii*nlar to this axi.s 
he /S. "Whefi the greiitest diameb'i^of S is \ery small in compari.son 
with tlu* w’ave-h'iigtli of tlie sound, the velocity- potential ^ 
becomes iieaily invariable over tlie section; applying (Irt'cn’s 
tlieoicm to the space bounded by the interior of the tiipe ami by 
two enms sections, w^c got 

///vVir-s.A(2). 

Now by the general ccpiatron of motion 


and in the limit, wbcu the distance between the sections is made 
to vanish, 




so tliai . 


(P4» 

'da? 


(i). 


shewing that ^ depends upon x in the same way as if the pipe 
were straight. By means of equation (1) the vibrations of air in 
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curved pipes of uniform section may be easily investigated, and the 
results are the rigorous consequences of our fundamental equations 
(which take no account of friction), when the section is supposed to 
be infinitely small. In the case of thin tubes such as would be 
used in experiment, they suffice at any rate to give a very good 
representation of what actually happens. 

264. We now pass on td the consideration of certain cases of 
connected tubes. In the accompanying figure Al5 represents a 
thin pipe, which divides at D into two branches DD, DC. At E 
tlie branches reunite and form a single tube EF. The scetiuns 
of the single tubes and of the brandies are assumed to be uniform 
as well as very small. 

Fig. 55. ' 



In the first instance lot us suppose that a positive wave of 
arbitrary type is advancing in A, On its arrival at the fork 1>, it 
will give rise to positive waves in B and C, and, unless a certain 
condition be satisfied, to a negative reflected wave in A, Let the 
potential of the positive waves be denoted \ys fj^fnifo / being in 
each case a function of x^at; and fet the reflected wave bo 
F(x + at). Then the conditions to bo satisfied at D are first that 
the pressures shall be the same for the three pipes, and secondly 
that the whole velocity of the fluid in A shall be equal to the sum 
of the whole velocities of the fluid in B and (7. Thus, using 
A, B, G to denote the areas of the sections, we have, § 244, 


whence 


+ 

(1): 

^ 5+ C— A 

^~li+0+A^^ 

":C2). 

In Ja Bj^G+A'^'* 

(3)‘. 


* Thoao formally, as applied to determine the refleoted and refracted waves 
at the jnuction *of two tubes of sections I? + C, and A respoctiveb’i er© given by 
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It appears thaty], and/, are always the same. Tliere U no reflec- 
tion, if 

B + ( 4 ), 

that is, if the combined sections of the branches be equal to the 
section of the trunk ; and, when this condition is satisfied, 

f.=fc=A (^). 


The wave tlwjn advances in B and 0 exactly as it would have 
done in had there been no break. If the lengths of the 
branches between D and Ehe equal, and the section of F bo equal 
to that of Aj the waves on arrival at E conibino into a w'avc pro- 
pagatoil along F, and again there is no reflecthin. The division 
of the tube has thus been absolutely without eftbet; and since the 
same w^ould bo true for a negative wave passing from F to A* 
wo may conclude generally thaj^* a tube may be* divided into two, 
or more, branches, all of the same length, without in any way 
influencing the law* of aerial vibrati||i, prosdded that tlie wdiole 
section remain constant. If the lengths of the branches fr(un J.) 
to E be unequal, the result is difteront. Bcsid(*.s the }> 0 Kitive wave 
in Ff there w'ill be in general negative reflect ed waves in7^ and 0. 
Tho most interesting case is when tho wave is of harmonic type 
and one of the branches is longer than tho other by a multiple of 
-J \. If the diflbrcncc be an eve?i multiple of .JX, the result will bo 
the same as if the branches were of equal length, and no reflection 
will oiisue. But suppose that, while.i? and 0 are crtual in section. 
Olio of them is longer than the other liy an ocld multiple of J X. 
Since the waves arrive at E in opposite phases, it follows from 
symmetry that the positive wave in i^must vanish, and tliat the 
pressure at E, which is necessarily the same for all the tubes, 
must be constant. The waves in B and C are thus reflected as 
from an open end. That the conditions of the question arc thus 
satisfied may also be seen by supposing a barrier taken across the 
tube F in the neighbourhood of E in such a way that the tubes 
B and G communicate without a change of section. The Wtave in 
each tube will then pass on into tho other without interruption, 
and the pressure-variation at E, being the resultant of equal and 
opposite components, will vanish. This being so, the barrier may 
be removed without altering the conditions, and no wave will be 
propagated along whatever its section may be. The arrange- 

Poisson, d. VInstitut, t n. p. 806. The reader wUl qpt forget that both 

diameters must he in oompaiiBon with the wavelength. 
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ment now under consideration was invented by Herscbel, and has 
been employed by Quincke and others for experimental purposes, — 
an application that we shall afterwards have occasion to describe. 
The phenomenon itself is often referred to as an example of inter- 
ference, to which there can be no objection, but the same cannot 
bo said when the reader is led to suppose that the positive waves 
neutralise each other in and that there the matter ends. It must 
never be forgotten that there is no loss of energy inr interference, 
but only a different distribution; when energy is diverted from 
one place, it reappears in another. In the present case the positive 
wave in A conveys energy with it. If there is no wave along F, 
there arc two possible alternatives. Either energy accumulates 
in the brjinches, or else it passes back along A in tjic form of a 
negative wave. In order to see what really liai)pcnH, let us trace 
the progress ^of the waves reflocted,back at E. 

These waves ai’e equal in inagnitiulc and start from E in 
opposite phases; in the pAage from E ixi I) ont* has to travel 
a greater distance than the other by an odd multiple of JX; and 
therefore on arrival at D they will he in complete accordance. 
Under these circumstances they 9ombiiio into a binglo wave, which 
travels negatively along A, and there is no reflection. When the 
negative wave reaches the end of the tube or is otherwise dis- 
turbed in its course, the whole or a part may be reflected, and then 
the process is repeated. But however often this may happen there 
will bo no wave along F, unless by accumulation in consequence of 
a coincidence of periods, the vibration in^ the branches become so 
great that a small fraction of it can no longer be neglected. 


Fig. 66. 



Or wo may reason tkns. Suppose the tube F cut off by a 
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barrier as before. The motion in the ring being due to forces 
acting at D is necessarily symmetrical with respect to D, and — 
the point which divides DBCD into etpial parts. Hence i>' is a 
node, and the vibration is stationary. TJiis being the case, at a 
point E distant from If on either side, there must be a loop; 
and if the barrier be removed there will still be no tendency to 
produce vibration in F. If the perin?.etcr of the ring be a multiple 
of there may bo vibration within it of the period in question, 
independently of any lateral openings. 

Any combination of connected tubes maybe treated in a similar 
manner. The general principle is that at any junction a space 
can be taken large enough to inchnle all the region through wliich 

Fig. 67. 



the want of uniformity affects the law of the waves, and yet so small 
that its longest dimension may be neglected in comparison with 
Under these circumstances the fluid within the space in quo.stiou 
may he treated as if the wave-length were infinite, or the fluid 
itself incompressible, in wliich case •its velocity -potential wouhl 
satisfy = 0, following the same laws as electricity, 

265. When the sectiomof a pipe is variable, the problem of the 
vibrations of air within it cannot generally be solved. The case 
of conical pipes will be treated on a fiiture page. At present wo 
will investigate an approximate expression for the pitch of a nearly 
cylindrical pipe, taking first the case -where both ends are closed. 
The method that -will be employed is similar to that used for a string 
whose density is not quite constant, §§ 91, 140, depending on the 
principle that the period of a free vibration fulfils the stationary 
condition, and may therefore be calculated from the potential and 
kinetic energies of any hypothetical motion not departing far from 
the actual type. In accoidance with this plan we shall assume that 
the velocity normal to any section 8 is constant over the section, 
as must be very nearly the case when the variation of 8 is slow. 
Lot X represent the total transfer of fluid at time t across tho. 
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section at a?, reckoned from the equilibrium condition ; then X 
represents the total velocity of the current, and X-i- 8 represents 
the actual velocity of the particles of fluid, so that the kinetic 
energy of the motion within the tube is expressed by 

( 1 ). 


The potential energy § 245 (12) is expressed in general by 


II 


or, since dV 8dXf by 


r^ie^pjss^do! 

(2). 

t 

Again, by the condition of continvfity, 


. 1 dX ' 

* Sda: 

(3). 

and thus 



(4). 


If we now assume for X an expression of the same form as 
would obtain, if 8 were constant, viz. 

XSssin™ cosn£ (.5), 


we obtain froih the values of T and V in (1) and (4), 




or, if we write 8 = 8^ + A8 and neglect the square of A/Sf, 




■* 2irx^8dx 

o'"®® I 'Kl 


( 6 ), 

.(7). 


The result may be expressed conveniently in terms of A7, the cor- 
rection that must be made to I in order that the pitch may be 
calculated from the ordinary formula, as if ^ were constant. For 
the value of AZ we have 
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The effect of a variation of section is greatest near a node or near 
a loop. An enlargement of section in tho first case lowers the 
pitch, and in the second case raises it. At the point-s midway 
between the nodes and -loops a slight variation of section is without 
effect. The pitch is thus decidedly altered by an enlargement or 
contraction near tho middle of tho tube, but the influence of a 
slight conicality would be much less. . 


The expre*ssion for AZ in (8) is applicable as it stands to the 
gravest tone only; but we m«'iy ap]dy it to the m*’* tone of the har- 
monic scale, if avo modify it by the substitution of cos 

- 2irx 
for cos ^ . 

« 

In the case of a tube open atjbnth ciuls (5) is. replaced hy 


A" — eos 


TT.'.* 

I' 


COS 7it 


(:>), 


whicli loads to 


A? = 



27r,o Aa9 , 


( 10 ). 


instead of (8). The pitch of tfic sound is now raised by an 
enlargcmout at tho ends, or by a contraction at tlic middle, of tho 
tube ; and, as before, it is unaffected by a slight general conicality 
(§ 281 J. 


260. The case of progressive waves mo\ing in a tube of vari - 
able section is also intcreistiiig. In its general form the problem 
w'ould bo one of great difficulty; but where the change of section 
is very gradual, so that no coiisidcvablo alteration occui-s within a 
distance of a great many wave-lengths, tho principle of energy 
will guide us to an approximate solution. It is not difficult to see 
that in the case supposed there will be no sensible rcfiection of the 
wave at any part of its course, and that therefore the energy of the 
motion must remain unchanged \ Now yro know, § 245, that for 
a given area of wave-front, the energy of a train of simple waves 
is as the square of tho amplitude, from which it follows that as 
the waves advance the amplitude of vibration varies inversely as 
the square root of the section of the .tube. In alt other respects the 
type of vibration remains absolutely unchanged. From these re- 
sults we may get a general idea of the action of an ear-trumpet. 


1 Phil, Mag. (5) i. p. 261. 
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It appears that according to the ordinary approximate equations, 
there is no limit to the concentration of sound producible in a 
tube of gradually diminishing section. 

The same method is applicable, when the density of the 
medium varies slowly from point to point. For example, the 
amplitude of a sound-wave moving upwards in the atmospiiere 
may bo determined by tho^ condition that the energy remains 
unchanged. From § 245 it appears that the am{)litude is in- 
versely as the square root of the density \ 

^ A delicato question arises as to the ultimate fate of sonorous waves propapfated 
upwards. It should bo lemorkcd that in rare air the deadening influence of viscosity 
is much inmeasod. 



CHAl^TEIl XIII. 

SPECIAL FBOBXJSMS. REFLECTION AND REFRACTION OF 
PLANE WAVES. 


267. Before undertaking tlie discussion of t4ie general equa- 
tions for aerial vibrations we may conveniently turn our attention 
to a few special problems, relating principally to motion in two 
dimensions, which arc susceptible of rigorous and yet compara- 
tively simple solution. In this way the reader, to wliom tlio 
subject is new, will acquire some familiarity with the ideas and 
methods employed before attacking more formidable difficulties. 

In the previous chapter (§ 255) we investigated the vibrations in 
one dimension, which may take place parallel to the axis of a tube, 
of which both ends are closed. We will now inquire what vibrations 
are possible within a closed rectangular box, dispensing with the 
restriction that the motion is to be in one dimension only. For 
each simple vibration, of which the system is capable, ^ varies as 
a circular function of tliQ time, say cosxca/, where it is some 
constant ; hence and therefore by the general differen- 

tial equation (9) § 244 

+ ( 1 ). 

Equation (1) must be satisfied throughout the whole of the 
included volume. The surface condition to be satisfied over the 
six sides of the box is simply 



( 2 ), 


where dn represents an element of the normal to the surface. It 
is( only for special values of k that it is possible to satisfy (1) and 
(2) simultaneously. 

R. IL 


5 
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Taking three edges which meet as axes of rectangular co-ordi- 
nates, and supposing that the lengths of the edges are respectively 
a, 13, 7, we know (§ 255) that 

where p, q, r are integers, arc particular solutions of the problem. 
By any of these forms equation (2) is satisfied,^ and provided 

that K bo equal to or r as the case may be, (1) is also 

satisfied. It is equally evident that the boundary equation (2) is 
satisfied over all the surface by the form 

i = cos cos cos ..I (3), 

a form which also satisfies (1), if ir be taken such that 



where as before p, q, r are integers. 

m 

The general solution, obtained by compounding all particular 
solutions included under (3), is 

0 = S 2 X (il cos KCU + B sin xat) 

X cos (p—j «>s cos (5), 

in which A and B are arbitrary constants, and the summation is 
extended to all integral values of p, q, r. 

This solution is sufficiently general to cover the case of any 
initial state of things within the box, not involving molecular 
rotation. The initial distribution of velocities depends upon the 
initial valu.e of or fiu^^dx v^dp + w^dz), and by Fourier’s 
theorem can be represented by (5), suitable viJues being ascribed 
to the coefficients A, In like manner an arbitrary initial distribu- 
tion of condensation (or rarefaction), depending on the initial 
value of can be represented by ascribing suitable values to the 
coefficients B. * 

The investigation might be presented somewhat differently 
by commencing with assuming in accordance with Fourier’s 
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theorem that the general value of ^ at time t can be expressed in 
the form 

cos cos . 

in which the coefficients C may depend upon t, but not upon 
y, z. The expressions for T and V would then be formed, and 
shewn to involve only the squares oi the coefficients C, and from 
these expressions would follow the normal equations of motion 
connecting each normal co-ordinate C with the time. 

The gravest mode of vibration is that in which the entire 
motion is parallel to the longest dimension of the box, and there 
is no internal node. Thus, if a be the greatest of the three sides 
A 7, we are to take p=^l, q =tP, r = 0. 

In the case of a cubical bdx, a — = 7, and then instead of 


(4) we have 

«’ = 5 ( 1 ’’ + 2 * + 0 ( 6 ), 

or, if X bo the wave-length of plane waves of the same period, 

X = 2a -T- V(i>* + 2* + f^)- 


For the gravest mode ^ = 1, 5^ = 0, r = 0, or jp = 0, = 1, r = 0, &c., 

and X = 2a. The next gravest is when p=l, q=^l, r=0, &c., and 

• 2 

then X = a. When p = l, gr = 1, •r = 1, ^ ^ 

fourth gravest mode p = 2, 2 = 0, r = 0, &c., and then X = 4x. 

As in the case of the membrane (§ 197), when two or more 
primitive modes hare the same period of vibration, other modes 
of like period may be derived by composition. 

The trebly infinite series of possible simple component vibra- 
tions is not necessarily completely represented in particular cases of 
compound vibrations. If, for example, we suppose the contents of 
the box in its initial condition to be neither condensed nor rarefied 
in any part^. and to have a uniform velocity, whose components 
parallel to the axes of co-ordinates are respectively w^, 

no simple vibrations are generated for which more than one of 
the three numbers p, q, r is finite. In fact each component initial 
velocity may be considered separately, and the problem is similar 
to that solved in § 258, 


5—2 
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In future chapters we shall meet with other examples of the 
vibrations of air within completely closed vessels. 

Some of the natural notes of the air contained within a room 
may generally bo detected on singing the scale. Probably it is 
somewhat in this way that blind people are able to estimate the 
size of rooms'. 

In long and narrow passages the vibrations parallel to the 
length are too slow to affect the ear, but notes due* to transverse 
vibrations may often be heard. The relative proportions of the 
various overtones depend upon the place at which the disturbance 
is created*. 

In some cases of this kind the pitch of the vibrations, whoso 
direction is principally transverse,^ is influenced by tlio occurrence 
of longitudinal motion. Suppose) for example, in (3) and (4), that 
^ ss 1 , r = 0 , and that a is much greater than /3, For the principal 
transverse vibration ^ = 0 , and But besides this there 

are other modes of vibration in which the motion is principally 
transverse, obtained by ascribing to p small integral values. Thus, 
when p =* 1 , 

shewing that the pitch is nearly the same as before*. 

268. If we suppose 7 tq become infinitely great, the* box of 
the preceding section is transformed into an infinite rectangular 
tube, whose sides are a and P. WhateVter may be the motion of 
the air within this tube, its velocity-potential may be expressed 
by Fourier’s theorem in the scries 

^ = 2 S cos^^ cos ( 1 )^ 

dp 

» A lemarkable mstaaoe Is qtioted in ybtmg's Natwral Philosophy, ti, p, 2V2, 
from Darwin's Xootunnia, n. 487. “ The lats blind Jnstioe Melding walked for the 
my room, when he onoe visited me, and after speaking a few words 
said. ‘This room is about 22 feet long. 16 wide.and 12 high’; aU whieh he guessed 
by the eat' with great aoenraoy.” 

■ Oppel, Die harmonisehm ObertHns des dureh pdratUU JPdnde irreften Be- 

flextotutones. Fortsehritte der PhysQt, xx, p. ISO, 

is ^ underground passage in my house in whicdi it is possible, by 
nftfn ^ vibrations of many seconds’ duration, and it 

^ten happens t^t the resonant note is afleeted with distinct beats. OSie breadth 

of the paasoge id about 4 feet, and the hei^t about 6i feet* 
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\vhere the coefficients A are independent of x and y. By the use 
of this form we secure the fulfilment of the boundary condition 
that there is to be no velocity across the sides of the tube ; the 
nature of as a function of a and t depends upon the other 
conditions of the problem. 


liQt us consider the case in which the motion at every point is 
harmonic, and duo to a normal moclon imposed upon a barrier 
stretching aofoss the tube at s « 0. Assuming ^ to be proportional 
to at all points, we have the usual difTorential equation 


ePtfi d^<l> 


+ = 0 


( 2 ), 


which by the conjugate property of the functions must be satisfied 
separately by each term of Thus to determine as a 
function of z, we get r 

+ + (3). 

The solution of tliis equation differs in form according to the sign 
of the coefficient oi A When c^nd q are both zero, the coeffi- 
cient is necessarily positive, but its p and q increase the coefficient 
changes sign. If the coefficient bo positive and be called /a', 
the general value of A„ may be written 

+ CU (4), 

where, as the factor 6**®^ is expressed, are absolute 

constants. However, the first term in (4) expresses a motion 
propagated in the negative direction, which is excluded by the 
comlitions of the problem, and thus wo are to take simply as the 
term corresponding to p, q, 

^ = C7 coa^^ cos 
” a p 

lu this expression may be comples^ ; passing to real quantities 
and taking two new real arbitrary constants, we obtain 

^ IP^ coa‘(Kat — sin (/cat - cos^^ cos ...(6). 

We have now to consider the <form of the solution in cases 
where the coefficient of in (3) is negative. If we call it — 
the solution corresponding to (4) is 


( 6 ). 
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of which the first term is to be rejected as becoming infinite with z. 
We thus obtain corresponding to (5) 


0 ~ [.^pt "i" ^pq sin Kai\ cos cos (7). 

solution obtained by combining all the particular solutions 
given by (6) and (7) is the general solution of the problem, and 

allows of a value of ^ over the section «= 0, arbitfary at every 
point in both amplitude and phase. 


At a great distance from the source the terms given in (7) 
bwome insensible, and the motion is represented by the terms of 
(o) alone. Tlie effect of the terms involving high values of p and q 
IS thus confined.to the neighhi^nrhood of the source, and at 
moderate distances any sudden variations or discontinuities in the 
motion at « = 0 are gradually cased off and obliterated. 


tu attention on any particular simple mode of vibra- 

tion (for which p and g do not both vanish), and conceive the 
fi^uOTiy of vibration to incr^e from zero upwards, wo see that 
^ effect, at firet confined to tiie neighbourhood of the source, 

value 

f* to an infinite distance, the critical 

column V ^‘"‘onsional free vibrations of the 

to '.'“f . Below the critical point no work is rdquired 

to the motion ; above it as much work must be Sue at 

» - 0 as IS earned off to infinity in the same time 


two^t™n«3° 7^ eomposition of 

wave-lenfftliB ****”* waves of honnomc type, whose ampUtudes and 
innV ri ? * equal, but* whose directions of propagation are 

1 inasmuch as eveiything is the same in 

Lved^S““*™^ “““ “*®"«otion of the two sets of 





, ^ a. X V — «/uopi»nes of maximum 

, tne paper will be divided into a system of equal paraUelc 
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grams, which advance In the direction of one set of diagonals. At 
each comer of a parallelogram the condensation is doubled by the 
superposition of the two trains of waves, and in the centre of each 
parallelogram the rarefaction is a maximum for the same reason. 
On each diagonal there is therefore a series of maxima and minima 
condensations, advancing without change of relative position and 
with velocity a -i - cosol Between each adjacent pair of lines of 
maxima and minima there is a parallel line of zero condensation, 
on which the two trains of waves neutralize one another. Tt is 
ospeoially remarkable that, if the wave-pattern were visible (like 
the corresponding water wave-pattern to which the whole of the 
preceding argument is applicable), it would appear to move for- 
wards without change of type in a direction different from that of 
citiier component train, and w^h a velocity different from that 
with which both component trains move. 

In order to express the result analytically, let us suppose that 
the two directions of propagation arc equally inclined at an angle sc 
to the axis of x. The condensations themselves may be denoted by 

27r . . . 

cos ^ (n « — a* cos qt — y sin a) 


and 


cos ^ cos a y sin a) 


respectively, and thus the expression for the resultant is 

5= cos ^ (at-^x cosa — y sina) + cos ^ (at — a?cosa+ysina) 

= 2 cos ~ (ot - a? cos a) cos ^ (y sin a) (1). 


It appears from (1) that the distribution of 8 on the plane ay 
advances parallel to the axis of a, unchanged in type, and with a 
uniform velocity a -r cos a. Considered as depending on y, a is a 
maximum, when y sin a is equal to 0, 2\, 3X, &c., while for the 

intermediate values, viz. ^ X| f X, &c., 8 vanishes. 

If a » ^ TT, so that the two trains of waves meet one another 
directly, the velocity of propagation parallel to x becomes infinite, 
and (1) assumes the form 

• = 2cos(f a*)co8(^y) 
which represeatB staMonary wave.. 


( 2 ); 
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The problem that we have just been considering is in reality 
the same as that of the reflection of a train of plane waves by an 
infinite plane wall. Since the expression on the right-hand side 
of equation (1) is an even function of y, a is symmetricarwith 
respect to the axis of sb, and consequently there is no motion 
across that axis. Under these circumstances it is evident that the 
motion could in no way be altered by the introduction along the 
axis of X of an absolutely immovable wall. Jf a. be the angle 
between the surface and the direction of propagation of the inci- 
dent waves, the velocity with which the places of maximum con- 
densation (corresponding to the greatest elevation of water-waves) 
move along the wall is a cos a. It may be noticed that the aerial 
pressures have no tendency to move the wall as a whole, except in 
the case of absolutely perpendici^ar incidence, since they are at 
any moment as much negative ae/^sitive. 

270 . So long as the medium which is the vehicle of sound con- 
tinues of unbroken uniformity, plane waves may be propagated in 
any direction with constant velocity and with type unchanged ; but 
a disturbance ensues when the waves reach any part where the 
mechanical properties of thfe pedium undergo a change. The 
general problem of the vibrations of a variable medium is probably 
quite beyond the grasp of our present mathematics, but many of 
the points of physical interest are raised in the case of piano 
waves. Let us suppose that the medium ds uniform above and 
below a certain infinite plahe (ip = 0), but that in crossing that 
plane there is an abrupt variation in the mechanical properties on 
which the propagation of sound depends — ^namely the compreast- 
hiUty and the d&naity. On the upper dlde of the plane (which for 
distinctness of conception we may suppose horizontal) a train of 
plane waves advances so as to meet it more or less obliquely ; the 
problem is to determine the (refiracted) wave which is propagated 
onwards within the second medium, and also that thrown back 
into the first medium, or reflected^ We have in the first place 
to form the equations of motion and to express the boundary 
conditions. 


In the upper medium, if p be the natural density and' 9 the 
condensation, • 

density aip(l + c), 

psessnre »= P (1 + At), 
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where is a coefficient depending on the compressibility, and P 
is the undisturbed pressure. In like manner in the lower medium 

density (1+0, 
pressure = P(1 + 0» 

the undisturbed pressure being the same on both sides of J 5 = 0* 
Taking the axis of z parallel to the line of intersection of the 
plane of thd* waves with the surface of separation as « 0, we have 
for the upper medium (§ 244), 



dt dyV 

(1). 

and 

o 

11 

(2). 

where 

F* = P^^p 

(3). 

Similarly, 

in the lower medium. 



dff ~ ^ d^] 

(4). 

and 

4 - V^a as 0 

dt +’^•*1-” 

(5), 

where 

V^-PA,^p, 

(6). 


These* equations must be satisfied at ^11 points of the fluid. Further 
the boundary conditions require (a) that at all points of the 
surface of separation the velocities perpendicular to the surface 
must be the same for thq two fluids, or 



08) that the pressures must be the same, whence = Aa^ or by 
(2), (3), (6) and (6), 

pf = Px^,whena.«.0 (8), 

In order to represent a train of waves of harmonic type, wo 
may mume ^ and to be proportional to where 

cur + ^ sas const, gives the direction of the plane of the waves. If 
. we assume for the incident wave, 

......( 9 ), 
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the reflected and refracted waves may be represented respectively 
by 

^ ( 10 ), 

( 11 ), 


The coefficient of t is necessarily the same in all three waves 
on account of the periodicity,* and the coefficient of y must be the 
same, since the traces of all the waves on the plane <>f separation 
must move together. With regard to the coefficient of x, it ap- 
pears by substitution in the differential equations that its sign is 
changed in passing from the incident to the reflected wave; in 
fact 

c*= r[(±a)*+JT* (12). 

Now + is til® sine of angle included between the 

axis of X and the normal to the t)lane of the waves — ^in optical 
language, the sine of the angle of in^dencc, and b -r- *J{a* + &*) is in 
like manner the sine of the angle of refraction. If these angles 
be called 0, 0^, (12) asserts that sin^ : sin^, is equal to the con- 
stant ratio V : the well-known law Cf sines. The laws of re- 

fraction and reflection follow simply from the fact that the velo- 
city of propagation normal to the wave-fronts is constant in each 
medium, that is to 'say, independent of the direction of the wave- 
front, taken in connection with the equal velocities of the traces of 
all the waves on the plane of separation (F-*-sin^= F^-5-ein^,). 
It remains to satisfy the boundary conditions (7) and (8). 

These give ‘ 

whence 

w 

✓ 

This completes lie sjrmbblical solution. If Oj (and J be real, we 
see that if the incident wave be . 

^ a cos (<i« -h + cQ, 
or in terms of V, \ and $, 

. ♦-co8^(«co8^+ysintf+ Ft) .(!*), 




.(18), 
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the reflected wave is 


cot 0^ 

. p cot 0 2'7r . ^ 

— cot?,®"® X (-•*c®s0 + ysintf+ ro ...(1C), 

p cottf 

and the refracted wave is 

“ p ~ Lt V . ®°® 1.7 + 2 ' ®‘“ + ^.<) -(17). 

p ^ cot 0 


The foimula for the amplitude of the reflected wa\e, viz. 

p^^ cot 0^ 

4 /' _ cot 0 



o ^ cot 0 


( 1 «). 


is here obtained on the suppohition that the waves are of harmonic 
type; but since it does not involve and there is no change of 
phase, it may be extended* by Fourier's tlioorem to waves of any 
type whatever. 

If there bo no reflected wave, cot 0^ : cot 0 = p^: p, from which 
and (1 + cot^ : (1 + cot* 0) — V* : wo deduce 



which shews that, provided the refractive index : F be inter- 
mediate in value between unity and p : p^, there is always an 
angle of incidence at which the wave is completely intromitted ; 
but otherwise there is no such angle. 

Since (18) is not altered (except as to sign) by an interchange 
of 0, 0 ^ ; p, pj ; &c., we infer that a wave incident in the second 
medium at an angle 0^ is reflected in the same proportion as a 
wave incident in the first medium at an angle 0, 

As a numerical example let us suppose that the upper medium 
is ais at atmospheric pressure^ and the lower medium water. 
Substituting for cot 0^ its value in |;erms of 0 and the refractive 
index, we get 

cot 0. V r jv} xrn 

cottf “ f; V 1 - (-p - 1)1*® ^ 


( 20 ), 
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or, sinee V, : F = 4*3 approximately, 

= -23 V(1 - 17 S tan* 0), 
cot 0 ^ 

which shews that the ratio of cotangents diminishes to zero, as 0 
increases from zero to about 13®, after which it becomes imaginary, 
indicating total reflection, aji we shall see presently. It must 1^ 
remembered that in applying optical terms to acou(?tics, it is the 
water that must be conceited to be the ‘rare’ medium. The ratio 
of densities is about 770 : 1 ; so that 

^ _ 1 00 03 > /l- 17-5 tan* ^ 

1 + *0003 ^1-17-5 tan*^ 

= 1 — *0006 JJ— 17*5 tan* 6 very nearly. 

Even at perpendicular incidence the reflection is sensibly perfect. 

If both media be gaseous, ^4, » .^1, if the temperature be con> 
stant; and even if the development of heat by compression be 
taken into account, there will be no sensible difference between 
A and in the case of jthe simple gases. Now, if A^^A, 
Pi I p — sin* 0 : sin* 0^, and the formula for the intensity of the 
reflected wave becomes 


. _ s in 2^ s in 20^ _ tan {0 — 0^ 

sin %0 + sin 20 ^ tan (V + « ' 

coinciding with that given 1:>y Fresnel for light polarized perpen- 
dicularly to the plane of incidence. Inticcordance with Brewster’s 
law the reflection vanishes at the angle of incidence, whose 
tangent is F-s- V^. 


But, if on the other hand p^ =& p, the cause of disturbance 
being the change of compressibility, we have 

^"_ tan6,-tane _ 8in(g.-g) 

^ tan 01 + tan 0 sin ^ * 

agreeing with Fresnel’s formula for light polarized in the plane 
of incidence. In this case the reflected wave does not vanish at 
any angle of incidence. 


In general, when ^ « 0, 
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SO that there is no reflection, if p, : V : 

gases F* : Fj* *« ; p, and then 

¥ Vf>i + Vp"F+F, 


In the case of 


(24). 


Suppose, for example, that after perpendicular incidence re- 
flection takes place at a surface separating air and hydrogen. We 
have 


p « ‘001276, p ^ « 00008837 ; 


whence tjp : Vpi = 3*800, giving 

^'' = -• 5833 ^'. 

The ratio of intensities, which is as the square of the amplitudes, 
is *3402 : 1, sb that about one-thin I part is reflected. 

4 . 

If the difference between th« two media be very small, and we 
write Fj = F + 3 F, (24) becomes 


0 ' 


3F 

V 


(25). 


Tf the first medium bo air at 0® CfenJ., and the second medium be 
air at Cent., F+3F= ‘OOSCO t ; so that 

£ = _ 0009U 
9 


The ratio of the intensities of the reflected and incident sounds is 
therefore *83 x lO"® x ^ ; 1. 


As another example of the same kind wc may take the case in 
which the first medium is dry air and the second is air of the 
same temperature saturated with moisture. At 10® Cent, air 
saturated with moisture is lighter than dry air by about one part 
y 

in 220, so that nearly. Hence we conclude from (25) 

that the reflected sound is only about one 774,000* part of the 
incident sound. 

From these calculations we see that reflections from warm or 
moist air must generally be veiy small, though of course the effect 
may accumulate by repetition. It must also be remembered that 
in practice the transition from one state of things to the other 
would be gradual, and not abrupt, as the present theory supposes. 
If the space occupied by the transition amount tea considerable 
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fraction of the wave-length, the reflection would be materially 
lessened. On this account we might expect grave sounds to travel 
through a heterogeneous medium less freely than acute sounds. 

The reflection of sound from surfaces separating portions of 
gas of different densities has engaged the attention of Prof. Tyndall, 
who has devised several striking experiments in illustration of the 
subjects For example, sound from a high*pitched r<?ed was con- 
ducted through a tin tube towards a sensitive flame, which served 
as an indicator. By the interposition of a coal-gas flame issuing 
from an ordinary bat*s-wing burner between the tube and the 
sensitive flame, the greater part of the effect could be cut off. 
Not only so, but by holding the flame at a suitable angle, the 
sound could be reflected through another tube in sufficient quantity 
to excite a seconc^ sensitive flame/which but for the interposition 
of the reflecting flame would have^-emained undisturbed. 

The preceding expressions (1(]),*(17), (18) hold good in every 
case of reflection from a ‘ denser' medium ; but if the velocity of 
sound be greater in the lower medium, and the angle of incidence 
exceed the critical angle, becomes imaginary, and the formulae 
require modifleation. In the latter case it is impossible tliat a 
refracted wave should exist, since, even if the angle of refraction 
were 90®, its trace on the plane of separation must necessarily 
outrun the trace of the incident wave. 


If — ia* be written in plaee of a^, the symbolical equations are 
Incident wave 

Befleded wave 




& 4^; Sl' 
£ « 





Refrewied wave 


'^1 = 


p a 


gi(-taix+by+ef ) . 


from which by discarding the imaginary parts, we obtain 


^ Souiidf 3rd edition, p. 282. 
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Inddmt wave 

^ « cos (oa? + 4- ct) (2G), 

Bejlected wave 

<#> = cos (- oj? + + c« + 2€) (27), 

Refracted wave 



where tan € = ^ r2i)h 

Tliosc formulfo indicate total rcllootioii. Tin' distnrbaiuv in the 
second medium is not a wave f,t all in tli(‘ ordinary sense, and at 
a short distance from the sniTaito of separation .(a- negati\e) be- 
comes insensible. (Calculating (/,' from (12) and expressing it in 
terms of 6 and we find 



shewing that the disturbance does not penetrate into the second 
mc<lium more than a few wave-lengths. 

The difference of phase between the reflected and the incident 


waves is 26, where 

tan € = “ tan* 9 ~ ^ sec* 0 (.31). 

If the media have. the same compressibilities, p : p, = : F*, and 

tan € = tan* 0 — sec* 0 (32). 


Since there is no loss of energy in reflection and refraction, the 
work transmitted in any time across any area of the front of the 
incident wave must be equal to the work transmitted in the same 
time across corresponding areas of the reflected and refracted 
waves. These corresponding areas are plainly in the ratio 

cos 0 ; cos 0 : cos 0 ^ ; 

and thus by § 246 (t being the same' for all the waves), 
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or since K: = sin 0 : sin 6 ^^ 

p (33). 


which is the eneigy condition, and agrees with the result of multi- 
plying together the two boimdary eq[uations (13). 

When the velocity of propagation is greater in the lower than 
in the upper medium, and othe angle of incidence exceeds the 
critical angle, no eneigy is transmitted into the secp^ld medium; 
in other words the reflection is totals 

The method of the present investigation is substantially the 
same as that employed by Green in a paper on the Reflection and 
Refraction of Sound \ The case of perpendicular incidence was 
first investigated by Poisson*, who obtained formulae ^rresponding 
to (23) and (24),^which had howei/fer been already given by Young 
for the reflectioh of Light. In^^a subsequent memoir* Poisson 
considered the general case of obtique incidence, limiting himself, 
however, to gaseous media for which Boyle's law holds good, and 
by a very complicated analysis arrived at a result equivalent to 
(21). He also verified that the energies of the reflected and re- 
fracted waves make up that of the incident wave. 

271. If the second medium be indefinitely extended down- 
wards with complete uniformity in its mechanical properties, the 
transmitted wave is propagated onwards continually. But if at 
there be a further change in the compressibility, or density, 
or both, part of the wave will be thrown l^k, and on arrival at 
the first surface (scaO) will be divided^ into two parts, one trans- 
mitted into the first medium, and one reflected back, to be again 
divided at 2 ;^= — 2, and so on. By following the progress of theso 
waves the solution of the problem may be obtained, the resultant 
reflected and transmitted waves being compounded of an infinite 
convergent series of components, all parallel and harmonic This 
is the method usually adopted in Optics for the corresponding 
problem, and is quite rigorous, though perhaps not always suf- 
ficiently explained ; but it does not appear to have any advantage 
over a more straightforward analysis. In the following investi- 
gation we shall confine ourselves to the case where the, third 
medium is similar in its properties to the first medium. 

1 Cambridge TranaacUotUt 1888. 

• M6m. de Vlmtim, t. ii. p. 806. 1819. 

» i* MSmoixs BUT le monvemeiit de desX floideB ^lagtknerf BBperposds.” 
de VJbuUM, t. x. p. 817. 1881, 
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In the first medium 


4^ = _|_ fj^'f^K^ax+by+et)^ 


In the second medium 




In the third medium 


4i = 4i^e^i(U6+if»+ot)^ 

with the conditions 


c* = F*(a* + 6*)= + 

(1). 

At the two surfaces of separation we have to secure 
of normal mo+ions and pressures^; for x = 0, 

tlio equality 

a («^' - ^") = (i, 

p(.4> +4> )=-p.(’^ +'^')J 

for a? = — 1 , 

(2); 

Pi = p4>iC~'^) 

(-U 


from which and aro to be eliminated. We get 


(<#>' - ^") cos a^l { 4 ,' + 4 >") sin aj. = 

ap^ 

(<l»\ 4 /') cos a^l — t sin CTji = 


•W; 


and from those, if for brevity == a. 






— cot a^l 


ir>). 



2e*^ 


Scosa^Z+i sinai? 



( 6 ). 


In order to pass to real quantities, these expressions must be 
put into the form JRe^. If he real, we find corresponding to 
the- incident wave 


R. It. 


4>^ cos {ax + hy + ct). 


6 
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the reflected wave 

f--a)sin(-aa?+Jy + c< — c) 

( 7 ). 

^ 4cot‘o.?+^o + -j 

and the transmitted wave 

- 2 cos (ax + bv + ct + al — e) y 

- ~ ( /i 

4 coa* a^l + 8m*aJ \a + - ) 

where 

tan e = J tan aj> (9). 

If there is ho reflected wave, and the trans- 

mitted wave is represented by 

^ = cos {ax + by + ct + cd ^ aj()f 

shewing that, except for the alteration of phase, the whole of the 
medium might as well have been uniform. 

If I be small, we have approximately for the reflected wave 

'^~'2 («““) ®i“(~«* + ^y + cO> 

a formula applying when the plate is thin in comparison with 
the wave-length. Since coaO^, it appears that for a given 

angle of incidence the amplitude varies inversely as or as \. 

In any case the reflectibn vanishes, if cot* = oo , that is, if 

2lQQa$^^ m\y 

m being an integer. The wave is then wholly transmitted. 

At perpendicular incidence, the intensity of the reflection is 
expressed by 

( 10 ). 

Let us now suppose that the second medium is incompressible, so 
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that Fi = 00 ; our expression becomes 


shewing how tlie amount of reflection depends upon the relative 
masses of such. quantities of the media os have volumes in the ratio 
of I It is obvious that the second medium behaves like a 
•rigid body and acts only in virtue of its inertia. If tliis be suf- 
ficient, the reflection may become sensibly total. 

We have now to consider the case in which is imnginaiy. 

In the symbolical ex23ressious (5| and (G) cos aj. and i sin aj, are 

real, while a, « + pure imaginarios. TIius, if we suj^- 

pose that a=^ioL\ and introduce the notation of the hyper- 

bolic sine and cosine (§ 170), we get 

— i i ^ sinh a^l 
^ 2 cosh a^l — { sinh a, 7 

^ 2 cosh a^l — i sinh a 'I 

Hence, if the incident wave be 

= cos (cMc + % + ct)» 

the reflected wave is expressed by 

( a' + sinh a*l cos (— ax ^ hy -H ci + e) 

/I ov 


U cosh* all + (a' - sinh* a, 7 

cot e s= } (j 


and the transmitted wave is expressed by 

' 2 sin (oa? + hy 4- c< + oZ 4- c) 


4 cosh* all + sinh* a, 7 
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It is easy to yerify that the energies of the reflected and 
transmitted waves account for the whole energy of the incident 
wave. Since in the present case the corresponding areas of wave- 
front are equal for all three waves, it is only necessary to add the 
squares of the amplitudes given in equations (7), (8), or in equa- 
tions (12), (14). 

9 

272. These calculations of reflection and refraction under 
various circumstances might be carried further, but their interest 
would be rather optical than acoustical. It is important to bear* 
in mind that no energy is destroyed by any number of reflections 
and refractions, whether partial or total, what is lost in one direc- 
tion always reappearing in another. 

On account of the great drSerence of densities reflection is 
usually nearly ^otal at the boundaiy between air and any solid or 
liquid matter. Sounds producec^ in air are not easily communi- 
cated to water, and vice versd sounds, whose origin is under water, 
are heard with difficulty in air. A beam of wood, or a metallic 
wire, acts like a speaking tube, conveying sounds to considerable 
distances with very little loss. 



CHAPTER XIV. 

(JENERAL EQUATIONS. 

273. In connoclion with the g('ncnil prohloin of aih’ial 
vibrations in three dimenhions one of th(» tiisL qnestions, wliich 
naturally olToi’s itself, is tht' determination of the motion in an 
unlimited atmosphere consequent upon arbitrary initial dis- 
turbances. It will be assuincMl that the disturbance is small, so 
that the ordinary approximate equal ions arc applicable, and further 
that the initial velocities arc such as can bi* derived from a velocity- 
potential, or (§ 240) that there is no circulation. If the latter con- 
dition bo violated, the j»roblem is one of vortex motion, on which 
we do not enter. We shall also suiq^ose in the first place tliat no 
('xternal* forces act upon the fluid, so that the motion to be 
investigated is due solely to a disturbance actually existing at 
a time (^ = 0), previous to which wc do not push our inquiries. 
The method that we shall employ is not very different from that 
of Poisson*, by whom the problem was first successfully attacked. 

If be the initial velocities at the point x, y, z, and s^ 


the initial condensation, we have (§ 244), 

+ w,<fe) (1)| 

^. = -A (2). 


by whieh the initial values of the velocity-potential ^ and of its 
differential coefficient with respect to time ^ are determined. 

^ 8ar rint^^tion de qn^aes Equations lin^rea anx differences partielles, 
^ partionlidrement de rfiqnation gdn6ralQ da moavement des flnides filastiquos. 
de VlvMiitvit, t. iii. p. 121. 1820. 
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The problem before us is to determine ^ at time t from the above 
initial values, and the general equation applicable at all times and 


places. 



(3). 


When <l> is known, its derivsitives give the component velocities at 
any point. 

The symbolical solution of (3) may bo written 

^ = sin (la vO + cos (4), 

where 0 and x ^^o arbitraiy functions of a, y, z and 1. 

To connect 0 and x initial values of ^ and which wc 

shall denote and F respectively, it is only necessary to observe 
that when t = 0, (4) gives 


so that our result may be expressed 

^ = cos (ta vO • /+ (5). 

in which equation the question of the interpretation of odd powers 
of V iiced not be considered, as both the symbolic functions are 
wholly even. 

In the case where ^ was a function of x only, we saw (§ 245) 
that its value for any point x at time t depended on the initial 
values of ^ and ^ at the points whose co-ordinates were x — at 
and X + atf and was wholly independent of the«initial circumstances 
at all other points. In the present case the simplest supposition 
open to us is that the value of ^ at a point 0 depends on the 
initial values of ^ and ^ at points ^tuated on the surface of the 
sphere, whose centre is 0 and radius cU ; and, as there can be no 
reason for giving one direction a preference over another, we arc 
thus led to investigate the expression for the mean value of a 
function over a spherical surface in terms of the successive differen- 
tial coefficients of the function at the centre. 

• 

By the symbolical form of Maclaurin’s theorem the value of 
■^(®j yj fl't any point P on the surface of the sphere of radius t 
may be vrritten 
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F(?), y, *) + y,, 

the centre of the sphere 0 being the origin of co-ordinates. In 

the integration over the surface of the sphere — ~ A. 

, ^ dz^ 

behave as constants ; we may denote them temporarily by I, m, w, 
so that V* = ? + + »*. 


Thus, r being the radius of the sphere, and d8 an element of 
its surface, since, by the symmetry of the sphere, we may replace 

any function of same function of z without 

altering the result of the intcgintion, 


^ ^ i- f.T+m.v+n£ 

1 Lu+nitf+nsfl^^ I 

=jje''‘d8=>2irr (e^' -e'^) = 4irr’ . 


Tho mean value of F over the surface of the spliero of radius r is 
thus expressed by the result of the operation on F of the symbol 

or, if jjd^ denote integration with respect to angular 


t^r 

space. 


( 6 ). 


By comparison with (5)^ wo now see that so far as ^ depends 
on tlie initial values of it is expressed by 


^ = (7). 


or in words, ^ at any point at time t is the mean of the initial 
values of ^ over the surface of the sphere described round the 
point in question- with radius at, the whole multiplied by t. 

By Stokes* rule (§ 95), or by simple inspection of (5), we see 
that the part of <l> depending on thc^ initial values of ^ may be 
derived from that just written by differentiating with respect to t 
and changing the arbitrary function. The complete value of ^ at 
time Ms therefore 
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.( 8 ), 


4> 


I 

4nr, 


+ 1± 

dt 



da 


-which is Poisson’s result*. 


On account of the importance of the present problem, it may 
be well to verify the solution a posteriori. Wo have first to prove 
that it satisfies the general differential equation (3). Taking for 
the present tlie first term only, and bearing in mind the general 
symbolic equation 


dt^"" tdt dt 


(9), 


we find from (8) 


^ l^d . 

df 




dS, 


dS being the surface element of the sphere r = at 
But by Green’s theorem 


and thus 


NowJJx^^J^da is the same as ^*jjFdar, and thus (3) » in fact 
satisfied. 

Since the second part of 0 is obtained from the first by differen- 
tiation, it also must satisfy the fundamental equation. 

With respect to the initial conditions we see that when t is made 
equal to zero in (8), 

(* = 0 )=./( 0 ); 

* AnoQier invMtigatfam .01 lie found in Kindilioa’B VarUtmtam UUr Uatkc- 
matUche PkysUt, p. 817. 1876. 
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of which the first term becomes in the limit F (0). Wlien ( = 0, 

^ tjj/(at)d<r = 2jjjf(at)da- (1 = 0) 

(at) da (« = 0) = 0, 

since the oppositely situated olemeuts cancel in tlio limit, when 
the radius of the spherical surface is indefinitely diminished. The 
expression in (8) therefore satisfies the juescrihed initial con- 
ditions as well as the general diftereiitial C(piation. 

274. If the initial disturbance be confined to a space T, the 
integrals in (8) § 27J1 are zero, 'unless some part of the surface of 
the sphere f — ot bo include<l wilhin T. Let Oho a point cxtenial 
to T, and the radii <»f the h‘ast and greatest,j.idieres «lescrib<Ml 
about 0 which cut it. Then st> long as at remains Ofpial 

to zero. When at lies bi‘twe»-n and ^ may be finite, hut for 
values greater than ^ is again Z('iv>. The disl»n banco is tlmsat 
any moment confined to those parts of space* for which a# is inter- 
mediate between and The limit of the wave is the envelope 
of spheres with ladius of, whose centres aie situatcul on the surface 
of T, “ When t is small, this ayst(‘m of spheres will have an 
exterior envelope of two sheets, the outer of these sliects being 
exterior, and the inner interior to the shell formed by the as- 
sembluge of the spheres. The outer sheet forms the outer limit 
to the portion of the medium in whicJi the dilatation is different 
from zero. As t increases, the inner sheet contracts, and at last its 
opposite sides cross, and it changes its character from being ex- 
terior, with reference to the spheres, to interior. It then expands, 
and forms the inner boundaiy of the shell in which the wave of 
condensation is comprised The* successive positions of the 
boundaries of the wave are thus a scries of parallel surfaces, and 
each boundary is propagated normally with a velocity equal to a. 

If at the time t = 0 there be no motion, so that the initial 
disturbance consists merely in a variation of density, the subse- 
quent condition of things is expressed by the first term of (8) § 273. 
Lot us suppose that the original disturbance, still limited to a 
finite region T, consists of condensation only, without rarefaction. 
It might be thought that the same peculiarity would attach to the 

' Stokos, “ Dynamical Theory of DifEraotion,” Oawb. Tratu. oc. p. 16, 
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resulting wave throughout the whole of its subsequent course ; but, 
as Prof. Stokes has remarked, such a conclusion would be erroneous. 
For values of the time loss than -J- a the potential at 0 is zero ; 
it then becomes negative being positive), and continues nega- 
tive until it vanishes again when ^ * r, -r a, after which it always 
remains equal to zero. While ^ is diminishing, the medium at 0 
is in a state of condensation, 4>ut as ^ increases again to zero, the 
state of the medium at 0 is one of rarefaction. The wave propa- 
gated outwards consists therefore of two parts at least, of which 
the first is condensed and the last rarefied. Whatever may bo the 
character of the original disturbance within T, the final value of ^ 
at any external point 0 is the sanfo as the initial value, and thete- 
fore, since ~ the mean condensation during the passage of 
the wave, depending on the into^al Jsde, is zero. Under the 
head of spheridSt' waves we shall have occasion to return to this 
subject (§ 279). % 

The general solution embodied in (8) § 273 must of course 
embrace the particular case of plane waves, but a few words on 
this application may not be superfluous, for it might appear at 
first sight that the effect at a given point of a disturbance initially 
confined to a slice of the medium enclosed between two parallel 
planes would not pass off in any finite time, as wo know it ought 
to do. Let us suppose for simplicity that is zero throughout, 
and that within the slice in question tho initial value is 
constant. From the theory of plane waves we know that at any 
arbitrary point the disturbance will finally cease after the lapse of 
a time t, such that at is equal to the distance (d) of the point 
under consideration from the further boundary of the initially 
disturbed region; while on the other hand, since the sphere of 
radius at continues to cut the region, it would appear from the 
general formula that the disturbance continues. It is true indeed 
that ^ remains finite, but this is not inconsistent with rest. It 
wdll in fact appear on examination that the mean value of 
multiplied by the radius of the sphere is the same whatever may 
be tho positiou and size of the sphere, provided only that it 
cut completely through tho region of original disturbance. If 
at>d, ^ thus constant with respect both to space and time, 
and accordingly the medium ill at rest. 

275. In two dimensions, when ^ is independent of z, it might 
be supposed that the corresponding formula would be obtained by 
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simply substituting for the sphere of radius at the circle of equal 
radius. This, however, is uot the case. It may be proved that 
the mean value of a function F{Xf y) over the circumference of a 
circle of radius r is (iVv) whore i - 







and is Bessel’s function of zero order ; so that 

jlj/Ffe,)*. (i + ^ + 

differing from what is required tl satisfy th(* fiiudameutal equation. 

The correct result applicable to two diinensiou'* may be obtained 
from the general funnula. The ehmieut of S2)b^'*’ical «iuiface dS 

maybe replaced by % AvhiTe /•, 0 aio plane' polar co-ordi- 

nati's, and yjr is the angle between the tangent jdane and that in 
which the motion takes place. Thus 

cos yit = -2Li- . t ' 

^ at 


F (at) is replaced by F (r, ^), and so 



F (Vy 0) rdrdO 


( 1 ). 


w'hero the integration extends over the area of the circle r = at 
The other term might bo obtained by Stokes* rule. 

This solution is applicable to the motion of a layer of gas 
between two parallel planes, or to that of an unlimited stretched 
membrane, which depends upon the 6ame fundamental equation. 


276. From the solution in terms of initial conditions wc may, 
as usual (§ 66), deduce the effect of a continually renewed dis- 
turbance. Let us suppose that throughout the space T (which 
will ultimately be made to vanish), a uniform disturbance 
equal to <E> (<^)d^', is communicated at time The resulting value 
of ^ at time ^ is ^ 

WHO®'')"- 

where 8 denotes the part of the surface of the sphere r = a (< — f') 
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intercepted within T, a quantity which vanishes^ unless be 

compressed between the narrow limits and r,. Ultimately < — 

may be replaced by r-f-a, and ^(0 by and the re- 

sult of the integration with respect to dt* is found by writing T 
(the volume) for faSdt'. Hence 

(»■ 


shewing that the disturbance originating at any point spreads itself 
symmetrically in all directions with velocity a, and with amplitude 
varying inversely as the distance. ^ Since any number of particular 
solutions may bo superposed, the general solution of the equation 


may be written 


= + ( 2 ) 

<»>■ 


r denoting the distance of the Element dY situated at cb^ z from 
0 (at which ^ is estimated), and ^ value of ^ for the 

point X, y, z at the time * “ - • Complementary terms, satisfying 

through all space the oquatioif ij} = a*v course occur inde- 

pendently. 


In our previous notation (§ 244) 

Ydy + Zdz ) ; 

and it is assumed that Xdx+Ydy+Zdzia a complete differential. 
Forces, under whose action the modern could not adjust itself to 
equilibrium, are excluded ; as for instance, a force uniform in mag- 
nitude and direction within a space 37, and vanishing outside that 
space. The nature of the disturbance denoted by ^ is perhaps best 
seen by considering the extreme case when ^ vanishes except 
through a small volume, which is supposed to diminish without 
limit, while the magnitude of ^ increases in such a manner that the 
whole effect remains finite. If then we integrate equation (2) 



HABMONIC TYPE. 


93 


276 .] 

through a small space includiug the point at which ^ is ulti- 
mately concentrated, wo find in the limit 



shewing that the effect of ^ may bo repvosonted by a proporti«)nal 
introduction or abstraction of fluid at the place in (juestion. Tho 
simplest source of sound is thus analogous to a focus in the tlieory 
of conduction of heat, or to an electrode in tho theory of electricity. 


277. Tho preceding expressions are general in respect of tho 
relation to time of the functions concerned; but in almost all tho 
applications that we shall have In make, it will bo convenient to 
analyse the motion by Fourier g theorem and treat scpai*atoly tho 
simjde harmonic motions of various penods, afterwards, if necessary, 
compounding the results. The* value of and <I>, if simple hai- 
monic at every point of spa^'e, may be expressed in the form 
7icos(Hi + €), It and € being independent of tirii(‘, but variablo 
from point to point. Jhit as in sn<*h cases it often conduces to 
simplicity to add the t<uTn iRhm{nt + e), making altogether 
QY 2 if>u _ yyill assume sim])ly that all tho functions 

which enter into a problem are pi'oportional to tin' co(‘fii- 
cients being in general complex. Alter our operations are com- 
pleted, the real and imaginary parts of tho expressions can be 
separated, either of them by itself constituting a solution of tho 
c][ucstion. 

Since ^ is proportional to ^ ; and the differential 

e(|[uation becomes 

+ a"* ^ — 0 (1), 

where, for tho sake of brevity, k is written in place of n — cl If \ 
denote the wave-length of tho vibration of tho period in cpicstiun. 


K = 


n 

a 


27r 


( 2 ). 


To adapt (3) of tho preceding section to tho present case, it is 

V 

only necessary to remark that the substitution of t — — for t is 
effected by introducing the factor e * , or «“**’' : thus 
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and the solution of (1) is 



^dV. 


(3), 


to which may be added any solution of + ^“0 = 0* 

If tho disturbing forces be all in the same phase, and the 
region through which they atft be very small in comparison with 
the wave-length, may be removed from under the integral 
sign, and at a sufficient distance we may take 


or in real quantities, on restoring the time factor and replacing 
jjj€>dr by 

<*>■ 


In order to verify that (3) satisfies the differential equation (1), 
we may proceed as in the theory of tho common potential. Con- 
sidering one element of tho integral at a time, we have first to 
shew that 





(5) 


satisfies = 0, at points for which r is finite. The 

simplest course is to expressly* in polar co-ordinates referred to 
the element itself as pole, when it appeara that 

r r dr) r r ^ * r "" r ’ 

• 

We infer that (3) satisfies* 0, at all points for 

which vanishes. In the case of a point at which does not 
vanish, we may put out of account all tho elements situated at a 
finite distance (as contributing only terms satisfying “ ^)> 

and for the element at an infinitesimal distance replace by 
unity. Thus on the whole • 

exactly as in Poisson’s theorem for the common potential*. 

> Bee Thomson and Tidt»B Nat. Phil., g 491. 
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278. The effect of a force distributed over a surface 8 may 
be obtained as a limiting case from (3) § 277. OdTis rcphiced by 
^ hd8, h denoting the thickness of the layer ; and in the limit wo 
may write J Thus 

W 

The value of ^ is the same on the two siiles of 8, but there is 
discontinuity in its derivatives. If dn be drawn outwards from 8 
normally, (4) § 276 gives 

(*).-" 

If the surface 8 be plane, ,tho integral in (1) is evidently 
symmetrical with respect to it, and therefore 

Hence, if be the given normal velocity of the fluid in contact 
with the plane, the value of ^ is determined by 

» 

which is a result of considerable importance. To exhibit it in 
terms of real quantities, we may take 

= (4), 

P and e being real functions of the position of dS, The symbolical 
solution then beconfes 



from which, if the imaginary part be rejected, we obtain 
, 1 r r n cos (wi — icr + c) , « 



corresponding to 

^»Pco8(n< + e) (7). 

1 Helmholtz. CrellCt t, 67, p. 21. 
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The same method is applicable to the general case when the 
motion is not restricted to be simple harmonic. We have 


<»'• 

whereby denoted the normal velocity at the plane 

for the element dS at the time t — (r-ha), that is to say, at a time 
r ’ 7 ’ a antecedent to that at which ^ is estimated. 


In order to complete the solution of the problem for the 
unlimited mass of fluid lying on one side of an infinite plane, wc 
have to add the most general ilaluc of consistent with 0. 
This part of the question is identical with the general problem of 
reflection from an infinite rigid plane ^ 


It is evident that the effect of the constraint will be represented 
by the introduction on the other ^ide of the plane of fictitious 
initial displacements and forces, forming in conjunction with those 
actually existing on the first side a system perfectly symmetrical 
with respect to the plane. Whatever the initial values of ^ and 
^ may be belonging to any point on the first side, the same must 
be ascribed to its iinage, and in like manner whatever function of 
the time ^ may be at the first point, it must be conceived to be the 
same function of the time at the other. Under these circumstances 
it is clear that for all future time 0 will be symmetrical with 
respect to the plane, and therefore the normal velocity zero. So 
far then as the motion on the first side is concerned, there will be 
no change if the plane be removed, and the fluid continued 
indefinitely in all direction^ provided* the circumstances on the 
second side are the exact reflection of those •on the first. This 
being understood, the general solution of the problem for a 
fluid bounded by an infinite plane is contained in the formulas 
(8) .§ 273, (8) § 277, and (8) of the present section. They give the 
result of arbitrary initial conditions and ^p), arbitrary applied 
forces (^>), and arbitrary motion of the plane (F). 

Measured by the resulting potential, a source of given magni- 
tude, i.e. a source at which a given introduction and withdrawal 
of fluid takes place, is thus twice as effective when close to a rigid 
plane, as if it were situated in the open ; and the result is ulti- 


^ Poisson, Journal de.VieoU poly technique, t. til 1808. 
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mately the same, whether the source be concentrated in a point 
close to the plane, or be due to a corresponding normal motion 
of the surface of the plane itself. 

The operation of the plane is to double the effective pressures 
which oppose the expansion and contraction at the source, and 
therefore to double the total energy emitted ; and since this energy 
is diflFused through only the half of ahgular space, the intensity of 
the sound is quadrupled, which corresponds to a doubled amplitude, 
or potential (§ 245). 

We will now suppose that instead of = 0, the prescribed 

condition at the infinite plane h that In this case tlie 

fictitious dist]:ibution of <I>, on the second side of the plane 

must be the opposite of that on the first side, so that the sum of the 
values at two corresponding points is always zero. This secures 
that on the plane of symmetry itself ^ shall vanish throughout. 

Let us next suppose that there are two parallel surfaces 8^, 
8^i separated by the infinitely small interval dn, and that the 
value of on the second surface is equal and opposite to the value 
of on the first. In crossing 8^, there is by (2) a finite change 

in the value of ^ to the amount of -5- a*, but in crossing 8. the 
same finite change occurs in the reverse direction. When dn is 
reduced* without limit, and replaced by ^ will be the 

same on the two sides of the double sheet, but there "will be 
discontinuity in the value of tf) to the amount of -r a*. At the 
same time (1) becomes 

<»'• 

If the surface 8 be plane, the values of ^ on the two sides of it 
are numerically equal, and therefore close to the surface itself 

Hence (9) may be written 

♦— <“»■ 

where 0 under the integral sign represents the surface-potential, 
I>ositiYe on the one side and negative on the other, due to the 
R. n. 7 



BFHBBtCAl. WAVES. 


98 


[1278. 


action of the forces at S. The direction of dn must be under- 
stood to be towards the side at which ^ is to be estimated. 

279. The problem of spherical waves diverging from a point 
has already been forced upon us and in some degree considered^ 
but on account of its importance it demands a more detailed 
treatment. If the centre of symmetry be taken as pole the velo- 
city-potential is a function ^of r only, and (§ 241) v* reduces to 

^4 ? or to - ^jir. The equation of free motion (3) § 273 
di^ rdr* r ^ 


thus becomes 

^ * dr* 

whence, as in § 245, ' 

r^—f {at — r} .+ F {at + r) 


( 2 ). 


The values of the velocity and condensation are to be found by 
difiEerentiation in accordance with the formulas 


u 


d^ 

dr* 



(3). 


As in the case of one dimension, the first term represents a wave 
advancing in the direction of r increasing, that is to say, a diver- 
gent wave, and the second term represents a wave converging upon 
the pole. The latter does not in itself possess much interest. If 
we confine our attention to <the divergent wave, we have 


(4). 

C 

When r is very great the term divided by rS may bo neglected, 
and then approximately 

u=sa8 (5), 

the same relation as obtains in the case of a plane wave, as might 
have been expected. 


If the type be harmonic^ 


ss A 

or, if only the real part be retained^ 


( 6 ), 
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If a divergent disturbance be confined to a spherical shell, 
within and without which there is neither condensation nor 
velocity, the character of tho wave is limited by a remarkable re- 
lation, first pointed out by Stokes'. From equations (4) wo have 

(a«- w)r*=/(at~r), 

shewing that the value of f{at — r) is the same, viz. zero, both 
inside and outside tho shell to which the wave is limited. Hence 
by (4), if a and be radii leas and greater thau the extreme 
radii of the shell, 

J S9fdr = 0 (8), 

which is the expression of the relatioi» referred to. As in § 274, 
we see that a condensed or a, rarefied wave cannot exist alone. 
When the radius becomes great in comparison with the thickness, 
the variation of r in the integral may be neglected, and (8) then 
expresses that the mean condensation is zero. 

In applying the general solution (2) to deduce the motion 
resulting from arbitrary initial circumstances, we must remember 
that in its present form it is too general for the purpose, since it 
covers the case in which the pole is itself a source, or place where 
fluid is introduced or withdrawn in violation of the equation of 
continuity. The total current across the surface of a sphere of 
radius r is 47rr*w, or by (2) and (3) 

— 47r {/(at — r) + F (ait + r)} + dwr {2^(ai + r) —f (at — r) }, . 

so that, if the pole be not a source, /(at — r) + + r), or 

must vanish with r! Thus 

/(at) + F(at)=^0 (9), 

an equation which must hold good for all positive values of the 
argument*. 

By the known initial circumstances the values of u and 8 are 
determined for the time t — 0, and for all (positive) values of r. 

c 

^ Phil, Maff, zxziv. p. 62. 1849. 

• The solutioii for spherioal ■vibrations may be obtained without tho use of (1) 
Iv sapexposition of traina of plane waves, related suoailarly to tho pole, and tra- 
vellixig outwards in all direetiona symmetrically. 

7—2 
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If these initial values be represented by and we obtain 
from (2) and (3) 


/(-r) + J?’(r)*r fu^dr 
y(-r) -l'(r) ^a'fa^rdr 


( 10 ), 


by which the function /is determined for all negative arguments, 
and the function F for all positive arguments. The form of / for 
positive aiguments follows by means of (9), and then the whole 
subsequent motion is determined by (2). The form of F for 
negative aiguments is not requir^. 


The initial disturbance divides^ itself into two parts, travelling 
in opposite directions, in each of which r<f> is propagated with 
constant velo^y a, and the inwai^ds travelling wave is continually 
reflected at tHe pole. Since the condition to be there satisfied is 
r^«0, the case is somewhat similar to that of a parallel tube 
terminated by an open end, and we may thus perhaps better 
understand why the condensed wave, arising from the liberation 
of a mass of condensed air ropnd the polo, is followed immediately 
by a wave of rarefaction. 


280. Returning now to the case of a train of harmonic waves 
travelling outwards continually from the pole as source, let us 
investigate the connection between the velocity-potential and the 
quantity of fluid which must be supposed to be introduced and 
withdrawn alternately. If the velocity*potential be 

W' 

we have, as in the precedihg section, for the total current crossing 
a sphere of radius r, 

4wr^^ = .4{cos/e(ai — r) — #crsinic(a«-r)} cos/ko^, 

when r is small enough. If the maximum rate of introduction of 
fluid be denoted by A, the corresponding potential is given by (1). 

It will be observed that when the source, as measured by A, is 
finite, the potential and the pressure-variation (proportional to 
are infinite at the pole. But this does not, as might for a moment 
be supposed, imply an infinite emission of energy. If the pressure 
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be divided into two parts, one of whicb has the mme phase as 
the velocity, and the other the same phase as the acceleration, it 
will, be found that the former part, on which the work depends, 
is finite. The infinite part of the pressure does no work on the 
whole, but merely keeps up the vibration of the air immediately 
round the source, whose effective inertia is indefinitely great. 


We will now investigate the energy emitted from a simple 
source of given magnitude, supposing for the sake of greater 
generality that the source is situated at the vertex of a rigid cone 
of solid angle o). If the rate of introduction of fluid at the source 
be A cos jeat, we have 

cosmt 

dr 

ultimately, corresponding to 

^ — cos « (a^ - r) (2) ; 


whence ^ sin ic (at -^r) (3)» 

and « r* ^ ^ {cos * (ai - r) - *r sin « (oi - r)} (4). 

Thus, fs in § 243, if dW be the work transmitted in time dt, 
we get, since = — 

cos«(at-r) 

dt ar ^ 

+ p ^ ^ sin* K (at - r). 


Of the right-hand member the first term is entirely periodic, and 
in the second the mean value of sin* /e (at - r) is Thus in the 


long run 





It will be remarked that when the source is given, the ampli- 
tude varies inversely as «*, and therefore the intensity inversely 
as «•. For an acute cone the intensity is greater, not only on 
account of the diminution in the solid angle through which the 

I Cambridge MathematlcftJ Tripos Examination, 1876, 
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sound is distributed, but also because the total energy emitted 
from the source is itself increased. 

When the source is in the open, we have only to put — 47r, 
and when it is close to a rigid plane, at ~ 2ir, 

The results of this article find an interesting application in the 
theory of the speaking trumpet, or (by the law of reciprocity 
§§ 109, 294) hearing trumpet. If the diameter of the large open 
end be small in comparison with the wave-length, the waves on 
arrival suffer copious reflection, and the ultimate result, which 
must depend largely on the precise relative lengths of the tube 
and of the wave, requires to be determined by a different process. 
But by sufficiently prolonging the cone, this reflection may be 
diminished, and it will tend to cease when the diameter of the 
open end includes a large number of wave-lengths. Apart from 
friction it would therefore be possible by diminishing to to obtain 
from a given source any desired Amount of energy, and at the 
same time by lengthening the cone to secure the unimpeded 
transference of this energy from the tube to the surrounding air. 

From the theory of diffraction it appears that the sound will 
not fall off to any great extent in a lateral direction, unless the 
diameter at the large end exceed half a wave-length. The 
ordinary explanation of the effect of a common trumpet, depending 
on a supposed concentration of rays in the axial direction, .is thus 
untenable. , 


281. By means of Euler^s equation,* 


( 1 ). 


we may easily establish a theory for conical pipes with open ends, 
analogous to that of Bernoulli for parallel tubes, subject to the same 
limitation as to the smallness of the diameter of the tubes in com- 
parison with the wave-length of the sound. Assuming that the 
vibration is stationary, so that nj} is everywhere proportional to 
cos Kat, we get from (1) 

= 0 ( 2 ). 

of which the general solution is 

r ^ 8s ^ cos + B sin 


(3). 
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The condition to be satisfied at an open end, viz., that there is 
to be no condensation or rarefaction, gives =» 0, so that, if the 
extreme radii of the tubo be and wo have 

A cos/crj + -Bsin/icr^ = 0, -d cos + jB sin icr, = 0, 
whence by elimination oi A: sin k (r^ — = 0, or r, — » J- wX, 

where m is an integer. In fact since the form of the general 
solution (3) and the condition for an open end -ire the same as for 
a parallel tube, tlio result that the length of the tube is a multiple 
of the half wave-length is neceasarily sdso the same. 

A cone, wliich is complete as far as the vertex, may bo treated 
as if the vertex were an open t^nd, since, as wo saw in § 27U, the 

condition = 0 is there satisfieit. 

• 

The resemblance to the case of parallel tubes docs not extoml 
to the position of the nodes. Imthe case of the gravest \ibratiou of 
a parallel tube open at both ends, the node occupies a central posi- 
tion, and the two halves vibrate synchronously as tubes open at one 
end and stopped at the other. But if a conical tubo were divided 
by a partition at its centre, the two i)aits would have different 
periods, as is evident, because the ovo part differs from a parallel 
tube by being contracted at its open end where the effect of a 
contraction is to dt^press the pitch, while the other part is con- 
tracted at its sto})ped end, where the effect is to raise the pitch. In 
order ihat the two periods may be the same, the partition must 
approach nearer to the narrower and of the tube. Its actual 
position may bo <letormined analytically from (3) by equating to 

zero the value of . 

dr 

When both ends of a conical pipe are closed, the corresponding 
notes are determined by eliminating A : B between the equations, 

A (cos KT^ + KT^ sin #cr,) + B (sin cos /erj = 0, 

A (cos KT^ + iW, sin KT^ + B (sin cos /erj = 0, 


of which the result may be put into the form 

KJ\ — tan*^ /w, =s Kr^ — tan’* #cr, (4). 

If =s 0, we have simply 

tan sa (5)*; 


1 For the roots of this equation sec 5 207. 
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if rj and r, be very greats tan'*’* #cr, and tan"* #cr, are both odd 
multiples of so that r, — is a multiple of as the theory 
of pai^el tubes requires. 


282. If there be two distinct sources of sound of the same 
pitch, situated at 0^ and 0^, the velocity-potential ^ at a point 
P whose distances from 0^, 0^ are r, and r„ may be expressed 



cos K (at — r, — tt) 


( 1 ), 


where A and B are coefficients representing the magnitudes of 
the sources, (which without loss generality may be supposed to 
have the same sign), and a repre'sents the retardation (considered 
as a distance) of the second source relatively to the firat. The two 
trains of spherical waves are in agreement at any point P, if 
r, + a — = ±^iX, where m is an* integer, that is, if P lie on any 

one of a system of hyperboloids^ of revolution having foci at 
Oj and 0,. At points lying on the intermediate hyperboloids, 
represent^ by r, + a — = ± J (2m + 1) X, the two sets of waves 

are opposed in phase, and neutralize one another as far as their 
a.ctual magnitudes permit, nhe neutralization is complete, if 
A i B, and then the density at P continues permanently 
unchanged. The intersections of this sphere with the system of 
hyperboloids will’ thus mark out in most cases several circles of 
absolute silence. If the distance 0^ 0, between the sources be great 
in comparison with the length of a wave, and the sources themselves 
be not very unequal in power, it will hq possible to depart from 
the sphere A : B for a distance of several wave-lengths, 

without appreciably disturbing the equality of intensities, and thus 
to obtain over finite surfaces several alternatichis of sound and of 
almost complete silence. 

There is some difficulty in actually realising a satisfactory inter- 
ference of two independent sounds. Unless the unison be extra- 
ordinarily perfect, the silences are only momentary and are 
consequently difficult to kppreciata It is therefore best to employ 
sources which are mechanically connected in such a way that the 
relative phases of the sounds issuing from them cannot vary. The 
simplest plan is to repeat the first sound by reflection from a flat 
(§§ 269, 278), but the experiment then loses something in 
directniess owing to the fictitious character of the second source. 
. Pwhaps the most satisfactoiy^ form of the experiment is that 
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described in the Philosophical Magazine for J une 1877 by myself. 
" An intermittent electric current, obtained from a fork interrupter 
making 128 vibrations per second, excited by means of electi*o- 
magnets two other forks, whose frequency was 256, (§§ 68, 64). 
These latter forks were placed at a distance of about ten yards 
apart, and were provided with suitably tuned resonators, by which 
their sounds were reinforced. The pitch of the forks was 
necessarily identical, since the vibrations were forced by electro- 
magnetic forces of absolutely the same period. With one ear 
closed it was found possible to define the places of silence with 
considerable accuracy, a motion of about an inch being sufficient 
to produce a marked revival of i^und. At a point of silence, from 
which the line joining the forks subtended an angle of about 60®, 
the apparent striking up of one fork, when the other was stopped, 
had a very peculiar effect.’* 

Another method is to duplicate a sound coming along a tube 
by means of branch tubes, whose open ends act as sources. But 
the experiment in this form is not a very easy one. 

It often happens that considerations of symmetry are sufficient 
to indicate the existence of places 5f silence. For example, it is 
evident that there can be no variation of density in the continua- 
tion of the plane of a vibrating plate, nor in the equatorial plane 
of a symmetrical solid of revolution vibrating in the tlirection of 
its axfe. More generally, any plane is a plane of silence, with 
respect to which the sources are syfnmctrical in such a manner 
that at any point and at Hs image in the plane there are sources 
of equal intensities and of opposite phases, or, as it is often more 
conveniently expressed, ol the same phase and of opposite ampli- 
tudes. 

If any number of sources in the same' phase, whose amplitudes 
are on the whole as much negative as positive, be placed on the 
circumference of a circle, they will give rise to no disturbance of 
pressure at points on the straight line which passes through the 
centre of the circle and is directed at right angles to its plane. 
This is .the case of the symmetrical bell (§ 232), which emits no 
sound in the direction of its axisS 

The accurate experimental investigation of aerial vibrations is 
beset with considerable difficulties, which have been only partially 


» PftiZ. Mag, (6), m. p. 460. 1877. 
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surmounted hitherto. In order to avoid unwished for reflections 
it is generally necessaiy to work in the open air, where delicate 
apparatus, such as a sensitive flame, is difficult of management. 
Another impediment arises from the presence of the experimenter 
himself, whose person is large enough to disturb materially the 
state of things which he wishes to examine. Among indicators of 
sound may be mentioned membranes stretched over cups, the agita- 
tion being made apparent by sand, or by small pendulums resting 
lightly against them. If a membrane be simply stretched across a 
hoop, both its faces are acted upon by nearly the same forces, and 
consequently the motion is mucli diminished, unless the membrane 
be large enough to cast a sensible shadow, in which its hinder face 
maybe protected. Probably the best method of examining the 
intensity of sound at any point in*‘tho air is to divert a portion of 
it by means ef a tube ending in a small cone or resonator, the 
sound BO divcjttcd being led to the oar, or to a inanometric 
capsula In this way it is not difficult to determine places of 
silence with considerable precision. 

By means of the same kind of apparatus it is possible to 
examine even the phase of th<^\ibration at any point in air, and to 
trace out the surfaces on which the phase does not vary^. If the 
interior of a resonator bo connected by flexible tubing with a 
manometric capsule, which influences a small gas flame, the motion 
of the flame is related in an invariable manner (depending on the 
apparatus itself) to the variafion of pressure at the mouth of the 
resonator ; and in particular the interval between the lowest drop 
of the flame and the lowest pressure at tlfe resonator is independent 
of the absolute time at which these ^fleets occur. In Mayer’s 
experiment two flames were employed, placed cljpse together in one 
vertical line, and were examined with a revolving mirror. So long 
as the associated resonators were undisturbed, the serrations of the 
two flames occupied a flxed relative position, and this relative 
position was also maintained when one resonator was moved about 
so as to trace out a surface of Invariable phase. For further 
details the reader must be referred to the original paper. 

283. When waves of sound impinge upon an obstacle, a 
portion of the motion is thrown back as an echo, and under cover 
of the obstacle there is formed a sort of sound shadow. In order, 
however, to produce shadows in anything like optical perfection, 
» Mayer, PhU, Mag, <4), xlxt, p. 821. 1872. 
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the dimensions of the intervening body must be considerable. 
The standard of comparison proper to the subject is the wave- 
length of the vibration ; it requires almost os extreme conditions 
to produce rays in the case of sounds as it requires in optics to 
avoid producing them. Still, sound shadows thrown by hills, or 
buildings, are often tolerably complete, and must be within the 
experience of all. 

For closer examination let us tiike first the case of plane waves 
of harmonic type impinging upon an immovable plane screen, of 
infinitesiinal thickness, in which there is an aperture of any form, 
the plane of the screen {jc = 0) hping parallel to the fronts of the 
waves. The velocity-potential of the undisturbed train of waves 
may be taken, » 

^ = cos {nt — Kx) (1), 

J JL e 

If the value of over the aperture be kiiown, formula (6) 

and (7) § 278 allow us to calculate the value of <l> at any point on 
the further side. In the ordinary theory of diftVaction, as given 
in works on optics, it is assumed that the disturbance in the* ])lanc 
of the aperture is th(} same tis if ^he screen were away. This 
hypothesis, though it can never be rigorously exact, will suffice 
wlien the aperture is very large in comparison with the w'avc- 
length, as is usually the case in optics. 

• 

For the undisturbed wave we have 

^^(j, = 0) = *sin«« (2), 

and therefore on the further side, we get 

(3), 

the integration extending over the area of the aperture. Since 
« = 27 r -j- \, we see by comparison with (1) that in supposing a 
primary wave broken up, with the view of applying Huyghens* 
principle, d8 must be divided by \r, and the phase must bg 
accelerated by a quarter of a period. 

When r is large in comparison with the dimensions of tho 
aperture, the composition of -the integral is best studied by the aid 
of Huyghens* zones. With the point 0, for which ^ is to he 
estimated, as centre describe a series of spheres of radii increasing , 
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by the constant difference the first sphere of the series being 
of such radius (c) as to touch the plane of the screen. On this 
plane are thus marked out a series of circles^ whose radii p are 
given by p* + c* = (c + } nX)*, or p* = nc\ very nearly ; so that 
the rings into which the plane is divided, being of approximately 
equal are&, make contributions to 0 which are approximately 
equal in numerical magnittfde and alternately opposite in sign. 
If 0 lie decidedly within the projection of the area, the fiist term 
of the series representing the integral is finite, and the terms 
which follow are alternately opposite in sign and of numerical 
magnitude at first nearly constant, but afterwards diminibhing 
gradually to zero, aa the parts of the rings intercepted within the 
aperture become less and less. The case of an aperture, whose 
boundary is equidistant from 0, is* excepted. 

• 

In a series of this description any term after the first is 
neutralized almost exactly by half •the sum of those which imme> 
diately precede and follow it, so that the sum of the whole series 
is represented approximately by half the first term, -which stands 
over uncompensated. We see that, provided a sufficient number 
of zones be included within' the aperture, the value of ^ at the 
point 0 is independent of the nature of the aperture, and is there- 
fore the same as if there had been no screen at all. Or we may 
calculate directly the effect of tho circle with which the system of 
zones begins; a course which will have the advantage of bringing 
out more clearly the significance of the change of phase which we 
found it necessary to introduce when th^ primaiy wave was broken 
up. Thus, let us conceive the circle in question divided into in- 
finitesimal rings of equal area. The parts of ^ due to each of 
these rings are equal in amplitude and of phas& ranging uniformly 
over half a complete period. The phase of the resultant is there- 
fore midway between those of tho extreme elements, that is to 
say, a quarter of a period behind that due to the element at 
the centre of the circle. The amplitude of the resultant will be 
less than if all its components had been in the same phase, in 
the ratio ain w da : w, or and therefore since the area 

of the circle is ttXc, half the effect of the first zone is 

. ,2 sin (nt — iio — Jtt) . / ^ n 

9 = J • “ • — ^ ^ . wXc — COB (nt — zc), 

the same as if the primary wave were to pass on undisturbed. 
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When the point 0 is well away from the projection of the 
aperture, the result is quite different The series representing the 
integral then converges at both ends, and by the same reasoning 
as before its sum is seen to be approximately zero. We conclude 
that if the projection of 0 on the plane aj = 0 fall within the 
aperture, and be nearer to O by a great many wave-lengths than 
the nearest point of the boundary^ of the aperture, then the 
disturbance at 0 is nearly the same as if there were no obstacle at 
all ; but, if the projection of 0 fall outside the aperture and be 
nearer to 0 by a great many wave-lengths than the nearest point of 
the boundary, then the disturbance at O practically vanishes. 
This is the theory of sound rays ifi its simplest form. 

The argument is not very different if the screen be oblique to 
the plane of the waves. As before, the motion on the further side 
of the screen may be regjirded as due to the normal motion of the 
particles in the plane of the aperture, but this normal motion now 
varies in phase from point to point. If the primary waves proceed 
from a source at Q, Huyghena’ zones for a point P are the series of 
ellipses represented by = P J X, where and arc 

the distances of any point on the screen from Q and P respectively, 
and n is an integer. On account of the assumed smallness of X in 
comparison with and r,,, the zones are at first of equal area and 
make equal and opposite contributions to the value of <f > ; and 
thus by the same reasoning as before we may conclude that at any 
point decidedly outside the geometrioal projection of the aperture 
the disturbance vanishes, while at any point decidedly within the 
geometrical projection the disturbance is the same as if the 
primary wave had passed the screen unimpeded. It may be 
remarked that the increase of area of the Huyghena* zones due to 
obliquity is compensated in the calculation of the integral by the 
correspondingly diminished value of the normal velocity of the 
fluid. The enfeeblement of the primary wave between the screen 
and the point P due to divergency is represented by a diminution 
in the area of the Huyghena* zones below that corresponding to 
plane incident waves in the ratio + r, ; 

There is a simple relation between the transmission of sound 
through an aperture in a screen an,d its reflection from a plane 
reflector of the same form as the aperture, of which advantage may 
sometimes be taken in experiment. Let us imagine a source 
similar to Q and in. the same phase to be placed at Q\ the ima^e of 
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Q in the plane of the screen, and let us suppose that the screen is 
removed and replaced by a plate whose form and position is exactly 
that of the aperture ; then we know that the effect at P of the two 
sources is uninfluenced by the presence of the plate, so that the 
vibration from Q' reflected from the plate and the vibration from 
Q transmitted round the plate together make up the same vibra^ 
tion as would be received frdm Q if there were no obstacle at all. 
Now according to the assumption which we made at the begin- 
ning of this section, the unimpeded vibration from Q may be 
regarded as composed of the vibration that finds its way round the 
plate and of that which would pass an aperture of the same form 
in an infinite screen, and thus tne vibration from Q as transmitted 
through the aperture Ls equal to the vibration from Q' as reflected 
from the plate. 

In order te obtain a nearly complete reflection it is not neces- 
sary that the reflecting plate include more than a small number of 
Huyghens’ zones. In the case of direct reflection the radius p of 
the first zone is determined by the equation 



where and c, are the distances from the reflector of the source 
and of the point of observation. When the distances concerned 
are great, the zones become so large that ordinary vwalls are 
insufficient to give a complete reflection, but at more moderate 
distances echos are often nearly perfect. The area necessary for 
complete reflection depends also upon the wave-length ; and thus 
it happens that a board or plate, which .would be quite inadequate 
to reflect a grave musical note, may reflect ^ery fairly a hiss or 
the sound of a high whistje. In experiments on reflection by 
screens of moderate size, the principal difficulty is to get rid 
sufficiently of the direct sound. The simplest plan is to reflect 
the sound from an electric bell, or other fairly steady source, round 
the corner of a large building^ 

284. In the preceding section we have applied Hiiyghens’ 
principle to the case where the primary wave is supposed to bo 
broken up at the surface ofi an imaginary plane. If we really 
know what the normal motion at the plane is, we can calculate 

} Phil Mag, (5) ra. p. 458. 1877. 
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the disturbance at any point on the further side by a rigorous 
process. For surfaces other than the plane the problem has not 
been solved generally ; nevertheless, it is not difficult to see that 
when the nidii of curvature of the siii-faco are very groat in com- 
parison with the wave-length, the effect of a normal motion of an 
element of the surface must bo very nearly the same as if the 
surface were plane. On this understanding wc may employ the 
same integral as before to calculate the aggregate result. As a 
matter of convenience it is usually best to sup]>ose tlie wave to be 
broken up at what is called in optics a wave-surface, that is, a 
surface at every point of which the phase of the disturbance is 'the 
same. 

Let us fconhider tlio appljeation of IIuygh(‘ns* principle to 
calculate the progress of a given divergent wave. Xyith any }H)inL 
P, at wdiieh the disturbance is fbquirod, ns centre, di‘StTibe a series 
of spheres of radii continually Increasing hy the cousijiut diffenmeo 
J the first of the series being of such raiiius (c) as t») touch the 
given wa/o-snrfaco at C. If Jt be the radius curvature of the 
surface in any plane through P an<l (\ th<' corresjxmding radius p 
of the outer boundary of the zoin* is given by the ccpiation 

P + c - -V -h n/ i nxf - p\ 

from which we get approximately 

p* = nX-i-(Jj + ]) (1). 

If the surface be one of revolution round PC, the area of the first 
ji zones is Trp*, and since p* is proportional to n, it follows that tho 
zones are of equal Area. If the surface be not of revolution, tho 
area of the first n zones is reprcser.tod ifp^dO, where 0 is tho 
azimuth of the plane in which p is measured, but it still remains 
true that tho zones are of equal area. Since by hypothesis tho 
normal motion does not vary rapidly over tho wave-surface, the 
disturbances at P duo to the various zones arc nearly equal in 
magnitude and alternately opposite in sign, and wo conclude that, 
as in the case of plane waves, the aggregate effect is the half of 
that due to the first zone. Tho phase at P is accordingly retarded 
behind that prevailing over the given wavc-suiface by an amount 
corresponding to the distance c. 

The intensity of the disturbance at P depends upon tbo area of 
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the first Hujghens’ zone, and upon the distance c. In the case of 
symmetry, we have 

ir\R 

0 Jl + o* 


which shews that the disturbance is less than if B were infinite in 
the ratio 12 + o : 22. This diminution is the efiFect of divergency, 
ftnH is the same as would obtained on the supposition that the 
motion is limited by a conical tube whose vertex is at the centre of 
curvature (§ 266). When the surface is not of revolution, the 
value of may be expressed in terms of the principal 

radii of curvature 22^ and 22„ wi^h which 22 is connected by the 

relation r. 

1 _ cos*^ sin*^ 

We obtain on effecting the integration 


1 riw 

hf. 


•J + c) (22g + c) 


( 2 ), 


so that the amplitude is diminished by divergency in the ratio 
1 ^( 22 ^ + c) (22, + c) : a jresult which might be anticipated by 

supposing the motion limited to a tube formed by normals drawn 
through a small contour traced on the wave-surface. 


Although we have spoken hitherto of diverging waves only, 
the preceding expressions may also be applied to waves converging 
in one or in both of the principal planes, if we attach suitable 
signs to jSj and I?,. In such a case the urea, of the first Huyghens* 
zone is greater than if the wave were plane, and the intensity of 
the vibration is correspondingly increased. If the point P 
coincide with one of the principal centres * of curvature, the 
expression (2) becomes infihite. The investigation, on which (2) 
was founded, is then insufficient; all that we are entitled to affirm 
is that the disturbance is much greater at P than at other points 
on the same normal, that the disproportion increases with the 
frequency, and that it would become infinite for notes of infinitely 
high pitch, whose wave-length would be negligible in comparison 
with ^e distances concerned. 


285. Huyghens* principle may also be applied to investigate 
the refiection .of sound from curved surfaces. If the material 
surface of the reflector yielded so completely to the aerial 
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pressures that the normal motion at every point were the same as 
it would have been in the absence of the reflector, then the sound 
waves would i)ass on undisturbed. The reflection which actually 
ensues when the surface is unyielding may therefore be regarded 
as due to a normal motion of each element of the reflector, equal 
and opposite to that of the primary waves at the same point, and 
may be investigated by the formula proper to plane surfaces in the 
manner of the preceding section, and subject to a similar limita- 
tion as to the relative magnitudes of the wave-length and of the 
other distances concerned. 

The most interesting case of reflection occurs when the 
surface is so shaped as to cause & concentration of rays upon a 
particular point (P). If the soudd issue originally from a simple 
source at Q, and the surface be dn ellipsoid of revolution having 
its foci at P and Q, the concentration is complete, the vibration 
reflected from every element of the surface being in the same 
phase on arrival at Q. If Q’he infinitely distant, so that the 
incident waves are plane, the surface becomes a paraboloid having 
its focus at P, and its axis parallel to the incident rays. We must 
not suppose, however, that a symmetrical wave diverging from 
Q is converted by reflection at thef ellipsoidal surface into a 
spherical wave converging symmetrically upon P; in fact, it is 
easy to see that the intensity of the convergent wave must be 
different in different directions. Nevertheless, when the wave- 
length is very small in comparison with the radius, the different 
parts of the conveigont wave become ’approximately independent 
of one another, and their progress is not materially affected by 
the failure of perfect symmetry. 

The increase of loudness due to curvature depends upon the 
area of reflecting Surface, from which disturbances of uniform 
phase arrive, as compared with the area of the first Huyghens 
zone of a plane reflector in the same position. If the distances of 
the reflector from the source and from the point of observation bo 
considerable, and the wave-length be not very small, the first 
Huyghens* zone is already rather large, and therefore in the case 
of a reflector of moderate dimensions but little is gained by 
Tiifticing it concave. On the other hand, in laboratoiy experiments, 
when the distances are moderate and the sounds employed are of 
high pitch, e.^. the ticking of a watch or the cracking of electric 
sparks^ concave reflectors are very efficient and give a distinct con- 
c^tration of sound on particular spots. 

B. n. ® 
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286. We have seen that if a ray proceeding from Q passes 
after reflection at a plane or curved surface through P, the point 
jS at which it meets the surface is determined by the condition 
that QR + BP is a minimum (or in some cases a maximum). 
The point B is then the centre of the system of Huyghens' zones ; 
the amplitude of the vibration at P depends upon the area of the 
first zone, and its phase depends upon the distance QB + BP, If 
there be no point on the surface of the reflector, for which 
Q/2+ PPis a maximum or a minimum, the system of Huyghens’ 
zones has no centre, and there is no ray proceeding from Q which ' 
arrives at P after reflection from the surface. In like manner if 
sound be reflected more than dnce, the course of a ray is deter- 
mined by the condition that ifs whole length between any two 
points is a maximum or a minimhm. 

The same principle may be applied to investigate the 
of sound in a medium, whose mechanical properties vary gradually 
from point to point. The variation is 8ui)posed to be so slow 
that no sensible reflection occurs, and this is not inconsistent 
with decided refraction of the rays in travelling distances which 
include a very great number of wave-lengths. It is evident 
that what we are now concerned with is not merely the length 
of the ray, but also the velocity with which the wave travels 
along it, inasmuch as this velocity is no longer constant. The 
condition to be satisfied is that the time occupied by a wave 
in travelling along a ray between any two points shall be a 
maximum or a minimum ; so that, if V be the velocity of propa- 
gatioii at any point, and ds an clement of the length of the ray, 
the condition may be expressed, S j* V^dS =^0. This is Fermat’s 
principle of least time. 

The further developement of this part of the subject would 
lead us too far into the domain of geometrical optics. The funda- 
mental assumption of the smallness of the wave-length, on which 
the doctrine of rays is built, having a far wider application to the 
phenomena of light than to those of sound, the task of developing 
its consequences may properly be left to the cultivators of the 
sister science. In the following sections the methods of optics are 
applied to one or two isolated questions, whose acoustical interest 
is sufficient to demand their consideration in the present work. 
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287. One of the most striking of the phenomena connected 
with the propagation of sound within closed buildings is that 
presented by "whispering galleries,” of which a good and easily 
accessible example is to be found in the circular gallery at the base 
of the dome of St Paul’s cathedral. As to the precise mode of 
action acoustical authorities are not entirely agreed. In the 
opinion of the Astronomer Royal* tlie 'i^ffort is to be ascribed to 
reflection from the surface of the dome overhead, and is to bo 
observed at the point of tho gallery diametrically opposite to tlio 
source of sound. Every ray proceeding from a radiant i>oint and 
reflected from the surface of a spherical reflector, will after 
reflection intersect that diameter of tho sphere which contains tho 
radiant point. This diameter is in^fact a dogratled f<»nn of one of 
the two caustic surfaces touched 1)y systonis of rays in general, 
being tho loci of the centres of principal curvaturo of the surface to 
which the rays are normal. Tlie concentration of rays on one 
diameter tliiis effected, docs not require the proximity of the 
radiant point to tho reflecting surface. 

Judging from some observations that I have made in St Paul’s 
whispering gallery, I am disposed to think that tho principal 
phenomenon is to be explained someVhat diffiu'tmtiy. The ab- 
normal loudness with which a whisptT is hoard is not conliii(‘d 
to the position diametrically opposite to that occupied by tlie 
whisper(3r, and therefore, it wouhl appear, does not de[)end 
materially upon the symmetry of tlie dome. The whisper seems 
to creep round the gallery horizo itally, not necessarily along the 
■.shorter .arc, but rather along* that arc towards which tho wliispjrer 
faces. This is a coiisecpicnco of the very unequal audibility of a 
whisper in front of and behind the speaker, a phenomenon which 
may easily be observed in the open air*. 

Let us consider the course of the rays diverging from a radiant 
point P, situated near the surface of a reflectiug sphere, and let us 
denote the centre of the sphere by 0, and the diameter passing 
through P by AA!, so tliat A is the point on the surface nearest 
to P. If wo fix our attention on a ray which issues from P at an 
angle ± $ with the tangent plane at A, we see that after any 
number of reflections it continues to touch a concentric sphere of 
radius OP cob 6, so that the whole conical pencil of rays which 

> Aixy on Soundt Qod edition, 1871, p. 145. 

* Phil Mag, (6) in. p. 468. 1877. 
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originally make angles with the tangent plane at A numerically 
less than 0, is ever afterwards included between the reflecting 
surfiMH) and that of the concentric sphere of radius OP cos 0, The 
usuid divergence in three dimensions entailing a diminishing 
intensity varying as is replaced by a divergence in two dimen- 
sions, like that of waves issuing from a source situated between 
two parallel reflecting plaftes, with an intensity varying as r"'. 
The less rapid enfeeblement of sound by distance thaii that usually 
experienced is the leading feature in the phenomena of whispering 
galleries. 

The thickness of the sheet, included between the two spheres 
becomes less ai^d less -as A approaches P, and in the limiting case 
of a radiant point situated o{^ the surface of the reflector is 
expressed W OA (1 — cos^, or, if ^ be small, ^OA . 6^ approxi- 
mately. The solid angle of the pencil, which determines the whole 
amount of radiation in the shpet, is 4i7r0; so that as ^ is 
diminished without limit the intensity becomes inflnito, as com- 
pared with the intensity at a finite distance from a similar source 
in the open. 

It is evident that this "clinging, so to speak, of sound to the 
surface of a concave wall does not depend upon the exactness of 
the spherical form. But in the case of a true sphere, or rather of 
any suiface symmetrical with respect to AA\ there is in addition 
the other kind of concentration spoken of at the commencement of 
the present section which iSs peculiar to the point A' diametrically 
opposite to the source. It is probable, that in the case of a nearly, 
spherical dome like that of St Faul's a part of the observed cflcct 
depends upon the symmetry, though perhaps the greater part is 
referable simply to the general concavity of the walls. 

• 

The propagation of earthquake disturbances is probably affected 
by the curvature of the surface of the globe acting like a whisper- 
ing gallery, and perhaps even sonorous vibrations generated at the 
surface of the land or water do not entirely escape the same kind 
of influence. 

In connection with the acoustics of public buildings there ore 
many points which still reipain obscure. It is important to bear 
in mind that the loss of sound in a single reflection at a smooth 
wall is very small, whether the wall be plane or curved. In order 
to prevent reverberation it may often be necessary to introduce 
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carpets or hangings to absorb the sound. In some cases tho 
presence of an audience is found sufficient to produce tho desired 
effect. In the absence of all deadening material the prolongation 
of sound may bo very considerable, of which perhaps the most 
striking example is that afforded by the Baptistery at Fisa, where 
the notes of the common chord sung consecutively may be heard 
ringing on together for many seconds. According to Heniy^ it is 
important to prevent the repeated reflection of sound backwards 
•and forwards along the length of a hall intended for public speak- 
ing, which may be accomplished by suitably placed oblique 
surfaces. In this way the number tof reflections in a given time is 
increased, and the undue prolongsy^ion of sound is chucked. 


288. Almost tho only instanfte of acoustical rulraction, which 
has a practical interest, is tho deviation of sonorous rays from a 
rectilinear course duo to heterogeneity of the atmosphere. The 
variation of pressure at diffureiiu levels do(‘S not of itself give rise 
to refraction, since tho velocity of sound is independent of density ; 
but, as was first pointed out by Prof. Osborne Iloynolds*, the case 
is different with tho variations of temperature which are usually 
to be met with. The temperature of tiio atmosphere is determined 
principally by the condensation or rarefaction, which any portion 
of air must undergo in its pasHage from one level to another, and 
its normal state is one of “convective equilibrium®,” rather than of 
uniformity. According to this view the relation between pressure 
and density is that expressed in (9) § 246, and tho velocity of sound 
is given by 


F* 


dp 

dp 




{!)• 


To connect the pressure and density with the elevation (s), wo 
have tho hydrostatical equation 

dp^—gpdz ( 2 ), 


from which and (1) we find 

( 3 )» 

if be the velocity at the surface. Tho corresponding relation 


1 Amffr, Anoe, Proe. 1856, p. 119. 

* Proceedings of the Royal Society, Yoh xzn. p. 681. 1874. 

• Thomson, On the convective equUfbrium of tenqgeraiure in the atmo^here, 
Manchester Memoirs, 1861—62. 
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between temperature and elevation obtained by means of equation 
(10) § 246 is 

^ = W' 

ifvliere 6^ is the temperature at the surface. 

According to (4) the fall of temperature would be about 
1® Cent in 330 feet, which does not differ much from the results of 
Glaisher’s balloon observations. When the sky is clear, the fall of' 
temperature during the day is more rapid than when the sky is 
cloudy, but towards sunset the temperature becomes approximately 
constant'. Probably on clear n%hts it is often warmer above than 
below. 

The explanation of acousticfd refraction as dependent upon a 
variation of temperature with height is almost exactly the same as 
that of the optical phenomenon oi mirage. The curvature (/:)“') of 
a ray, whose course is approximately horizontal, is easily estimated 
by the method given by Prof. James Thomson*. Normal planes 
drawn at two consecutive points along the ray meet at the centre of 
curvature and are tangential to the wave-surface in its two con- 
secutive positions. The portions of rays at elevations z and Z’^-hz 
respectively intercepted between the normal pLanes are to one 
another in the ratio p : p — 8z, and also, since they are described 
in the same time, in the ratio V : V+ 8 V, Hence in the limit 

dlogF 
p dz 

In the normal state of the atmosphere a ray, which starts 
horizontally, turns gradually upwards, and at a sufficient distance 
passes over the head of an observer whose station is at the same 
level as the source. If the source be elevated, the sound is heard 
at the surface of the earth by means of a ray which starts with 
a downward inclination; but, "if both the observer and the 
source be on the surface, there is no direct ray, and the sound is 
heard, if at all, by means of diffiaction. The observer may then 
be said to be situated in a sound shadow, although there may be 
no obstacle in the direct line between himself and the source. 
According to (8) 

* Nature, Bept 30, 1877. 

* See Everett, On the Optics of Mirage, Phil, Mag, (4) xlv. pp. 161, 248. 



288.] 


CONVECTIVE EQUILIBRIUM. 


119 


, 21-^ 4 F* 

BO that p = ; , - IT- (6); 

( 7 - 1 )^ 7-1 2 <^ '' ” 

or the radius of curvature of a horizontal ray is about ton times 
the height tlirougli which a body must fall under the action of 
gravity in order to acquire a velocity equal to the velocity of 
sound. If the elevations of the obseiver and of the source be 
and the greatest distance at which tlie sound can be heard 
otherwise than by ditfractioii is 

V(2r.p) -f»V(2j,p) (7). 

' • 

It is not to 1)0 supposed that the condition of the atmosphere 
is always such that the relation between velocity and elevation is 
that expressed in (3). When the sun is shining, the variation of 
tempciature upwards is more lapid ; on the other hand, as Pi of, 
Beynolds has lemdiked, when rain is falling, a much slower \aiia- 
tion is to be expected. In the arctic regions, where the nights 
are long and still, ladiation mayliave more influeucc than con- 
vection in determining the equilibriuni of temperature, and if so tho 
propagation of sound in a hoii/ontal diiection would be favoured 
by the approximately isothermal condition of the atmosjjhere. 

Thc% genend differential equation for tho path of a ray, when 
the surfaces of equal velocity are parallel planes, is readily obtained 
from the law of sines. If 0 be the angh* of incidence, V -f- sin 0 is 
not altered by a' refracting surface, and therefore in tlie case 
supposed remains constant along the wliole course of a ray. If x 
ho the horizontal co-ordinate, and tho constant value of F<r sin 0 
be called c, wo get 

dx^_V_ 
dz JifZ: K*' 

“ 

If the law of velocity be that expressed in (3), 

, 2V,dV 

and thus 
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or, on effecting the integration, 


( 7 - l)^«“Constant+ ^'“-(^sin"*- (9), 

in which V may be expressed in terms of z by (3). 

A simpler result will be obtained by taking an approximate 
form of (3), which will be accurate enough to represent the cases 
of practical interest. Neglecting the square and higher powers of 
z, we may take ^ 


y “ *^0 jt- ~2Vir- • 


.( 10 ). 


Writing for brevity /3 in place f = dV~\ 


By substitutloiL in (8) 




ir) 


OT. 


the origin of x being taken so as to correspond with V=c, that is 
at the place where the ray is horizontal. Expressing V in terms 
of X, we find 


whence 




.( 12 ). 


The path of each ray is therefore tA catenary whose vertex is 

2P’»t 

downwards ; the linear parameter is - / 1 aad varies from 


ray to ray. 




289. Another cause of atmospheric refraction is to be found 
in the action of wind. It has long been known that sounds are 
generally better heard to leeward than to windward of the source; 
but the fact remained unexplained until Stokes^ pointed out that 
the increasing velocity of the wind overhead must interfere with 
the rectilinear propagation cS sound rays. From Fermat’s law of 
least time it follows that the course of a ray in a moving, but 

1 Brit, Au, 18S7, p. 22. 
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otherwise homogeneous, medium, is the same as it would bo in a 
medium, of which all the parts are at rest, if the velocity of 
propagation be increased at every point by the component of 
the wind-velocity in the direction of the ray. If the wind be 
horizontal, and do not vary in the same l\orizontal plane, the 
course of a ray, whose direction is everywhere but slightly inclined 
to that of the wind, may be calculated on the same principles as 
were applied in the preceding section to the case of a variable 
temperature, the normal velocity of propagation at any point being 
increased, or diminished, by the local wind-velocity, according as 
the motion of the sound is to jeeward or to windward. Thus, 
when the wind increases overhead, which may be looked upon as tho 
normal state of things, a horiztjatal ray travelling to windward is 
gradually bent upwards, and at a moderate distance passes over 
the head of an observer; rays, travelling with the* wind, on the 
other hand, are bent downwartls, so that an observer to leeward of 
tho source hears by a direct ray which starts with a slight upward 
inclination, and has tho advantage of being out of the way of 
obstructions for tho greater part of its course. 


The law of refraction at a horizontal surface, iu crossing which 
the velocity of the wind changes discontinuoiisly, is easily investi- 
gated. It will bo sufficient to consider the case in which tho 
direction of tho wind and the ray arc in the same vertical plane. 
If 6 be* the angle of incidence, which is also the angle between tho 
plane of the wave and the surface of sej)aration, U be the velocity 
of the air in that direction which makes the smaller angle with 
the ray, and Fbe the common velocity of propagation, the velocity 
of tho trace of the plane of the wave on the surface of separa- 
tion is 


sin^ 


+ U 


( 1 ). 


which quantity is unchanged by the refraction. If therefore be 
the velocity of the wind on the second side, and ff be tho angle of 
refraction, 



V 

sin^ 


+ 27 ' 


( 2 ), 


which differs from the ordinaiy optical law. If the wind-velocity 
vary continuously, the course of a ray may bo calculated from the 
condition that the expression (1) remains constant. 
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If we suppose that the greatest admissible value of 

CT'is 

V* ss rfcosec ^ — 1} (3). 


At a stratum where U* has this value, the direction of the ray 
which started at an angle 0 has become parallel to the refracting 
surfaces, and a stratum where U* has a greater value cannot be 
penetrated at all. Thus a ray travelling upwards in still air at an 
inclination (Jw — 6) to the horizon is reflected by a wind overhead 
of velocity exceeding that given in (3), and this independently of 
the velocities of intermediate strata. To take a numerical example, 
all rays whose upward inclination is less than 11**, are totally 
reflected by a wind of the same azimuth moving at the moderate 
speed of 15 miles per hour. Tha eflects of such a svind on the 
propagation of sound cannot fail to be very important. Over the 
surfeice of stilh water sound moving to leeward, being confined 
between parallel reflecting planes, diverges in two dimensions 
only, and may therefore be heard at distances far greater than 
would otherwise be possible. Another possible effect of the reflector 
overhead is to render sounds audible which in still air would 
be intercepted by hills or otjber obstacles intervening. For the 
production of these phenomena it is not necessary that there be 
absence of wind at the source of sound, but, as appears at once 
from the form of (2), merely that the diffei'ence of velocities U' -- U 
attain a sufficient value. 


The differential equation *to the path of a ray, when the wind- 
velocity U is continuously variable, is 





w, 

whence 

Vdz 

V(P±T?)*- F* 

(5). 


In comparing (6) with (8) of the preceding section, which 
is the corresponding equation for ordinary refraction, we must 
remember that V is now constant. If, for the sake of obtaining a 
definite result, we suppose that the law of variation of wind at 


different levels is that expressed by 

( 6 ), 

we have f ■ ; (7) 
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which is of the same form as (11) of the precdiing section. Tlio 
course of a ray is accordingly a catenary in the present case also, 
but there is a most important distinction between the two ])i*oblems. 
When the refraction is of the ordinary kind, depending upon a 
variable velocity of propagation, the direction of a ray may be 
reversed. In the case of atniosphcrjc refraction, due to a diuiiuu- 
tion of temperature upwards, the course of a ray is a catenary, 
whose vertex is dovrn wards, in whidievcr direction the ray may bo 
propagated. When the refraction is due to wind, wdiose voliH'ity 
increases upwanls, according to the law oxpresscil in ((J) with 
positive, the path of a ray, whose direction ih upward, is also a^ong 
a catenary with vertex downwards, but a ray wdiose direction is 
downward cannot travel along fthis path. Ju tl.e latter cjiso the 
vertex of the catenary along which the ray travels is directed 
upwfirds. 

290. In the paper by Ko) nolds already refc'rred to, an account 
is givtMi of some interesting ex]ierim»Hits I'specially directed to test 
the tlieory of lefraction by wind. It was found that “In tho 
direction of tho wind, wlien it was strong, the sound (of an elcchic 
boll) could be heard as well with tho head on the ground as when 
raised, (weu when in a hollow with tho boll hid<len from view by 
tho slope of the gi-ound ; ainl no advantage whatever was gained 
cither by ascending to an elevation or raising the boll. Thus, with 
the wihd over the grass the sound could bo hoard 140 yards, and 
over snow 360 yards, either with the head lifted or on the ground-; 
whereas at right angles to tho wind on all occcosions the range was 
extended by raising either tho observer or tlie boll.” 

" Elevation was found to affect tho range of sound against tho 
wind in a much mbre marked manner than at right angles.’* 

“ Over tho grass no sound could bo heard with the head on tho 
ground at 20 yards from the bell, an<l at 30 yards it was lost with 
the head 3 feet from the ground, and its full intensity was lost 
when standing erect at 30 yards. At 70 yards, when standing 
erect, the sound was lost at long intervals, and was only faintly 
heanl even then ; but it became continuous again when the ear 
was raised 9 feet from the ground, and it reached its full intensity 
at an elevation of 12 feet.” 

Prof. Reynolds thus sums up the results of his experiments : — 

1. “ When there is no wind, sound proceeding over a rough 
surface is more intense above than below.” 
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2. " Ab long as the Telocity of the wind is greater above than 
below, sound is lifted up to windward and is not destroyed.” 

3. ''Under the same circumstances it is brought down to 
leeward, and hence its range extended at the surface of the ground.” 

Atmospheric refraction has an important bearing on the 
audibility of fog-signals, a sulSiject which within the last few years 
has occupied the attention of two eminent physicists. Prof. Heniy 
in America and Prof. Tindall in this country. Henryk attributes 
almost all the vagaries of distant sounds to refraction, and has 
shewn how it is possible by various suppositions as to the motion 
of the air overhead to explain certain abnormal phenomena which 
have come under the notice of hiil^self and other observers, while 
Tyndall^ whose investigations have been equally extensive, 
considers the Very limited distances to which sounds are sometimes 
audible to be due to an actual stopping of the sound by a flocculent 
condition of the atmosphere arising from unequal heating or 
moisture. That the latter cause is capable of operating in this 
direction to a certain extent cannot be doubted. Tyndall has 
proved by laboratory experiments that the sound of on electric bell 
may be sensibly intercepted by alternate layers of gases of different 
densities ; and, although it must be admitted that the alternations 
of density were both more considerable and more abrupt than 
can well be supposed to occur in the open air, except perhaps in 
the immediate neighbourhood of the solid ground, some of the 
observations on fog-signals themselves seem to point directly to 
the explanation in question. 

Thus it was found that the blast -of a siren placed on the 
summit of a cliff overlooking the sea was followed by an echo 
of gradually diminishing intensity, whose duration sometimes 
amounted to as much as 15 seconds. This phenomenon was 
observed "when the sea was of glassy smoothness,” and cannot 
apparently be attributed to any other cause than that assigned to 
it by Tyndall. It is therefore probable, that refraction and 
acoustical opacity are both concerned in the capricious behaviour 
of fog-signals. A jpriori we should certainly be disposed to attach 
the greater importance to refraction, and Reynolds has shewn that 
some of Tyndall's own obseryations admit of explanation upon this 

^ Beport ol the LightliottBe Boaxd ol the United States for the year 1874. 

• ‘Phil. Tram, 1874. Sound, 8rd edition, Ch. yh. 
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principle. A failure in reciprocity can only be explained in 
accordance with theory by the action of wind (§ 111). 

According to the hypothesis of acoustic clouds, a difference 
might be expected in the behaviour of sounds of long and of short 
duration, which it may be worth while to point out here, as it docs 
not appear to have been noticed by any previous writer. Since 
energy is not lost in reflection and refraction, the intensity of 
radiation at a given distance from a continuous source of sound (or 
light) is not altered by an enveloping cloud of spherical form and of 
uniform density, the loss <lue to the intervening parts of the cloud 
being compensated by refloction^from those which lie beyond the 
source. When, however, the sound is of short duration, tho 
intensity at a distance may be /cry much diminished by the cloud 
on account of the different distanct^s of its reflecting pai*ts and tho 
consequent drawing out of the gouud, $dthough the whole intensity, 
as measured by the time-integral, may be the same as if there had 
been no cloud at all. I’his is perhaps tho exjflauation of Tyndairs 
observation, that different kinds of signals do not always preserve 
the same order of effectiveness. In some states of the weather a 
“ howitzer firing a 3-lb. charge commanded a larger range than the 
whistles, trumpets, or syren,” while on other days the inferiority 
of the gun to the syren was demonstrated in the clearest maninir.” 
Tt should ho notice<l, however, that in the Siuno scries of experi- 
ments ^it was found that the liability of the sound of a gun "to be 
quenched or <lefleetcd by an opjioaing wind, so as to be practically 
useless at a very short distance to windwaid, is very remarkable.” 
The refraction proper must be the same for all kinds of sounds, 
but for the resison explained above, the diffraction round tlie edge 
of an obstacle may be less effective for the report of a gun than for 
the sustained note of a siren. 

Another point examined by Tyndall was the influence of fog on 
the propagation of sound. In spite of isolated assertions to the 
contrary', it was generally believed on the authority of Durham 
that the influence of fog was prejudicial. Tyndall’s observations 
prove satisfactorily that this opinion is erroneous, and that tho 
passage of sound is favoured by ^e homogeneous condition of the 
atmosphere which is the usual concomitant of foggy weather. 
When the air is saturated with moisture, the fall of temperature 
with elevation according to the law of convective equilibrium is 

^ Bee for example Desor, ForUchritte der Phytik, xx. p. 217. 1855. 
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much leEB rapid than in the case of dry air, on account of the 
condensation of vapour which then accompanies expansion. From 
a calculation by Thomson^ it appears that in warm fog the effect 
of evaporation and condensation would be to diminish the fall of 
temperature by one-half. The acoustical refraction due to tem- 
perature would thus be lessened, and in other respects no doubt 
the condition of the air would be favourable to the propagation of 
sound, provided no obstruction were offered by the suspended 
X>articlcs themselves. In a future chapter we shall investigate the 
disturbance of plane sonorous waves by a small obstacle, and we 
shall find that the effect depends upon the ratio of the diameter of 
the obstacle to the wave-length of the sound. 

The reader who is desirous of pursuing this subject may con- 
sult a paper by Reynolds “On the Refraction of Sound by the 
Atmosphere *,*^18 weU as the authjorities already referred to. It 
may be mentioned that Reynolds agrees with Henry in consider- 
ing refraction to be the really important cause of disturbance, but 
further observations are much needed. See also § 294. 

291, On the assumption that the disturbance at an aj)erturo 
in a screen is the same as it would have been at the same place in 
the absence of the screen, we may solve various problems respecting 
the diffraction of • sound by the same methods as are employed for 
the corresponding problems in physical optics. For example, the 
disturbance at a distance on the further side of an infinite pljiue 
wall, pierced with a circular* aperture on which plane waves of 
sound impinge directly, may be calculated as in the analogous 
problem of the diffraction pattern formed at the focus of a circular 
object-glass. Thus in the case of a symmetrical speaking trumpet 
the sound is a maximum along the axis of the "instrument, where 
all the elementaiy disturbauces issuing from the various points 
of the plane of the mouth ore in one phase. In oblique direc- 
tions the intensity is less; but it does not fall materially short 
of the maximum value until the obliquity is such that the 
difference of distances of the nearest and furthest points of the 
mouth amounts to about half a wave-length. At a somewhat 
greater obliquity the mouth may be divided into two parts, of 
which the nearer gives an aggregate effect equal in magnitude, 

1 Jfanehetter Jlfemoin, 1861 — 62. 

* Fhil. Tram, Yol. 166, p. 316. 1876. 
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but opposite in phase, to that of the further ; so that the intensity 
in this direction vauislics. In directions still more oblique tho 
sound revives, increases to an intensity equal to '017 of that 
along the axis^, again diminishes to zero, and so on, the altoniations 
corresponding to the bright and dark rings which surround tho 
central patch of light in the image of a star. If J? denote the 
radius of the mouth, tho angh‘, at which tho first silence occurs, is 




When the diameter t)f tho mouth docs not exceed 


JX, the elementary disturbauees combine without any considerable 
antagonism of pliase, and the intensity is nearly unifoiin in all 
directions. It appears that cone* Nitration of sound along the axis 
requiies that the ratio E : X ‘.hould be 1 iige, a condition not 
usually satisiiod in the ordiiuuy* use of speaking trumpets, whose 
efficiency depends latlier ujion an increase in Ibe oiigiual volume 
of sound (§ 2h()). Wh<*ii, however, the vibidtioiis aie of very short 
wave-length, a trumpet of mock r itc* si/e is eapabU‘ of c fleeting a 
considerable coneentiatioii along the a\is, as 1 have my '•elf verified 
in the case of a hiss. 


202. Although such calculations as those refc'ried to in tho 
preceding hoition are us<*ful as giving us a general idea of tho 
]»henomena of diffraction, it must not he forgotten tli.it tho 
auxiliary assumption on which tliey'^ are founded is by no means 
strictly. and geneially tine. Thus in the case of n wave ilirectly 
incident upon a scrivn the normal velocity in the plane of tho 
aperture is not constant, as has been supjiusod, but incri^ascs from 
the cemtre towards the edge, becoming infinite at tho edge itself. 
Ill order to investigate tlie conditions by wliieli the ;wtual velocity 
is determined, let us for the moinciit supposii that the aperture is 
filled up. The incident wave ^ = co'' (nt — «jr) is then perfectly 
reflected, and the velocity-potential on tho negative side of the 
screen (a? = 0) is 

^ s= cos (fit — Kx) + cos (nt + /ca?) (l)i 

giving, when a? = 0, « 2 cos nb. This corresponds to the vanish- 

ing of the normal velocity over the area of the aperture; the 
completion of the problem requires us to determine a variable 
normal velocity over the aperture such that the potential due to it 
(§ 278) sliall increase by the constant quantity 2 cosw^ in crossing 

1 Verdot, L^jotw ^optique phyiique, 1. 1 p. 306. 
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from the negative to the positive side; or, since the crossing 
involves simply a change of sign, to determine a value of the 
normal velocity over the area of the aperture which shall give on 
the positive side ^ = cosn< over the samo area. The result of 
superposing the two motions thus defined satisfies all the condi- 
tions of the problem, giving the same velocity and pressure on the 
two sides of the aperture, and a vanishing normal velocity over the 
remainder of the screen. 

If Pcos (n^+e) denote the value of ^ at the various points 

of the area (S) of the aperture, the condition for determining 
P and e is by (6) § 278, . 


-ifp 


-#cr + e) 


• cos ntK (2), 


where r denbt^s the distance between the element dS and any 
fixed point in the aperture. When P and e are known, the com- 
plete value of <l> for any point on tlie positive side of. the screen is 
given by 

(S), 

and for any point on the negative side by 

^ =a + i^P d8 + 2 cos nt cos KX (4). 

The expression of P and e for a finite aperture, even if of circular 
form, is probably beyond the power of known methods; but in the 
case where the dimensions are very small in comparison with the 
wave-length the solution of the problem may be effected for the 
circle and the ellipse. If r be the distance between two points, 
both of which are situated in the aperture, kv may be neglected, 
and we then obtain from (2) 

*— M'’? 

shewing that — ^ is the density of the matter which must be 

distributed over 8 in order to produce there the constant potential 
Unity. At a distance from the opening on the positive side we 
may consider r as constant, afid take 




( 6 ). 
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where denoting the total quantity of matter 

which must be supposed to bo distributed. It A\ill bo slicwn 
on a future page that for an ellipse of seniiinajor axis «, and 
eccentricity e, 

(7), 


where Z^is the symbol of the complete elliptic function of the first 
kind. In the case of a circle, F (c) = A w, and 


J/= - 

TT 


rs). 


This result is quite different from fhat \\hi('h wt' should ohl.iin on 
the hypothesis that the normal V|‘loc-ity in the a[»ertnre has lh(' 
\aluo proper to the primar}^ 'wax'*, fit that ^asc* h\ Cli § 2S:i 

'■i'* /<»). 


If there be several small apertures, \\ hose ilistances apart an* 
much gi'i'a^er than their dimensions, the sann' nu'tluxl oives 


^ ]\i 4. v 

™ ^ ‘ * 7* 


. MO'i 


The dilfractio!! of •^o^lnd is a auhj(*ct ■v\hi(h has attiaeted hut 
little attention eilh(*r from matlieinatieians or exp(*rimentalihts. 
Although the general charaeter of the ]>heuoin(>na is well under' 
stood, anil therefore no very startling dise<>veries are to h(* 
(•Appcted, the extict tla*oi(*tical solution of a few of the sinijder 
.problems, which the subject presents, would ])o interesting ; and, 
even with the present imperfect methods, something prohahly 
might he done in the way of experimental t*xamination. 


293. The value of a fiinelion (f> whi<*K satisfies ^^<l> = 0 through- 
out the interior of a simply-connected closed simce can be 
expressed as the potential of mattc»r distributed ov(‘r the surface 
of S. In a certain sense this is also true of tlie class of functions 
with which we are now occupied, which satisfy + = 

The following is Helmholtz’s proof*. By Clrec3u’s theorem, if </> 
and yfr denote any two functions of a?, y, z, 

> Tlieorie dfr TMfftchvrinnungpn in Pfihren mit offenrn Endt>n. <VrIlp, Bd. ixn. 

p. 1. 1860. 

R. II. 


9 
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To each side add than if 

a* ( V) + ^ = 0, a* ( ^ = 0, 

ffJi>9dV=a’JJir^dS+Jfl^^dr...(l). 

« 

If ^ and vanish within S, we have simply 

Us ( 2 ). 


Suppose, however, that 


YdS:=^ 

an 


^ ' f 


dn 


•(3), 


where r re^rpsents the distance of any point from a fixed origin O 
within B, At all points, except 0, ^ vanishes ; and the last term 
in ( 1 ) becomes * 

Jj |V OdV= - a>JJ f^lr V* 4iro*^, 

^ referrinjg to the point 0. Thus 



in which if ^ vanish, we have an expf ession for the value of ^[r at* 
any interior point 0 in terms of th^ surface values ,of y/r and of 

In the case of the common potential, bn which we fall back 
by putting je^sQ, ^ would be determined by the surface values of 
^ only. But with le finite, this law ceases to be universally true. 


For a given space 8 there is, as in the case investigated in § 267, a 
series of determinate values of k, corresponding to the periods of 
the possible modes of simple harmonic vibration, which may take 
place within a closed rigid envelope having the form of 8. With 
any of these values of k, it is obvious that cannot be determined 
by its normal variation over 8, and the fact that it satisfies 
throughout 8 the equation 57 *^ + » 0 ; But if the supposed 
value of tc do not coincide with one of the series, then the problem 
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is determinate ; for the difference of any two possible solutions, if 
finite, would satisfy the condition of giving no normal velocity 
over 8, a condition which by hypothesis cannot bo satisfied with 
the assumed value of k. 

If the dimensions of the apace 8 be very small in comparison 
with \(=27r-7-«), may be replaced by unity; and we learn 

that differs but little from a function which salisties throughout 
8 the equation = 0. 

20 1. On his extension of Green’s theorem (1) Ifolmlinltz 
founds his proof of the important theorem contained in the following 
statement: 1/m a space filled with air whirh is partly homnhd hy 
finitely extended fixed bodies and partly unbonnded, sound vm^es 
be excited at any point A, the resultiny velocity-potential at a second 
point B is the same both in magnitude and pliatiCy as it tvonld have, 
been at A, had B been the source of the sound. 

If the cipiatiou 

m. 

ill which <l> and are arbitrary functions, and 

^ — a* ( = + 

bo applied to a space completely enclosed by a rigid boundary and 
containing any number of detached rigid fixed bodies, and if 0, 
be velocity-potentials due to sources within 8, we get 

( 2 )., 

Thus, if 0 be due to a source concentrated in one point ^ = 0 
except at that point, and 

where represents the intensity of the source. Similarly, 

if y/r be due to a source situated at B, 

jjji>^dv^.t.,jjhdv. . 

Accordingly, if the sources be finite and equal, so that 

jjf^dr-^ffj^dv. ( 3 ). 

9—2 
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it follows that 

w, 


which is the symbolical statement of Helmholtz's theorem. 

If the space S extend to infinity, the surface integral still 
vanishes, and the result is the same ; but it is not necessary to go 
into detail here, as this theorem is included in the vastly more 
general principle of reciprocity established in Chapter Y. The 
investigation there given shews that the principle remains true in 
the presence of dissipative forces, provided that these arise from 
resistances varying as the first power of the velocity, that the 
fluid need not be homogeneoud*, nor the neighbouring bodies rigid 
or fixed. In the application^ to infinite space, all obscurity is 
avoided by supposing the vibrations to be slowly dissipated after 
having escaped to a distance from A and B, the sources under 
contemplation. 

The reader must carefully remember that in this theorem 
equal sources of sound are those produced by the periodic intro- 
duction and abstraction of equal quantities of fluid, or something 
whose effect is the same, and that equal sources do not necessarily 
evolve equal amounts of energy in equal times. For instance, a 
source close to the surface of a large obstacle emits twice as much 
energy as an equ^ source situated in the open. 

As an example of the use of this theorem we may take the 
case of a hearing, or speaking, trumpet consisting of a conical tube, 
whose efficiency is thus seen to be the some, whether a sound pro- 
duced at a point outside is observed art the vertex of the cone, or 
a source of equal strength situated at the vertex is observed at tho 
external point. 

It is important also lo bear in mind that Helmholtz's form c^f 
the reciprocity theorem k applicable only to wmple sources of sound, 
which in the absence of obstacles would generate symmetrical 
waves. As we shall see more clearly in a subsequ^t chapter, it is 
possible to have sources of sound, which, though concentrated in 
an infinitely small region, do not satisfy this condition. It will be 
sufficient here to consider the case of double sources, for which the 
modified reciprocal theorei^ has an interest of its own. 

Let us suppose that A is a simple source, giving at a point B 
the potential — and that A* is an equal and opposite source 
situated at a neighbouring pointy whose potential at is 
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If both sources be in operation simultaneously, the potential at B 
is A^. Now let us suppose that there is a simple sourco at i/, 
whose intensity and phase are the same as those of the sources at 
A and the resulting potential at A is and at + A^. 

If the distance AA* be denoted by /t, and be supposed to diminish 
without limit, the velocity of the fluid at in the direction AA' 
is the limit of A*^ : 7*. Hence, if wo^deHne a unit doubli' source 
os the limit of two equal and opposite simple sources whose dis- 
tance is diminished, and whose intensity is increased without 
limit in such a manner that the product of the intensity and 
the distance is the same as for two unit simple sourcc^s placed .it 
the unit distance apart, we may say that the \elucity of the fluid 
at A in direction AA' due to a unit simph^ source at B is numeri- 
cally equal to the potential at B due to a unit iloiifde source at A, 
whose axis is in the direction AA\ This theorem, be it observed, 
is true in spite of any obstacles or reflectors that may exist in the 
neighbourhood of the sources. 

Again, i{ AuV and BB^ represent two unit double sources of the* 
same phase, the velocity at B in direction HTi' due to the source 
A A* is the same as the velocity at A in dir<*ction A A' due to the 
source BB\ These and other results of a like character may also 
be obtained on an immediate application of the g(‘n(*ral ])rincii)lo of 
§ 108. These examples will bo sufficient to shew that in applying 
the princiiile of reciprocity it is nccesstiry to {ittcml to- the character 
of the sources. A double source, situated in an open space, is in- 
audible from any i 3 oiiit in its equatorial piano, but it does not 
follow that a simple source in the efpiat^orial plane is inaudible 
from the positiou of the double source. On this principle, 1 believe, 
may be explained a curious experiment by Tyndall*, iu wliicli 
there was an apparent failure of rcciprqcity*. The source of sound 
employed was a reed of very high pitch, mounted in a tube, along 
whose axis the intensity waa considerably greater than in oblique 
directions. 

295. The kinetic energy T of the motion within a closed 
surface B is expressed by 



» IWdtaff. cf the Boyal MituHon, Mm> lirndiill. On Sound, 9ti 

edition, p. 406. *• 

• See a note « On the Application of the Principle of Beciprocity to Acoustics. 
JEtoyal Society Proeeedinyt, Vol. xxv. p. 118i 1876, or PMl, Mag, (6) in. p. 300. 



134 VARIATION OF TOTAL BNEBOY. [295. 

( 2 ). 

by Green’s theorem. For the potential energy V, we have by 
(12) § 245 

n-^///*w. (s). 


oboin. ^jjj jg + aV*} Uy-W. 

by tlio general equation of motipn (9) § 244. Thus, if E denote 
the whole energy within the space iSf, 



of which the first term represents the work transmitted across the 
boundary 8^ and the second represents the work done by internal 
sources of sound. 

If the boundary /S' be a fixed rigid envelope, and there be no 
internal sources, E retains its initial value throughout the motion. 
This principle has been applied by Kirchhoff* to prove the deter- 
minateness of the motion resulting from given arbitrary initial 
conditions. Since every element of is positive, there can bo no 
motion within /S^ if be zero. Now, if there were two motions 
possible corresponding to the same initial conditions, their differ- 
ence would be a motion for which thet initial value of E was zero ; 
but by what has just been said such a motiop cannot exist. 


^ Vat'leiungen Uher Math, ThyBih, p. 811. 
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206 . When a train of plane waves, othorwihC unimpeded, 
impinges upon a space occupied l»y matter, 'whose mechanical pro- 
pi'rtios differ from those of the .surrounding medium, secondary 
waves are thrown oft' which may be regarded as a disturbance duo 
to the change in the uatiuo of the medium — a point of view more 
especially at>propriate, when the refjion of dtsturhance, as well 
as the alteratioTi of mochanic^al propc'rtics, is small. If the 
medium and the obstacle be fluid, the mechanical properties 
spoken of are two — the compressihiUty and the density: no 
account is here taken of friction or viscosity. In the chapter on 
spherical harmonic analysis we shall consider the problem here 
proposed* on the supposition that the obstacle is spherical, without 
any restriction as to the smalliioss of the change of mechanical 
properties ; in the present investigation the form of the obstacle 
is arbitrary, but wo assume tliat the squares and higher powers 
of the changes of mechanical properties may be omitted. 

If fit K denote the displacements parallel to the axes of 
co-ordinates of the particle, whose ecjuilibrium position is defined 
Vt a>nd if <r be the normal density, and m the constant 
of compressibility so that = mSt the equations of motion are 


or 


gg c? {ms) 
df das 


0 


( 1 ), 


and two similar equations in 17 and g. On the assumption 
that the whole motion is proportional to where as usual 
ic « 2wX’‘, and (§ 244) a* =* m<r'\ (1) may be written 

d^ms) 
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The relation between the condensation s, and the displace- 
ments S, V, & obtained by integrating (3) § 238 with respect 
to the time, is 


8 


dx"^ dy'^ dz 


(3). 


For the system of primary waves advancing in the direction 
of — 35, ^ and f vanish ; if 8^ be the values of f and s, and 
Wo, o^o be the mechanical constants 'for the undisturbed medium, 
we have as in (2) ' ' 


dn 


.(4); 


but fo, So do not satisfy (2) at the region of disturbance on account 
of the variation in m and <r, which occurs there. Let us assume 
that the complete values are fo*+f> V» S» aod substitute 

in (2). Then taking account of (4^, we got 

or, as it may also be written, 

^ (»w) - <r**tt*f + ^ (Aw. O - A<r. 0 (5), 


if Am, Air stand respectively for m^m^, a — cr^. The e«iuations 
in 7) and ^ are in like manner 

^ (ttis) - (T/^a'n + ~ (A».«^ = 0 

i d , [ 

g- (iJM) - <r/e*a*f + g- (Am.»^ = 0 

, c 

It is to be observed that Am, Aa vanish, except through a 
small space, which is regarded as the region of disturbance ; 

being the result of the disturbance are to bo treated 
as small quantities of the order Am, Act ; so that in our ap- 
proximate analysis the variations of m and <r in the first two 
terms of (6) and (6) are to be neglected, being there multiplied 
by small quantities We thus obtain from (5) and (6) by differ- 
entiation and addition, with use of (3), as the differential equation 
in 8, 

V’ (m*) + «’»«*- (Ao-.fJ - v* (7). 
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As in § 277, the solution of (7) is 

- «»«» ^ ( 8 ), 

in which the integration extends over a volume completely in- 
cluding the region of disturbance. The integrals in (8) may be 
transformed with the aid of Green’s theorem. Calling the two 
parts respectively P and Q, we have 


■P = /// v’ (Am.*.) d F = Jll Am.*, v* dV 

+ («■“:)! dS, 

where 8 denotes the surface of the space tlirough which the triple 
integration extends. Now on* 8, Arn and {Am.s^ vanish, 
so that both the surface integrals disappear. Moreover 

a 1 </" . 


and thus 


i’= - «’/// -^ Am.*. (Z K. (!)). 


If the region of disturbance be small in comparison with \ 
we may write 

p= _ k\ f jkmd V. (10). 


Ill like manner for the second integral in (8), we find 

where /a denotes the cosine of the angle between os and r. The 
linear dimension of the region of disturbance is neglected in 
comparison with X, and X is neglected in comparison with r. 

If T be the volume of the space through which Am, Act are 
sensible, we may write 

jjjAmdV-T.Am, jJjA<rrfF= r.Air, 
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if on the right-hand sides Am, Air refer to the msan values of 
the variations in question. Thus from (8) 


8 


- ( 12 ). 


To express in terms of s^ we have from (3), fo ~ “ /®o ^ I 
thus, if the condensation foj the primary waves be = 
s — and (12) may be put into the form 


8 




7rTe“*'^ (Am . Air ) 


in which denotes the condensation of the primary waves at 
the place of disturbance at tim*e t, and s denotes the condensa- 
tion of the secondary waves at the same time at a distance r from 
the disturbance. Since the difference of phase represented by the 
factor <?orre^ponds simply to the distance r, we may consider 
that a simple reversal of phase occurs at the place of disturbance. 
The amplitude of the secondary MaVes is inversely proportional 
to the distance r, and to the square of the wave-length Of 
the two* terms expressed in (13) the first is symmetrical in all 
directions round the place of disturbance, while the second varies 
as the cosine of the angle between the primary and the secondary 
rays. Thus a place at which m varies behaves as a simple source, 
and a place at which <r varies behaves as a double source (§ 294). 


That the secondary disturbance must vary as X* may be 
proved immediately by the method of dimensions Am and Atr 
being given, the amplitude is necessarily proportional to T, and in 
accordance with the principle of energy must also vary inversely 
as r. Now the only quantities (depen4cnt upon space, time, and 
mass) of which the ratio of amplitudes can Jbo a function, are 
T, r, X, a (the velocity of soqnd), and ir, of which the last cannot 
occur in the expression of a simple ratio, as it is the only one of 
the five which involves a reference to mass. Of the remaining 
four quantities T, r, \ and a, the last is the only one which 
involves a reference to time, and is therefore excluded. We are 
left with T, r, and X, of which the only combination varying 
as Tr^, and independent of the unit of length, is X*^.^ 

An interesting application of the results of this section may 
be made to explain what have been called harmonio echoes^ 

1 «On fhe light from the shy,’* Phil, Mag. Feb. 1871, and “On the scattering of 
light by small Fartudes,” Phil. Mag. Jane, 1871. 

* Notars, 1878, vni. 810. 
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If the primary sound be a compound musical note, the various 
component tones are scattered in unlike proportions. The octave, 
for example, is sixteen times stronger relatively to the funda- 
mental tone in the secondary than it was in the primary sound. 
There is thus no difficulty in understanding how it may happen 
that echoes returned from such reflecting bodies as groups of trees 
may be raised an octave. The phenomenon has also a comple- 
mentary side. If a number of small bodies lie in the path of 
waves of sound, the vibrations which issue from them in all direc- 
tions are at the expense of the energy of the main stream, and 
where the sound is compound, the exaltation of the higher har- 
monics in the scattered waves involves a proportional deficiency 
of thorn in the direct wave after passing the obstacles. This is 
perhaps the explanation of certain echoes which are said to return 
a sound graver than the original ; for it is known that‘ the pitch of 
a pure tone is apt to bo estimated too low. But the evidence 
is conflicting, and the whole subject ref^uires further careful expe- 
rimental investigation ; it may be commended to the attention of 
those who may have the necessary opportunities. While an altera- 
tion in the character of a sound is easily intelligible, and must 
indeed generally happen to a limited extent, a change in the 
pitch of a simple tone would be a violation of the law of forced 
vibrations, and hardly to be reconciled with theoretical ideas. 

In obtaining (13) we have neglected the effect of the variable 
nature of the medium on the distuvhance. When the disturb- 
ance on this supposition is thoroughly known, we might approxi- 
mate again in the same manner. The additional terms so obtained 
would be necessarily of the second order in Am, Ao-, so that our 
expressions are in all cases correct as far as the first powers of 
those quantities. 

Even when the region of disturbance is not small in com- 
parison with X, the same method is applicable, provided the 
squares of Am, A o’ be really negligible. The total effect of any 
obstacle may then be calculated by integration from those of its 
parts. Iff this way we may trace the transition from a small 
region of disturbance whose 9 wrf<u}e does not come ‘into considera- 
tion, to a thin plate of a few or /)f a great many square wave- 
lengths in area, which will ultimately reflect according to the 
regular optical law. But if the obstacle be at all elongated in the 
direction of the primary rays, this method of calculation soon 
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ceases to be practically available, because, even although the 
change of mechanical properties be very small, the interaction 
of the various parts of the obstacle cannot bo left out of account. 
This caution is more especially needed in dealing with the case of 
light, where the wave-length is so exceedingly small in comparison 
with the dimensions of ordinary obstacles. 

297. In some degree similar to the effect produced by a 
change in the mechanical properties of a small region of the fluid, 
is that which ensues when the square of the motion rises any- 
where to such importance that it can be no longer neglected. 

then acquires a finite talu^dependent upon the square 
of the motion. Such places therefore act like sources of sound ; 
the periods of the sources including the submultiplos of the ori- 
ginal perioc]^ Thus any part of space, at which the intensity 
accumulates . to a sufficient extent, becomes itself a secondary 
sources emitting the harmonic tones of the primary sound. If 
there be two primary sounds of sufficient intensity, the secondary 
vibrations have frequencies which are the sums and differences of 
the frequencies of the primaries ^ 68) \ 

298. The pitch of a sound is liable to modification when the 
source and the recipient are in relative motion. It is clear, for 
instance, that an observer approaching a fixed source will meet 
the waves with a frequency exceeding that proper to the sqund, by 
the number of wave-lengths passed over in a second of time. Thus 
if V be the velocity of the observer and a that of sound, the 
frequency is altered in the ratio a±v : according as the motion 
is towards or from the source. Since the alteration of pitch is 
constant, a mubical performance would still ^be heard in tune, 
although in the second case, when a and v are nearly equal, the 
fall in pitch would be so great as to destroy all musical character. 
If we could suppose v to be greater than a, a sound produced after 
the motion.had begun would nevep^reach the observer, but sounds 
previously excited would be gradually overtaken and heard in the 
reverse of the natural order. If v=^2a, the observer would hear 
a musical piece in correct time and tune, but houshwarda. 

Corresponding results ensue when the source is in motion^ and 
the observer at rest ; the alteration depending only on the relative 
motion in the line of hearing. If the source and the observer move 
with the some velocity there is no alteration of frequency, whether 

i Bdmholts fiber CombinationstSue. Fogg. Ann. Bd. xcix. e. 497. 1866. 
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the medium be in motion, or not. With a relative motion of 
4!0 miles per hour the alteration of pitch is very conspicuous, 
amounting to about a semitone. The whistle of a locomotive is 
heard too high as it approaches, an<l too low as it recedes from an 
observer at a station, changing rather suddenly at the moment of 
passage. 

The principle of the alteration of pitch by relative motic^n was 
first enunciated by Doppler*, and is often called Doppler’s prin- 
ciple. Strangely enough its legitimacy was disputed by Petzval", 
whose objection was the result of a confusion between two 
perfectly distinct cases, that in ivhich Ihcre is a relative motion 
of the source and recipient, and that in A\hich the medium is in 
motion whiio the source and the recipient are at rest. In the 
latter ease the circumstances are mechnuically the same as if the 
medium were at rest and the* source and the rcfupiont had a 
common motion, and thoreforo by Doppler’s principle no change 
of pitch is to be expected. 

Doppler’s principle has h(*on exporirnon tally verified by Buijs 
Ballot’ and Scott llussell, who examined the alterations of pitch 
of musical instniments carried on locomotives. A laboratory in- 
strument for proving the change of pitch duo to motion has been 
invented by Mac h*. It consists of a tube six feet in length, 
capable, of turning about an axis at its coniro. At one end is 
placed a small whistle or leed, which is blown by wind forced 
along the axis of the tube. An observer situated in the piano of 
rotation hears a note of fl actuating pitch, but if he places himself 
in the prolongation of the axis of rotation, the sound becomes 
steady. Perhaps the simplest experiment is that described by 
JConig". Two c" tuning forks mounted on resonance cases are 
prepared to give with each other four beats per second. If the 
graver of the forks be made to approach the ear while the other 
remains at rest, one beat is hat for each two feet of approach ; if, 
however, it be the more acute of the two forks which approaches 
the ear, one beat is gained in the same distance. A modification 

^ Theorie des fnxbigen Lichtes der Doppdstern©. Frag, 1642. So® Pisko, Dte 
nmeren Apparate der Ahutih. Wien, 1866.^ 

* Wien. Ber. Tin. 134. 1862. Forteehritte der Phyeih, Tin. 107. 

* Fogg. Ann. Lzn. p. 321. 

* Fogg. Ann. cxii. p. 66, 1861, and cxrx. p. 333. 

* ESnig’a Cafalogvr dee AppareiU d* Aremtique. Faria, 180.6. 



142 DOPPLER’S PRINCIPLE. [298. 

of this experiment due to l^faver^ may also be noticed. In this 
case one fork excites the vibrations of a second in unison with 
itself, the excitatioh being made apparent by a small pendulum, 
whose bob rests against the extremity of one of the prongs. If the 
exciting fork be at rest, the effect is apparent up to a distance of 
60 feet, but it ceases when the exciting fork is moved rapidly to 
or fro in the direction of the line joining the two forks. 

There is some difficulty in treating mathematically the problem 
of a moving source, arising from the fact that any practical source 
acts also as an obstacle. Thus in the case of a bell carried 
through the air, we should recfiiire to solve a problem difficult 
enough without including the vibrations at all. But the solution 
of such a problem, even if it could be obtained, woiild throw no 
particular Ijght^on Doppler’s law, and we may therefore advan- 
tageously simplify the question byridealizing the bell into a simple 
source of sound. 

In § 147 we considered the problem of a moving source of 
disturbance in the case of a stretched string. The theory for 
aerial waves in one dimension is precisely similar, but for the 
general case of three dimensions some extension is necessary, in 
order to take account of the possibility of a motion across the 
direction of the sound rays. From §§ 273, 276 it appears that the 
effect at any point 0 of a source of sound is the same, whether the 
source be at rest, or whether it move in any manner on the surface 
of a sphere described about '0 as centre. If the source move in 
such a manner as to change its distanep (r) from 0, its effect is 
altered in two ways. Not only is the phetse of the disturbance on 
arrival at 0 affected by the variation of ’distance, but the amplitude 
also undergoes a change. The latter complication however may 
be put out of account, if wh limit ourselves to the case in which 
the source is sufficiently distant. On this understanding we may 
assert that the effect at 0 of a distiprbance generated at time t and 
at distance ris the same as that of a similar disturbance generated 
at the time t + ht and at the distance r-^aBt In the case of a 
periodic disturbance a velocity of approach (v) is equivalent to an 
increase of frequency in the ratio a za + v, 

299. We will now investigate the forced vibrations of the 
air contained within a rectangular chamber, due to internal sources 
of sound. By § 267 it appears that the result at time t of an 

1 Phil. Mag. (4) um. p. 378, 1872. 
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initial condensation confined to the neighbourhood of the point 

R V, ? is 


0 = cos /cameos cos (q cos ...(1), 

where 



from which the effect of an impressed force may be tlednccc], 
as in § 276. The disturbance jjj fpi>dji}(2^d2 communicated at 
time If being denoted by jjj ^ (t") d{ dardydzy or <E>j {t') diy tlie 
resultant disturbance at time t is 

^ ^ 1 ) (’■ 

* 

cos cos ((£ COS j {f) cos Ka [t - 0 dt\., (3) . 

The symmetry of this expression with respect to sr.y y, z and 
f, i;, f is an example of the principle of reciprocity (§ 107). 


In the case of a harmonic force, for which (^') = A cos mai', 
we have to consider the value of 



cos wai' cos Ka (t — f') d( 


(4). 


Strictly speaking, this integral has no definite value ; but, if 
we wish for the expression of the forced vibrations only, we must 
omit the integrated function at the lower limit, as may be soon 
by supposing the mtroduction of very small dissipative forces. 
We thus obtain 


/: 


(« ) cos *a ; (to = A ^zrj^ ■ 


.(5). 


As might have been predicted, the expressions become infinite 
in case of a coincidence between the period of the source and one 
of the natural periods of the chamber. Any particular normal 
vibration will not be excited, if the source, be situated on one 
of its loops. '* 

The effect of a multiplicity of sources may readily be inferred 
by summation or integration. 
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300. When sound is excited within a cylindrical pipe, the 
simplest kind of excitation that we can suppose is by the forced 
vibration of a piston. In this case the waves are plane from 
the beginning. But it is impoii^ant also to inquire what happens 
when the source, instead of being uniformly diffused over the 
section, is concentrated in one point of it. If we assume (what, 
however, is not unreservedly true) that at a sufficient distance 
from the source the waves become plane, the law of reciprocity 
is sufficient to guide us to the desired information. 

Let A he a. simple source in an unlimited tube, B, B> two 
points of the same normal section in the region of plane waves. 
Ex hypoihesi, the potentials at B and R due to the source A 
are the same, and accordingly by the law of reci()rocity equal 
sources at B qnd B would give the same potential at A, From 
this it follows that the effect of any source is the same at a 
distance, as if the source were uniformly diffused over the section 
which passes through it. For example, if B and B were equal 
sources in opposite phases, the disturbance at A would bo nil. 

The energy emitted by a simple source situated within a 
tube may now be calculated. If the section of the tube be <r, 

and the source fiuch that in the open the potential due to it 

would be 

, A coaK(at — r) 

* = “47?- ■ r ** 

the velocity-potential at a distance within the tube will be 
the same as if the cause of the disturbance were the motion 
of a piston at the origin, giving the same total displacement, 
and the energy emitted will also be the same.'* Now from (1) 

27rr* ^ } .4 cos xat ultimately, 

and therefore if be the velocity-potential of the plane waves 
in the tube (supposed parallel to z), we may take 

tr = iA cos fe(at-~z) (2), 


corresponding to which 
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Hence, as in § 243, tlio energy eniitto<l on each sii?e of 
the source is given by 

dW / . flyjr\ pa A* , 

0^ 4cr' 

so that in the long run 

n— 


ho* 


.rtv 


If the tube bo stopped by an immovable piston place<l close to 
the source, the whole energy is emitted in one direction ; but 
this is not all. In consequence of the doubled pressure, twice 
as much energy as before is <levcl6pcd. ami thus in this case 


IV 


paA^ ^ 




The narrower the tube, the greater is the energy issuing from 
a given source. It is interesting to compare the efficiency of 
a source at the stopped end of a cylindrical tube with that of 
an equal source situated at the vertex of a cone. From § 280 
we liavo in the latter case. 





•00. 


so that : TF^ = g> : /cV (7). 

The energies emitted in the two cases are the same when o) = «V, 
that is, when the section of the cylinder is eriual to the area 
cut off by the cone from a sphere of radius 


301. We have now to examine how far it is true that vibra- 
tions within a cylindrical tube become approximately x>la>nc at a 
sufficient distance from their source. Taking the axis of z parallel 
to tho generating lines of the cylinder, let us investigate thci 
motion, whose potential varies as on the positive side of a 
source, situated at ^ = 0. If 0 be the potential and y* stand for 


oJ* (i* 

+ jyj , the equation of the motion is 


djL 


( 1 ). 


If 4* be independent of z, it ;represents vibrations wholly 
transverse to the axis of the cylinder. If the potential be then 
proportional to it must satisfy 

(V*+l>*)<^ = 0 (:!), 

10 


R. II. 
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as well as the condition that over the boundary of the section 


dn 


= 0 . 


( 8 ). 


In order that these equations may bo compatible, p is restricted 
to certain definite values corresponding to the periods of the 
natural vibrations. A zero value of p gives ^ = constant, which 
solution, though it is of no significance in the two dimension pro- 
blem, we shall presently have to consider. For each admissible 
value of jp, there is a definite normal function u of a; and y (§ 02), 
such that a solution is 

( 4 ). 

Two functions «, u', corresponding to different valilcs of j?, arc 
conjugate, ^ix make 

JJuu'djB dy = 0 (»■>), 

and any function of x and y may iJe expanded within the contour 
in the series 

4 > = -^."o + + (6), 

in which u^, corresponding to p = 0, is constant. 

In the actual problem may still be expanded in the same 
series, provided that &c. be regarded as functions of 

By substitution in (1) we get, having regard to (2), 

+ (*'- 1 '.’)^.} + - = 0 ( 7 )« 

in which, by virtue of the- conjugate property of the normal func- 
tions, each coefficient of u must vanish separately. Thus 

( 8 ). 

The solution of the first of these equations is 
A^ = 

giving 

^0 = ffo W- 


The solution of the general equation in A assumes a different 
form, according as is positive or negative. If the forced 
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vibration be graver in pi toll than the gravest of the purely trans- 
verse natural vibrations, every finite value of jj® is greater than 


or is always negative. Putting 

( 10 ), 

we have A = ae'*- + 

whence if> = (11). 


Now under the circumstances supposed, it is evident that the 
motion does not become infinite with s, so that all the coefficients 
a vanish. For a somewhat different reason the same is true of 
as there can be no wave in tlTc negative direction. We may 
therefore take 

= /3* Q 2), 

an expression which reduces to its first term when z is sufficiently 
great. We conclude that in all cases tin; waves ultimately become 
plane, if the forced vibration he graver than the gravest of the 
natural transverse vibrations. 

In the case of a circular C 5 dindcr, of radius r, the gi avest trans- 
verse vibration has a wave-length equal to 27rr - t- 1*841 = 3*4 13r 
(§ 339). If then the wave-length of the forced vibration exceed 
3*413r, the waves ultimately become plane. It may happen how- 
ever that the waves ultimately become 7 >Iano, although the \vn.ve- 
length fall short of the above limit. For example, if tlie source 
of vibration be symmetrical with respect to the axis of the tube, 
e.g. a simple source situaloil on the axis itself, the gravest trans- 
verse vibration with which wc should have to deal would be more 
than an octave higher than in the general case, and the wave- 
length of the forced vibration might have less than lialf the above 
valua 

From (12), when ^ = 0, 

= — itc/3^e^"^* — . . . 

az 

whence' 

(13), 

inasmuch as //m, da, fju^da, &c., all vanish. 

It appears accordingly that the piano waves at a .distance ara 
the same as would be produced by a rigid piston at the origin, 

10—2 
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giving the same mean normal velocity as actually exists. Any 
normal motion of which the negative and positive parts are equal, 
produces ultimately no effect. 

When there is no restriction on the character of the source, and 
when some of the transverse natural vibrations are graver than 
the actual one, some of the values of #c* — p* are positive, and then 
terms enter*of the form 

or in real quantities 

= I3u cos "" *1 (14*), 

indicating that the peculiarities of the source arc propagated to 
an infinite distance. 

The problem here considered ihay be regarded as a generaliza- 
tion of that of § 268. For the case of a circular cylinder it may 
be worked out completely with the aid of Bessel’s functions, but 
this must be loft to the reader. 


802. In § 278 we have fully determined the motion of the 
air due to the normal periodic motion of a bounding plane plate of 

infinite extent. If ^ be the given normal velocity at the ele- 
ment dS, 




( 1 ) 


gives the velocity-potential at any point P distant r from €?>Si. The 
remainder of this chapter is devoted to the examination of the 
particular case of this problem which arises when the normal 
velocity has a given constant value over a circular area of radius 
B, while over the remainder of the plane it is zero. In particular 
we shall investigate what forces dde to the reaction of the air will 
act on a rigid circular plate, vibrating with a simple harmonic 
motion in an equal circular aperture cut out of a rigid plane plate 
extending to infinity. 


For the whole variation of pressure acting on the plate we 
have (§ 244) 
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ivhere <r is the natural density, and varies as Thus by (1) 

m. 

In the double sum 

(3), 

which we have now to evaluate, each pair of elements is to be 
taken once only, and the product is to be summed after multipli- 
cation by the factor ?"'e "'*»•, depending on their mutual distance. 
The best method is that suggested*by Prof. Maxwell for the common 
potential. The quantity (3) is regarded as the work that would be 
consumed ir. the complete dissociation of the matter composing 
the disc, that is to say, in the removal of every element from the 
influence of every other, on the supposition that the potential of 
two elements is proijortional to r~^ I'hc amount of work 

required, which depends only on the initial and final states, may 
be calculated by supposing the operation performed in anyway 
that may be most convenient. For this purpose we suppose that 
the disc is divided into elementary rings, and that each ring is 
carried away to infinity before any of the interior rings are dis- 
turbed. 

The ^first step is the calculation of the potential (V) at the 
edge of a disc of radius c. Taking polar co-ordinates (p, 6) with 
any point of the circumference for pole, we have 

CCfi-iKa ricoosB 9 ri/r 

r=jj~pdpde=>j J {1 

This quantity must be multiplied by 2 ircdc, and afterwards 
integrated with respect to c between* the limits 0 and R, But 
it will be convenient first to effect a transformation. We have 

Z I g- 2 /iceoo 8 tf = Z I 0-2iice sin 0 ^0 

W j 0 

-If cos (2«c sin 0 ) sin 0 ) d 0 

^J,(z)^iK(z) ‘. (4), 

where e is written for 2 kc. (z) is the Bessel’s function of zero 

^ Theoxy of Besonaace. PhiU Tram, 1870. 



/; 


150 BBACTION OP AIR [302. 

order (§ 200), and ir(^) is a function defined by the equation 

Z" ~ f sin (a sin 6) d$ 

^ J Q 

•jr\ j 

Deferring for the moment the further consideration of the 
function K, we have 

r=J[A'(^)-.-{i-j;(^)}] (6), 

and thus 

^ f^zd, [K (z) ~i{l- J,iz)}l 
Now by ‘(6) § 200 and (8) § 204k 

zdz (z) — ZtT^ (z) (7) , 

0 

and thus, if bo defined by 

K,{z)^f%dzK(g) (8), 

•'0 

we may wtite 

dads' = < K, (2*ii) - (i - -(a). 

From this the total pressilre is deiived by introduction of the 

factor ^ , so that 
TT aa 

The reaction of the air on the disc may thus be divided into 
two parts, of which the first is proportional to the velocity of the 
disc, and the second to the acceleration. If ^ denote the dis- 
placement of the disc, so that f ^ ^ ^ ^ ' 

and therefore in the equation of motion of the disc, the reaction of 

j;(2 “ 


the air is represented by a fric^^onal force acr . irJB ^ . f f 1 — ^ 
retarding the motion, and by an accession to the inertia equal to 
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When kR is small, we Lave from the ascending scries for tf. 

(5) § 200, 

kR 1.2 1 ^ 6 + ••• 


SO that the frictional term is approximately 

.J aa . Tri?^ . K^Ii^ . f (12). 

From the natuic of the case tlic coeiliciont of ^ must be 
positive', otherwise tlie reaction of tlie air would tend to augment, 
instead of to rotaid, the mot Ion. That {z) is in lact always Ws 
than J z may be veridt'd as follovjjs If ^ lie Ix'tweon 0 and tt, and 
z be po.siti\e, sin .-in 0) — z sin 6 is negative, and theieioje also 

^ j" [sin [z sill 6) — z sin sin 6 dd 

is negative. But this integral is Avliich is accordingly 

negative for all positive values' of z. 


When kR is groat, {2kR) tends to vaiiisb, and then the 
frictional term becomes simply aar.irR^,^* This . result might 
have been expected; for when kR is very large, the wave motion 
in the neighbourhood of the disc becomes approximately plane. 
We have tlien by (d) and (8) § 245, dp = ap,»f, in which is the 
density (<r); so that the retarding force is rnrR^tp = aa-.irRr.^, 


We have now to consider the term representing an alteration 
of inertia, and among other things to prove that this alteration is 
an increase, or that (z) is positive. By direct integration of tho 
ascending scries (5) for K (which is always convergent), 

(®) “ ^ “ l»;3n ^ i* ,"3*76^7 ■" } 

When therefore kR is small, we may take as the expression for 
the increase of inertia 


8<r^" 

3 


<7, wJ?*. 


SR 

2^ 


(14). 


This part of the reaction of the air is therefore represented by . 
supposing the vibrating plate to carry with it a mass of air equal 
to that contained in a cylinder whQse base is the plate, and ivhoso 
SR 

height is equal to ^ ; so that, when the plate is sufficiently small, 

OTT 

the Tn^fta to be added is independent of the period of vibration. 
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Prom the series (5) for K («), it may be proved immediately 
that 

(>')■ 

" (*■■•■ i'®)- 

Prom the first form (15) it follows that 


a; W = JV w = I * - * (17). 

By meaus of this expression for we may readily prove that 

the function is always positive. Por 

s= sin ( 2 sin $)d6^^j cos (z sin 9) sin ^^^.,.(18) ; 

so that 

W ” ^ 9d9^ 

= — f sin* (J.5 sin 9) sin ^ (19), 


an integral of which every element is positive. When z is very 
large, cos (z sin fluctuates with great rapidity, and thus (z) 
tends to the form 



( 20 ). 


When s is great, the ascending series formic and IT^, though always 
ultimately conveigent, become useless for practical ealculation,and it 
is necessary to resort to other processes. It will be observed that 
the differential equation (16) satisfied by JC is the same as that 
belonging to the Bessel’s function with the exception of the 

2 

term on the right-hand side, viz. — . The function K is therefore 

*tfz 

included in the form obtained by adding to the general solution of 
Bessel’s equation containing two arbitrary constants any particular 
solution of (16). Such a particular solution is 

J7r.^(«)=z'^--^r®+l*.8*.»“*-l».8*.6».-s‘^+l*.3*.6*.7*.«“*-...(21), 

as may be readily verified on substitution. The series on the 
right of (21) notwithstanding its ultimate divergenoy,' may be 
used successfully for computation when z is great. It is in fact 
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the analytical equivalent of and we might take 

2 r* 

K {z) =" + Complementary Function, 

determining the two arbitrary constants by an examination of the 
forms assumed when z is very groat. But it is porliaps simpler to 
follow the method used by Lipschitz* for Bessel’s functions. 

By (4) we have 

J, (z) - i K{z) = “ f e-‘^«-hl0 = “ f ® (22). 

TTJo vl — V 

/ G™ (ho 

— : „ , v^horo la is a complex variable of 

V 1 + 10 

the form w*+iv. Boproscutiug, as usual, simultaneous pairs of 
values of u and v by the co-ordinates of a point, w'c see that the 
value of the integral will be zero, if the integration with respect 
to w range round the rectangle, whose angular points are respec- 
tively 0, //, h + i, i, w'hcre h is any real positive quantity. Thus 

io Vl + ia’* Vi + (/t + 10 }’* + (a + *}“ Vl — n* 

from which, if we suppose that A = cc , 

JoVl — V® ioVl + a® io Vl-f (a + i/ 

lleplacing uz by /S, we may write (23) in the form 

rTTr^-^ vsr 7^ 

The first term on the right in (24) is entirely imaginary; it 
therefore follows by (22) that Jtt (z) is the real part of tho 
second term. By expanding the binomial under the integral sign, 
and afterwards integrating by the formula 

/.%-<'/3v-*rf/3-r(2 + J). 

we obtain as the expansion for e7^ (z) in negative powers of 

“ v & 

+ >\/(i) •••} (2.5). 

* GreUe, Bd. hVL 1859. Lommel, Studien ilber die BeeteVtchen FuneUonen, p. 59. 
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By stopping the expansion after any desired number of terms, 
and forming the expression for the remainder, it may be proved 
that the, error committed by neglecting the remainder cannot 
exceed the last term retained (§ 200). 

In like manner the imaginaiy part of the right-hand member 
of (24) is the equivalent of — ^virK{z), so that 

JST (-g) = ^ - s"® + 1* . 3* . - 1* . 3* . 6* . s-T + I 

+ + 

« 

The value of (z) may now ho determined by means of (17). 
We find 

cfjST 2 / « 

+ } 

+ ■} 

3.5.7.9.11.1. 8.6.7 \ ' 

3».2.3.4.6.(8«)» j 

The final expression for {z) may bb put into the form 

2 

(«) = - {« + -S"*- + 1*. 8*. 6.sr» - 1». 3*. 6*. 7 + } 

.^( l»-4)(3«-4)(5«-4 )(7»--4) ) 

^ 1.8.3.4.(a5)^* ) 

_ ,_xfl*-4 (1*-4)(3*-4)(6*-4) . /oox 

Y |l.8« 1.2.3(8^)> J —(2S). 


It appears then that does not vanish when z is great, but 
approximates to | . s. But although the accession to the inertia^ 

^ As WM to be ezpeoied, the eeries witbin bradrets are the same as those that 
ooflor in the expieesion of the function 
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which is proportional to becomes infinite with it vanishes 
ultimately when compared with the area of the disc, and with the 
other term which represents the dissipation. And this agrees 
with what wo should anticipate from the theory of plane waves. 

If, independently of the reaction of the air, the mass of the 
plate be M, and the force of restitution be /zf, the equation of 
motion of the plate when acted on by an impressed force pro- 
jportional to will be 

f + - -'3r“) ...(2!)): 

or by (13), if, as will bo usual in practical applications, kR be 
small, 

(j/+ ^ + At f = /’. (30). 

Two particular cases of this problem deserve notice. First let 
M and /a vanish, so that the plate, itself devoid of mass, is subject 
to no other forces than F and those arising from aerial pressures. 
Since f = tlie frictional term is relatively negligible, and wo 
get when kR is very small, 

o<nri?. = (31). 

Next let M and fi be such that the natural period of the plate, 
when subject to the reaction of the air, is the same as that imposed 
upon it. Under these circumstances 

and therefore 

a<nr^.‘^.$ = F (32). 

Comparing with (31), we see that the amplitude of vibration is 
greater in the case when the inertia of the air is balanced, in the 
ratio of 16 : SttkR, shewing a large increase when,#ri2 is small. In 
the first case the phase of the motion is such that comparatively 
very little work is done by the force F; while in the second, the 
inertia of the air is compensated by the spring, and then F, being 
of the same phase as the velocity, does the maximum amount of^ 
work. 



CHAMER XVI. 


THEOllY OF BESONATOAS. 

303. In the pipe closed at ont end and open at the other we had 
an example of a mass of air endowed with the property of vibrating 
in certain definite periods peculiar to itself in more or loss com- 
plete independeiice of the external atmosphere. If the air beyond 
the open end were entirely without mass, tlie motion within tlie 
pipe would have no tendency to escape, and the contained column 
of air would behave like any other complex system not subject to 
dissipation. In actual experiment the inertia of the external air 
cannot, of course, be got rid of, but when the diameter of the pipe 
is small, the effect produced in the course of a few periods may bo 
insignificant, and then vibrations once excited in the pipe have a 
certain degree of persistence. The narrower the channel of com- 
munication between the interior of a vessel and the external 
medium, the greater does the independence become! Sucli 
cavities constitute resonatevs; in the presence of an external 
source of sound, the contained air vibrates in unison, and with an 
amplitude dependent upon the relative magnitudes of the natural 
and forced periods, rising to great intensity in the case of approxi- 
mate isochronism. When the original cause of sound ceases, the 
resonator yields back the vibrations stored up as it were within it, 
thus becoming itself for a short time a secondary source. The 
theory of resonators constitutes jm . important branch of our 
subject. 

As an introduction to it we may take the simple case of a 
stopped cylinder, in which a piston moves without friclion. On 
the further side of the piston the air is supposed to be devoid of 
inertia, so that the pressure js absolutely constant. If now the 
piston be set into vibration of very long period, it is clear that 
the contained air will be at any time very nearly in the equi- 
librium condition (of uniform density) corresponding to the 
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momentary position of the piston. If tlio mass of the piston bo 
very considerable in comparison with that of the included air, the 
natural vibrations resulting from a displacement will occur nearly 
as if the air had no inertia ; and in di*ri\ big the period from the 
kinetic and potential energies, the former may be calculated with- 
out allowance for the inertia of the air, and the latter as if tho 
rarefaction and condensation wore uniform. Under the circum- 
stances contemplated the air acts merely as a spring in virtue of 
^,its resistance to compression or dilatation; tho form of tlio contain- 
ing vessel is therefore immaterial, and the poiiod of vibration 
remains the same, provided the cajiacity ho not vaiii'd. 


Wlion a gas is compressed or I’arul’uMl, tlio moohanical value of 
the resulting displac(*mont is found hy niuliiplying each infinitesi- 
mal increment of volume by tlio correspond ing yircssure and 
integrating over the range rccpii”od. In tho present cast* it is of 
course only the difference of pressure on the two sides of the 
piston whioh is really operative, and this for a small change is 
proportional to the altt*ratioii of volume. Tho hole mechanical 
value of the sniall change is the same as if the expansion were 
opposed throughout by the mean, that is half tho final, pressure ; 
thus corresponding to a change (»f volume fVtmi H to h 
since = a'*p, 


\ 


ir 




H 


( 1 /. 


If A denote the area of the piston, J/its mass, and x its linear 
displacement, BS = Ax, an^l the cciuatiou of motion is 

x=^0 ( 2 ). 


indicating vibrations, whose ijoriodic time is 

( 3 ). 

Let us now imagine a vessel containing air, whose interior 
communicates with the external atmosphere by a narrow aperture 
or neck. It is not difficult to see that this system is capable of 
vibrations aimilftr to those just considered, the air in the neigh- 
bourhood of the aperture supplying, the place of the piston. By 
• Sufficiently increasing S, the period of the vibration may be made 
as long as we please, and we obtain finally a state of things in 
* Compare (12) $ 245. 
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which the kinetic energy of the motion may be neglected except 
in the neighbourhood of the aperture, and the potential energy 
may be calculated as if the density in the interior of the vessel 
were uniform. In flowing through the aperture under the operation 
of a difference of pressure on the two sides, or in virtue of its own 
inertia after such pressure h^ ceased, the air moves approximately 
as an incompressible fluid would do under like circumstances, 
provided that the space through which the kinetic energy is 
sensible be very small in comparison with the length of the wave^ 
The suppositions on which we are about to proceed are not of 
course strictly correct as applied to actual resonators such as are 
used in experiment, but they are near enough to the mark to afford 
an instructive view of the subject and in many cases, a foundation 
for a sufficiently accurate calculation of the pitch. They become 
rigorous only ih the limit when the wave-length is indefinitely 
great in comparison with the dimensions of the vessel. 

304*. The kinetic energy of the motion of an incompressible 
fluid through a given channel may be expressed in terms of the 
density p, and the rate of transfer, or current, X, for under the cir- 
cumstances contemplated the character of the motion is always 
the same. Since iT necessarily varies as p and as X*, we may put 

■-( 1 ). 

where the constant c, whicli depends only on the nature of the 
channel, is a linear quantity, as may be' inferred from the fact that 
the dimensions of are 3 in space an^ — 1 in time. In fact, if <f> 
be the velocity-potential, 

f * ■fi' * - ‘f// ♦ ^ 

by Green’s theorem, where the integration is to bo extended over 
a surface including the whole region through which the motion is 
sensibla At a sufficient distance on either side of the aperture, ^ 
becomes constant, and if the constant values be denote by and 
and the integration be now limited to that half of 8 towards 
which the fluid flows, we haW3 
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Now, S 1 I 1 C 6 witliin S ^ \s dotormiiicd liuos^rly by its surffico 

r r /7th '' '' 

values, J J dS, or A”, is proportional to (<f>^ - If we put 

X = c wo get as before 

2’= Jp 4 ; 

Fig. 58. 



The nature of tlu» cou^^iiiit c vill bo lx Uor uixlorstood by con- 
sidoiiiig tlio olo( ti i<*al problem, whose conditions me innthomatically 
identicEvl with tliose of Ih.d uud'T discussion. Let us suppose that 
tlie Hiiid is replact'd by uniformly conducting niat(»nal, aixl that the 
boundary of the chaniud or aperture is replaced by insulators. We 
know that if by battery po'vvcr or oth(*iwise, a diftereuc(3 of electric 
potential be maintained oh the two &ide.s, a steady current through 
the aperture of proportional magnitude will be generated. The 
ratio of the total current to the electi emotive force is called the 
condvKitlvity of the channel, and thus we see that our constant 
c represents simply this conductivity, on the supposition that the 
specific conducting power of the hypothetical substance is unity. 
The same thing may be otherwise expressed by saying that c is the 
side of the cube, whose resistance between opposite faces is the 
same as that of the channel. In the sequel we shall often avail 
ourselves of the electrical analog)% 

When c is known, the proper ^tone of the resonator can be 
easily deduced. Since 


( 2 ). 
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[304. 


the ec^uation of motion is 


Jf+^2r=o 

(3). 

indicating simple oscillations performed in a time 


T Sw -t- 

(4). 

If JV be the frequency, or number of complete 
executed in the unit time. 

vibiatioiH 



(3)- 

The wave-length X, which is the quantity most closely con- 
nected with the dimensions of the cavity, is given by 

11 

II 

(C). 


and varies directly as the linear dimension. The wave-length, it 
will be observed, is a function of tho size and shape of the 
resonator only, while the frequency depends also upon the nature 
of the gas ; and it is important to remark that it is on tho nature of 
the gas in and near the channel that the pitch depends and not on 
that occupying the interior of the vessel, for the inertia of the air 
in the latter situation does not come into play, while the com- 
pressibility of all gases is very approximately the same. I Thus in 
the case of a pipe, tho substitution of hydrogen for air in the 
neighbourhood of a node would make but little difference, but its 
'e{[ect in the neighbourhood of a loop would be considerable. 

Hitherto we have spoken of the chann'fel of communication as 
single, but if there be more than one channel, ^the problem is not 
essentially altered. The same formula for the frequency is still 
applicable, if as before we understand by c the whole conduc- 
tivity between the interior and exterior of the vessel. When the 
channels ore situated sufficiently far apart to act independently 
one of another, the resultant conductivity is the simple sum of 
those belonging to the separate channels; otherwise the resultant 
is less than that calculated by mere addition. 

If there be two precisely similar channels, which do not 
interfere, and whose conducti^ty taken separately is we have 

''-'''■‘svl w. 
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shewing that the note is higher than if there were only oin* 
chaunel in the nitio \ 1 , or by rather le.ss than a fifth— a law 
observed by Sondhauss and 2)ro\ed thciavtically by Helmholtz in 
the Ciise, where the olianiicis of coinniunicatiun consist of sini2)le 
holes in the infinitely thin sides of the reservoir, 

305. The investigation of the conductivity for various kinds 
of channels is an imjiortaiit part of the theory of resonators ; but 
in all except a very few Ciises the accurate solution of the pro])Iein 
is beyond the power of existing imitlieinatics. Some geiieial 
princiides thrownig light on the questnui may however he laiil 
down, and in many cases of interest an approx iniatt* solirtion, sutH- 
cient for ijractical purposes, inav lie obtained. 

We know (§§ 70, that the eneigy of a tluid fiowing 

through a eliaiinel cannot be gr(‘at«rtban that of any fictitious 
motion giMiig the same total cniicut. Hence, if the cliannel bi' 
narrowed ‘n any ^^ay, or anj*^ obstiuetion be intiodueed, the' c<»n- 
ductivity is thereby diinmbheil, because the altt‘ration is of tin' 
nature of an additional constiaiui. JJefon' the change tin* fiuid 
W'as free to adojit tlie <listHlmtion of ilow finally assniiKMl. In 
cases where a rigorous solution cannot be obtain<*d we may use tbo 
minimum projierty to estimate aninfeiior limit to tin' ronductivitx ; 
the energ^y calculated from a hj 2 )(»thetical law of How can iie\i‘r bo 
less than the tiuth, and must cx<H*ed it unless the hypi»thetical 
and the lictual motion coincide. 

Another general principle, which is of frequent use, may bo 
more conveniently stated, in electrical lunguago. The (piaiitity 
with which we are concenied is the conductivity of a certain con- 
ductor composed of matter of unit specific conductivity. Hio 
principle is that if the conductivity of any part of the conductor 
be increased that of the whole is increased, and if the conductivity 
of any part be diminished that of the whole is diminished, 
exception being made of certain very particular cases, whore no 
alteration ensues. In its passage tlirough a conductor electricity 
distributes itself, so that the energy dissipated is for a given total 
current the least possible (§ S'l). If now the specific resistance of any 
part be diminished, the total dissipation would be less than before, 
even if the distribution of currents remained unchanged. A 
furtwri will this bo the case, when the currents redistribute them- 
selves so as to make the dissipation a miniinum. If an infinitely 

11 


IL TI. 
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SIMPLE APERTURES. 
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thin lamina of matter stretching across the channel be made 
perfectly conducting, the resistance of the whole will be diminished, 
unless the lamina coincide with one of the undisturbed equipoten- 
tial surfaces. In the excepted case no effect will be produced. 

306. Among different kinds of channels an important place 
must be assigned to those consisting of simple apertures in un> 
limited plane walls of infinitesimal thickness. In practical appli- 
cations it is sufBcient that a wall be very thin in proportion to the 
dimensions of the aperture, and approximately plane within a* 
distance from the aperture large in proportion to the same 
quantity. 

On account of the symmetry on the two sides of the wiill, the 
motion of the fluid in the plane of the aperture must be normal, 
and therefore the velocity-potential must be constant; over the 
remainder of the plane the motioif must bo exclusively tangential, 
so that to determine </> on one side of the plane we have the 

conditions (a) 0 = constant over the aperture, (J3) = 0 over 

the rest of the plane of the wall, (y) if> = constant at infinity. 

Since we are concerned only with the differences of wc may 
suppose that at infinity vanishes. It will bo seen that conditions 
(J3) and ( 7 ) are satisfied by supposing 0 to be the potential of 
attracting matter distributed over the aperture ; the remt/inchir of 
the problem consists in determining the distribution of matter so 
that its potential may be constant over the same area. The 
problem is mathematically the same as that of determining the 
distribution of electricity on a charged, conducting plate situated 
in an open space, whose form is that of the qpertnro under con- 
sideration, and the conductivity of the aperture may be expressed 
in terms of the capeusity of the plate of the statical problem. If 
^ denote the constant potential in the aperture, the electrical 
resistance (for one side only) wiQ be 



the integration extending over the area of the opening. 

Now JJ ^ do- s« 2 jrx (whole quantity of matter distributed), 

and thus, if Jlf be the capacity, or charge corresponding to unit- 
potential, the total resistance is (wif Accordingly for the con- 



163 


306 .] ELLIPTIC APERTURE. 

ductivity, which is the reciprocal of the resistance, 

c = TriJ/ (1). 

So far as I am aware, the ellipse is tlie only form of aperture 
for which o or M can be determined theoretically*, in which case 
the result is included in the known solution of the probh'm of 
detoniiining the distiibutiou of chayrge on an ellipsoidal conductor. 
From the fact that a shell boumlcd by two conci'utric, similar and 
similaily situated ellipsoids exerts no force on an internal paiticle, 
it is easy to sec that the 8up<'rlicial density at any point of an ellip- 
soid necessary to give a constant potential is propoilional to tlio 
perpendicular (p) let fall fiom the^’ceutre ii]>on llie tangent piano 
at the point in (piestion. Tims if p bo the density, p=^icp\ tho 
whole quantity of matter Q Ls given by 

Qr^jjp dS ^A-jjp dS — iiTKahc (2),® 

p = 


lu tlie usual notation 

P = i* + 64 + o*> 

or, Biiice \ ^ ” 6“ ’ 

/r*‘ 

y-c-^-y 1--* 6» + V + h'' 


If we now suppose .that c is infinitely small, we obtain tho par- 
ticular case of an elliptic plate, and if we no longer distinguish 
between the two surfaces, we get 


^ 2iedb ' » <** ^ 


( 4 ). 


We have next to find tho value of tho constant potential (P). 
By considering the value of P at tho centre of the plate, we see 


that 




I The eM. of areaonatot with an elliptic apertnie was eonaMared hpBelmholti 
(Crelle, Bd. 67, 1860), whose reeult is equiralent to (8). 

• 2c being for the moment the third principal axis of the dlipeoid. 
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Integrating first with respect to r, we have 


pdr ss Q -f- 4a V(1 — d cos*^, 


t being the eccentricity ; and thus 

p ^ Fie) 

where F is the symbol of the complete elliptic function of the firs^ 
order. Putting Ps= 1, we find 

(5), 


as the final expression for the capacity of an ellipse, whoso semi- 
major axis is a and eccentricity i^ e. In the particular case of the 
circle, e = 0, f’(c) == Jw, and thus^for a circle of radius JB, 

c = 2P (6). 

If the capacity of the resonator be S, we find from (G) § 304 


-V©- 


The area of the ellipse (<r) is given by 
cr = TTa* (v/l — 

and hence in terms of a * 

1 1 2F(e) (!-«»>• 

c“2V W‘ 


When e is small, we obtain by expanding in powers of e pre- 
vious to integration. 


jr (e) = {l + ^ ^•+ + ...} (9), 


whence 


2F(.)( l-e«)i_ e* ^ ■ 

ir “ 64 64 


Neglecting ^ and higher \)owers, we have therefore 
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From this result we see that, if its eccentricity be small, the 
conductivity of an elliptic aperture is very nearly the samo as 
that of a circular aperture of equal area. Among various forms 
of aperture of given area there must be one "which has a minimum 
conductivity, and, though a formal proof might be difficult, it is 
ea^ to recognise that this can be no >other than the circle. An 
inferior limit to the value of c is thus always aftbrdeil by the con- 
ductivity of the circle of equal area, that is 2 when 

the true form is nearly circular, this limit may be taken as a close 
approximation to the real value. 

The value of \ is then given by 

,.-( 11 ). 

In order to shew how .*4lightly a moderate eccentricity affects 
tlic value of c, I have calculateJ the following short table ivitli the 
aid of Legendre’s values of F{e)n Putting c = 8ini^, wc have 
cos yfr as the ratio of axes, and for the conductivity 


c = 2 



TT 

2 /\/(co8 ^jr ) , F (sin ’ 



e = sin i/r. 

b : a -coHiff. 

2 /’(«)(! -«•)♦. 

0” 

•00000 

1-00000 

1-0000 

20" 

•34204 

‘ -93969 

10002 

.10" 

•60000 

. -86603 

10013 

40® 

•64279, 

•76604 

1-0044 

60® 

•76604 

•64279 

1-0122 

60® 

•86603 

•50000 

1-0301 

70® 

•93969 

•34202 

1-0724 

80® 

•98481 

•17365 

1-1964 

90® 

100000 

•00000 

00 


The value of the la.st factor given in the fourth column is the 
ratio of the conductivity of the ellipse to that of a. circle of equal 
area. It appears that even when the ellipse is so eccentric that 
the ratio of the axes is 2 : 1, the conductivity is increased by 
only about 8 per cent., which would correspond to an alteration 
of little more than a comma (§ 18) in the pitch of a resonator. 
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There seems no reason to suppose that this approximate inde- 
pendence of shape is a property peculiar to the ellipse, and we 
may conclude with some confidence that in the case of any mode- 
rately elongated oval aperture, the conductivity may be calculated 
from the area alone with a considerable degree of accuracy. 

If the area be given, there is no superior limit to c. For sup- 
pose the area <r to be distributed over n equal circles sufficiently 
far apart to act independently. The area of each circle is nT^ <r« 
and its conductivity is 2 (rnr) The whole conductivity is n 

times as great, and therefore ipcreases indefinitely with n. As a 
general rule, the more the opening is elongated or broken up, the 
greater will be the conductivity for a given area. 

To find a superior limit to the conductivity of a given aperture 
we may avail purselves of the pfinciple that any addition to the 
aperture must be attended by an increase in the value of c. Thus 
in the case of a square, we may be sure that c is less than for the 
circumscribed circle, and we have already seen that it is greater 
than for the circle of equal area. If b be the side of the square, 

The tones of a Venator with a square aperture calcul^ed from 
these two limits would differ by about a whole tone ; the graver of 
them would doubtless be \nuch the nearer to the truth. This 
example shews that even when analysis fails to give a solution in 
the mathematical sense, we need not be altogether in the dark as 
to the magnitudes of the quantities wilh which we are dealing. 

9 m 

In the case of similar orifices, or systems of orifices, c varies as 
the linear dimension. 

307. Most resonators used in practice have necks of greater or 
less length, and even when there is nothing that would be called a 
neck, the thickness of the side of the reservoir cannot always be 
neglected. We shall therefore examine the conductivity of a 
channel formed by a cylindrical boring through an obstructing 
plate bounded by parallel pl&nes, and, though we fiiil to solve the 
problem rigorously, we shall obtain information sufficient for most 
-practiced purposes. The thickness of the plate we shaU call L, and 
;the radios of the cylindrical channel R 
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Whatever the resistance of the channel may be, Fig. 60 . 
it will be lessened by the introduction of inhnitoly 
thin discs of perfect conductivity at A and B, fig. 59. 

The effect of the discs is to produce constant potential 
over their areas, and the problem thus inoilifiod is 
susceptiblo of rigorous solution. Outside A and B 
the motion is the same as that previously investi- 
gated, when the obstnicting plate is infinitely thin; 

^between A and B the flow is uniform. The resi.st- 
anco is therefore on the whole 

.L+ • 

whence c~ . (1). 

If a denote the com.'ctioii^ which must be added to L on 
account of an open end, 

a = j7ri2 (2). 

This coiTection is in general under the mark, but, when L is 
very small in comparison with i?, the assuniod luuiion coincides 
more and more nearly with the actual motion, and thus the value 
of a in (2) tends to become correct. 

A siperior limit to the resistance may be calculated from a 
hypothetical motion of the fluid. For this purpose we will 8U]>pose 
infinitely thin pistons intro<hicod at A and B, the effect of winch 
will be to make the normal velocity constant at those places. 
Within the tube the flow will be uniform as before, but for the 
external space we have a new problem to consider : — To determine 
the motion of a rfuid bounded by an infinite plane, the normal 
velocity over a circular area of the plane having a given constant 
value, and over the remainder of the plane being zero. 

The potential may still be regarded as due to matter distributed 
over the disc, but it is no longer constant over the area ; the density 

of the matter, however, being proportional to is constant. 

The kinetic energy of the motion 

the integration going over the area of the circle. 
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The total current through the plane 

, rfo- = ttI? ^ . 
an dn 


1307 . 


Hence 


2 kinetic energy ff(l>der 


an 


(current)^ 

If the density oT the matter be taken as unity, = 27r,.aiid 


P 

the requiicd ratio is expressed by » where P denotes the 

potential on itself of a circular layer of matter of unit density and 
of radius P. 


The simplest method of calculating P depends upoji the con- 
sideration* that it represents the, work required to break up tlic 
disc into infinitesimal elements and to remove them fiom each 
other's influence'. If we take pofar co-oidinates (p, 6), the polo 
being at the edge of the disc whose radius is a, wo have for tlio 
]3otential at the pole, V^ffd6dp, the limits of p being 0 and 
2a cos 0, and those of 0 being — and + Jtt. 


Thus r=4fa (3). 

Now let us cut off a strip of breadth da from the edge of the disc. 
The work required to remove this to an infinite dis^tance is 
27rada . 4a. If wo gradually pare the disc down to nothing and 
carry all the parings to infinity, we find for the total work by 
integrating with respect to a from 0 to P, 

3 ' 


The limit to the resistance (for one side) is thus ; we 
conclude that the resistance of the whole channel is less than 


16 


,(4). 


Collecting our results, we sec that 

1 A port of § 302 is repeated here for the sake of those who may wish to avoid 
tlie diffionliies of the more oomploto investigatioii. 

s This method of calculating P was suggested to the author by Professor 
Olcik Maxwell. 
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or in decimals, 


COKRECnOX TO LENGTH. 


169 


a > *785 R \ 
a < *849 723 


( 1 ). 


It must be observed that ct here denotes the correction for one 
end. The whole resistance corresjiouds to a length Jj + 2 ol of 
tube having the section 7 rR\ 


When L is very gretit in relation to 7?, we may take simply 


7r72* 


(7). 


In this case w'c have from (U)*§^804 
It 


(«). 


The correction for an open diid (^) is a function of L, coinciding 
with the lower limit, viz. \ir.Rf whiMi L vanishes. As L increases, 
a increases with it ; but does not, even when L is infinite, attain 


the superior limit R. For consider the motion going on in any 

middle piece of the tube. Tlie kinetic energy is greater than 
coiTcsponds nior(3ly to the length of the piece. If therefore the 
piece be removed, and the free cuds brought together, the motion 
otherwise continuing as before, the kinetic energy will be dimin- 
ished more than corrosiKjnds to the length of the piece subtracted. 
A fortiori will this be true of the real motion which >vould exist in 

g 

the shortened tube. That, when Zf = co , a does not become ; - - R is 

OTT 

evident, because the normal velocity at the end, far from being 
constant, as was tCssumed in the calculation of this result, must 
increase from the centre outwards ami become infinite at the edge. 


A further approximation to the value of a may bo obtained by 
assuming a variable velocity at the plane of the mouth. The 
calculation will be found in Appendix A. It appears that in the 
case of an infinitely long tube a cannot be so great as *82422 R, 
The real value of a is probably not far from *82 72. 


308. Besides the cylinder ijiere are very few forms of 
channel whose conductivity can be determined mathematically. 
When however the form is approximately cylindrical we may 
obtain limits, which are useful as allowing us to estimate the effect 
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of such departures from mathematical accuracy as must occur iu 
practice. 


An inferior limit to the resistance of any elongated and approxi- 
mately straight conductor may be obtained immediately by the 
imaginary introduction of an infinite number of plane perfectly 
conducting layers perpendicular to the axis. If a denote the area 
of the section at any point the resistance between two layers 
distant dx will be a^dx , and therefore the whole actual resistance 
is certainly greater than 

j<r*dx (1), 

unless indeed the conductor be truly cylindrical. 


In order to^find a superior limit we may calculate the kinetic 
energy of the current on the hypofhesis that the velocity parallel 
to the axis is uniform over each section. The hypothetical motion 
is that which would follow from the introduction of an infinite 
number of rigid pistons moving freely, and the calculated result is 
necessarily in excess of the truth, unless the section be absolutely 
constant. We shall suppose for the sake of simplicity that the 
channel is symmetrical about an axis, in which case of course tho 
motion of the fluid is symmetrical also. 


If U denote tho total cifrrent, we have ex hypotliesi for the 
axial velocity at any point x 


u — oT^U ...: ( 2 ), 

from which the radial velocity v is determined by the equation of 
continuity (6 § 238), 


dx 


0 . 


Thus 


TV = const - J 


or, since there is no source of fluid on the axis. 



BirPERIOR LIMIT. 


Tho kinetic energy may now be calculated by simple integra- 
tion: — 

J a*<r dj! — U'Ja'^d.r, 

jjv'-Znrdrdx = J,/ 

if y bo tlic radius of the channel at tho point x, so tliat <r = 7r/. 

w- 

This is the quantity which gives a superior limit to the resist- 
ance. The iirst t<u*iu, which corrcspnuds to tlio component velocity 
Uf is the same as that previously obtained for tho lower limit, as 
might have beoii foreseen. The dilferouce between the two, wdiicli 
gives tho utmost error involved in biking either of tliem as tho 
true value, is 


1 

Stt J y* \d,r 


In a nearly cylindneal channel is a small quantity and so 

the result found in this manner is closely ap2)roxiinat(». It is not 
necessary that the section sliould bo nearly constant, but oidy tliat 
it sliould vary sb)wly. 'i'he success of the aiqiroxiination in this 
and similar cases dci>eiids uim»u the fact that the quantity to bo 
estimated is at a minimum. Any reasonable apjmiximation to tho 
real motion will give a r<^sult very near tho truth acooixliiig to tho 
principles of the difiercutial calculus. 

By means of' the properties of tho potential and stream 
functions tho present problem admits of {ictual approximate 
solution. If and ^ denote the values of these functions at any 
point X, r; u,v denote the axial and transverse velocities, 

dS 1 d'dt d4> 1 d^ 




whence by elimination 


iP<l> 1 d4» t 

■j Ji + 1 Zj^ . 


d^ylr 1 d-^ . 


( 8 ). 
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If JF* denote the value of ^ as a function of x, 'when re; 0, the 
general values of ^ and may be expressed in terms of F by 
means of (7) and (8) in the series 


2* 2*.4“.C' 

■^““2 2* .'4 ■'■2’'T4*76“^4*r6*T8’’’ ■" 


where accents denote differentiation with respect to x. At the • 
boundary of the channel where r = y, is constant, say y/r^. Then 

’^‘”2 “2*74 + 2*. 4^“ 


is the equation connecting y and F. In the present problem y is 
given, and* wo have to express F by means of it. By successive 
a})proximation we'^obtain from (10) 

12.4*<te‘V»’/ 

The total stream is given by the integral 

and therefore the resistance bhtwcon any two ociuipotcnlial surfaces 
is represented by 

The expression for the resistance admits of considerable simpli- 
hcation by integration by parts in the case when the channel is 
truly cylindrical in the neighbourhood of the limits of integration. 
In this way wo find for the final resujt, 

resistance = J |l + ^ } 

y** denoting the differential coefficients of y vdth respect to x. 

It thus appears that the superior limit of the preceding 
investigation is in fact the correct result to the second order of 

. » Proceedings of the London Mathematical Society, VoL vn. No. «8. 
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approximation. If wc regard ^ as a function of ear, where is a 
small quantity, (12) is correct as far as terms containing to*. 


309. Our knowledge of the laws on whicli the pitch of 
resonators depends, is due to the lahoiirs of several exporimeutors 
and mathematicians. 


The observation that for a given moiithjiicoo the pilch of a 
resonator depends mainly upon the volume ^ is due to Jascovius, 
who found that the pitch of a flask partly filled with water was 
not altered when the flask was inclined. This result was con- 
firmed by Sondhauss\ The latter obsener found fuithcr, that in 
the case of resonators without necks, the influence of the aperture 
depended mainly upon its aiea, althoiigl) when the shape w.ss vi‘ry 
elongated, a certain lise <if pitch i hmumI. lie ga\e the formula 

-V --iJO" (I). 


tlie unit of length being tin* millimetn'. 

The ihcori/ of this kind <»f resonator we <jw’(‘ to llelniholtz* 
whose formula is 




2i„‘ 


,S'- 


( 2 ). 


a])]>lic«aple to circular apertures. 


For flasks with long necks, Sondliau^^s ’ found 

40703 

i’ ,S'i 


(3). 


corresponding to the theoretical 

a <j' 


,(4). 


In practice it does not often happen either tliat the neck 
is so long that the correction for the open ends can bo neglected, 
as (4) supposes, or, on the other liand, so short that it can 
itself be neglected, as supposed in (2). Wortheim* was the first 

1 Uobor den Bnuumkreiscl und das Sohwingnngsgosetz der eubisdicu Pfeifeu. 
Pogg. Arm, lzxxi. 

■CteUe,Bd.Lvn. 1—72. 1860, 

> Ueber die Schallsohwiugangen der Lnft in erhitzten OlasrOhrennndingcdcck- 
ten Pfeifen von nncdei<dier Weite. Pogg, Ann. lxxxx. 1850. 

* M5moire sor Ics vibxafions sonores de Pair, Ann. d, Chlm. (3) xxxi. 
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to shew that the effect of an open end could be represented by 
an addition (a) to the length, independent, or nearly so, of L 
and X. 

The approximate theoretical determination of a is duo to 
Helmholtz, who gave \irR as the correction for an open end 
fitted with an infinite fiange^ His method consisted in inventing 
forms of tube for which the problem was soluble, and selecting 
that one which agreed most nearly with a cylinder. The cor- 
rection i ttB is rigorously applicable to a tube whose radius at the , 
open end and at a great distance from it is B, but which in the 
neighbourhood of the open end bplges slightly. 

From the fact that the true cylinder may be derived by in- 
troducing an obstruction, we may infer that the result thus obtained 
is too small. 

It is curious {hat the process followed in this work, which was 
first given in the memoir on resonance, leads to exactly the same 
result, though it would be difficult to conceive two methods more 
unlike each other. 

The correction to the length will depend to some extent upon 
whether the flow of air from the open end is obstructed, or not. 
When the neck projects into open space, there will be less ob> 
struction than when a backward flow is prevented by a flange as 
supposed in our approximate calculations. However, the un- 
certainty introduced in this way is not very important, and we 
generally take a = ^ irlt as a sufficient approximation. In 
practice, when the necks arc short, the •hypothesis of the flange 
agrees pretty well with fact, and when the necks are long, the 
correction is itself of subordinate importance. 

The general formula will then nm 

S(L+Ij^) 

where ir is the area of the section of (he neck, or in numbers 

+ 

A formula not differing muc&i from this was given, as the em- 
bodiment of the results of his measurements, by Sondhauss^ who 


Pogg, Atm, czl. 68, 819. 1870. 
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at the same time expressed a conviction that it was no mere 
empirical formula of interpolation, but the expression of a naturnl 
law. The theory of resonators with necks was given about the 
same time* in a memoir ‘on Resonance’ published in the Philo- 
sophical Transactions for 1871, from which most of the last few 
pages is derived. 

310. The simple method of calculating the pitch of resonators 
with which we have been occupietl is applicable to the gravest 
mode of vibration only, the cbaracto of which is quite distinct. 
Tlie overtones of resonators w'ith contracted necks are relatively 
very high, and the corresponding inodes of vibration are by no 
means independent of the inertia of the air in the interior of the 
reservoir. Tlie character of these inodes will be more evident, 
when we come to consider the vibrations of air withip a com- 
pletely closed vessel, such as a sjdiere, but it will rarely happen 
that the pitch can be calculated theoretically. 

There arc, however, cases of multiple resonance to which our 
theory is applicable. These occur when two or more vc‘S«el8 coin- 
inuiiicato by channels with efich other and with the external air; 
and are readily treated by Lagrange’s methoil, pro vi< loti of course 
that the wave-length of the vibration is suflioiontly largo in com- 
parison with the dinieiisioiis of the vessels. 

Suppose that there art; two rcs(*rvoirs, S, S\ conirnimicating 
with each other anti with tin; external air hy narrow passages or 

Fig. CO. 



necks. If we were to consider SS' as a single reservoir and apply 
our previous formula, we should be led to an erroneous result; for 
that formula is founded on the assumption that within the reservoir 
the inertia of the air may be left out of account' whereas it is 
evident that the energy of the motion through the connecting 
passage may he as great as through the two others. However, an 
^ Proceedings of the Itoyal Society f Kov. 24, 1870. 
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investigation on the same general plan as before meets the case 
perfectly. Denoting by X^, X^ the total transfers of fluid 
through the three passages, we have as in (2) § 304 for the kinetic 
energy the expression 




( 1 ). 


and for the potential energy, 

( 2 ). 

An application of Lagrange^ method gives as. the differential 
equations of motion. 


By addition and integration, 

X X X 

-'‘ 4 -™*+ -» = 0 

Cx c, G. 

Hence on elimination of X^, 




.(4). 


^.+l- 


t-»l 


[(c. + cJJSr. + ^^«A'J 

I.-", 


( 5 ). 


Assuming X^ = Ae^^, X^ = Be^, we obtain on substitution 
and determination of A : B, 

y +p*a* J + + c, (Cj + cjj =0. . .(6), 


as the equation to determine the natural tones. If JV* be the 
frequency of vibration, N* = — , the two values of p* being of 

course real and negative. The formula simplifies considerably if 
c, = c„ but it will be more instructive to work out this 

case from the beginning. Let c, s« Cj = mc^ » mo. 
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The differential equations take the form 

^1 50 + = 0 

wliilo from (t) . 

Ilonco 

(A' + A7^ 'J’o« + 2),A’ h.Y.> = o] 

(A>A'.) 

J 


TIu' whole motion miy he iu^o two pnis. 

these 


For tlio first of 




wliicli ioqnii(‘-> th.it .V^ — 0. Tlu* motion is theri'loie tho s.amo as 
inli>lit t‘iko |>kic(‘ A\oH' llie cennimnic.itioii hetwoeii *S and >S' <‘ut 
olf, and has its tnsjueucy gi\cii hy 


l-7r^#S' l*7r%V ' 


/lO). 


Tho d(‘iisity of tho air is the &ani • in both jcsei\oii*s. 


Foi tho other componout pail, — X ^ — 0, so that 


o V 

.T 


a’ (tn + 2) 0 
t7r">S * 


.(II). 


The vibrations are thus op|K)se<l in phase. The ratio of frequencies 
is given by A’''* : = wi + 2 : wi, showing that tho second mode 
lias the shorter period. In this mode of vibration tho connecting 
passage acts in some nieasiiro as a second opening to both veswols, 
and thus raises the pitch. If the passage be contracted, tho iriteival 
of pitch between the two notes is small. 

A particular case of the general formula worthy of notice is 
obtained by putting c, = 0, which amounts to suppressing one of 
the communications with tho external air. We thus obtain 


R. II. 


..( 12 ), 

12 
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L3l 

0^, if 

iSfsBjSr, CjamCgsmc, 



4 . * • + 2) c . a*m 0* ^ 

p + «y ig— + 

(13). 

whence 

•W™ = ^^l*« + 2±'S^(w*+4)} 

(14). 


If we further suppose m = 1, or c, == c^, 

If N* be the frequency for a simple resonator (<S^, c), 


and thus. N' : N’* = = 2-618, 


N'‘-.N'=‘ s-^ = 2-618. 

* 3 — 

It appears that the interval from to N' is the same as from 
N' to namely, V(2*C18) « 1*618, or rather more than a fiftb. 
It will be found that whatever the value of m may be, the interval 
between the two tones cannot bo less than 2*414, which is about 
an octave and a minor third. The corresponding value of 7ii is 2. 

A similar method is applicable to any combination, however 
complicated, of reservoirs* and connecting passages under the 
single restriction as to the comparative magnitudes of the reser- 
voirs and wave-lengths ; but the example just given is sufficient 
to illustrate the theory of multiple resonance. A few measure- 
ments of the pitch of double resonators are dbtailed in my memoir 
on resonance, already referred to. 

.311. The equations which we have employed hitherto take 
no account of the escape of energy from a resonator. K there 
were really no transfer of. energy between a resonator and the 
external atmosphere, the motion would be isolated and of little 
practical interest; nevertheless the characteristic of a resonator 
consists in its vibrations being in great measure independent. 
Vibrations, once excited, will continue for a considerable number of 
periods without much loss of energy, and their frequency will .be 
almost entirely independent of the rate of dissipation. The rate 
of dissipation is, however, an important feature in the character 
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of a resonator, on which its behaviour under certain circumstances 
materially depends. It will bo understood that the dissipation 
here spoken of means only the escape of energy from the vessel 
and its neighbourhood, and its ditliision in the surrounding 
medium, and not the transformation of ordinary energy into heat. 
Of such transformation our ecjuatioiLi take no account, unless 
special terms be introduced for the puri)ose of representing the 
effects of viscosity, and of the conduction and rniliation of heat. 


i;i. 



In a previous chapter (§ 278) we saw how to express the motion 
on the right of the infinite flange (Fig. 01), in terms of the normal 
velocity of the fluid over the disc A, Wo found, § 278 (3), 


I l{d4»e-y 

27rJJ (in ?• 


da, 


where 0 is proportional to 


If be the distance between any two points of the disc, xr is a 
small quantity, and e”**** = 1 — approximately. 


Thus 




1 / rr ^ ^ 
Stt \JJ dn r 



( 1 ). 


The first term depends upon the distribution of the current. If 
we suj>poi^ that is constant, we obtain ultimately a term repre- 
senting an increase of inertia, or a correction to the length, 
8jB 

equal to g— . This we have already considered, under the 

supposition of a piston at A, The second term, on which the 
dissipation depends, is independent of the distribution of current, 

12—2 



BATE OF DISSIPATION. 


being a function of the total current (^) only. Confining our 
attention to this term, we have 

, t/c jSt . 


Assuming now that ^ oc we have for the part of the varia- 
tion of pressure at A, on wlfich dissipation depends, 

( 3 ). _ 

The corresponding work done during a transfer of fluid is 
2 ^^ since, as in § 304>, the expressions for the potential 

and kinetic energies arc 

F=4pa*^‘. (4). 

the equation of motion (§ 80) is 

^ + + 

in place of (3) § 304. In the valuation of c an allowance must bo 
included for the inertia of the fluid on the right-hand side of A, 
corresponding to the term omitted in the expression for Sp, 

Equation (5) is of the standard form for the free vibrations 
of dissipative systems of one degree of freedom (§ 45). The 

n^ct 

amplitude varies as e" *>ra , being diminished in the ratio e : 1 
after a time equal to . If the pitch (determined by n) be 

given, the vibrations have the greatest persistence when c is 
smallest, that is, when the neck is most contracted. 

If S be given, we have on substituting for c ite value in terms 
of 8 and n, 

4i'rra _ 47r»® 

\y)t 

n G n o 

shewing that under those circumstances the duration of the motion 
increases rapidly as n diminishes. 

In the case of similar resonators c oc n^, and then 
47ro 1 
nc n 

^ Equation (6) is only approximate, inasmuch as the dissipative force is calcu- 
lated on the supposition that the vibration is permanent; but this will lead to no 
material error when the dissipatian is sm a l Tr 



NUHEBICAL EXAMPLE. 


181 


which shews that in this ease the same ptoportional loss of 
amplitude always occurs after the lapse of the same number of 
periods. This result may be obtained by the method of di- 
mensions, as a consequence of the principle of dynamical 
similarity. 

As an examjde of (a), I may refet to the case of a globe with 
a neck, intended for burning phosphorus in oxygon gas, whoso 
capacity is '251 cubic feet. It was found by experiment that the 
note of maximum resonance made 120 vibrations per second, 
so that w = 120 X 27r. Taking the velocity of sound (a) at 1120 
feet per second, we find from these data 

- T/r = “ of a second nearly. 

Judging from the sound produced when tlm globe Is struck, 
J tbink that this estimate must be too low; but it slmuld be 
observed that the absence of Jie infinite flange a.ssunicd in the 
theory must influence very materially the rate of dissipation. 

We will now examine the forced vibrations due to a soiirco 
of sound external to the resonator. If the pressure. Bp at the 
mouth of the resonator duo to the source, i.e. calculated on the 
supposition that the mouth is closed, be the equation of 

motion correspoiuliiig to (5), but applicable to the forced vibra- 
tion only; is 

e X + Pp X + .Y = (7). 

c 27r 6 ^ ' 


It' X = where X^ is real, 

pVX* U cj'^ [iir) ’ 

The maximum variation of pressure (G) inside the resonator 
is connected with X^ by the equation 


0--P^ 

ij 


since X^-^S is the maximum condensation. 


« 


which agrees with the equation obtained by Helmholtz for the 
case where the communication with the external air is by a 
simple aperture (§ 306). The present problem is nearly, but not 
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quite, a case of that treated in § 46, the difference depending 
upon the fact that the coefficient of dissipation in (7) is itself 
a function of the period, and not an absolutely constant quantity. 
If the period, determined by k, and B be given, (9) shews that 
the internal variation of pressure ( (7) is. a maximum when c = t^B, 
that is, when the natural /lote of the resonator (calculated with- 
out allowance for dissipation) is the same as that of the generating 
sound. The maximum vibration, when the coincidence of periods 
is perfect, varies inversely as B \ but, if B be small, a very slight 
inequality in the periods is sufficient to cause a marked falling 
off in the intensity of the resonance (§ 49). In the practical 
use of resonators it is not advantageous to carry the reduction 
of B and c very far, probably because the arrangements necessary 
for connecting the interior with the ear or other sensitive ap- 
paratus involve a departure from the suppositions on which the 
calculations are founded, which becomes more and more important 
as the dimensions are reduced. 'When the sensitive apparatus 
is not in connection with the interior, as in the experiment of 
reinforcing the sound of a tuning-fork by means of a resonator, 
other elements enter into the question, and a distinct investigation 
is necessary (§ 319). 

In virtue of the principle of reciprocity the investigation of the 
preceding paragraph may be applied to calculate tho effect of a 
source of sound situated in the interior of a resonator. * 

312. We now pass on to tho further disciission of tho problem 
of the open pipe. We shall suppose that the open end of the 
pipe is provided with an infinite flange, and that its diameter 
is small in comparison with the wave length of the vibration 
under consideration. 

As an introduction to the question, we will further suppose 
that the mouth of the pipe is fitted with a freely moving piston 
without thickness and mass. Tho preceding problems, from 
which the present differs in reality but little, have already given 
us reason to think that the presence of the piston will cause 
no important modification. Within the tube we suppose (§ 255) 
that the velocity-potential is 

0 = ( A cos kx-^-B sin ku^ (1), 

where, as usual, k = 27r\"^ « na^. At the mouth, where » = 0, 




( 2 ). 
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On the right of the piston the relation between and 
is by § 302 



/M ‘ <’)■ 


R being the radius of the pijie. From this the solution of the 
problem may be obtained without any restriction as to the 
smallness of kR : since, however, it is only when tcR \a small 
tthat the presence of the piston would not materially modify 
the question, we may as well have the benefit of the simplification 
at once by taking as in (1) § 311 




3' 


(4). 


Now, since the piston occupies no space, the values of 

in list be the same on both shies of it, and since there is no mass, 
the like must bo true of the values of Thus 


il<T= kB 


SR^ ,iC7r/2^1 
--3' + *- 3 1 


. „( SkR , ... 

^ = + 


Substituting in (1), we fiml on rejecting the imaginary part, 
and putting for brevity 2? = 1, 

^ = |sin KX — COP /ta?! cos nt — cos kx sin nt (6). 

In this expression the term containing sinni depends upon the 
dissipation, and is the same as if there were no piston, while that 

involving represents the effect of the inertia of the external 

OTT 

air in the neighbourhood of the mouth. In order to compare with 
previous results, let a be such tliat 
SkR 

mLKX — Q— - cos ica; = sin ^c(aj — a) ; 

OTT 

then, the squares of small quantities being neglected, 

8B . 


'Stt 


and 


^ =sin *(»- a) oos «< - Js^JPeos *«8in b<. 


..( 7 ), 

,.( 8 ). 
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These formulss shew that, if the dissipation be left out of account, 
the velocity-potential is the same as if the tube were lengthened 

g 

by ^ of the radius, and the open end then behaved as a loop. 


The amount of the correction agrees with what previous investi- 
gations would have led us «to expect as the result of the intro- 
duction of the piston. Wo have seen reason to know that the 

true value of a lies between and and that the presence 

of the* piston docs not affect the term representing the dissipation. 
But, before discussing our rcsuljis, it will be advantageous to in- 
vestigate them afresh by a rather different method, which besides 
being of somewhat greater generality, will help to throw light on 
the mechanics of the question. 


313. *For ihis purpose it will bo convenient to shift the origin 
in the negative direction to such a. distance from the mouth that 
the waves are there approximately plane, a displacement which 
according to our suppositions need not amount to more than a 
snudl fraction of the wave-length. The difficulty of the question 
consists in finding the connection between the waves in the pipe, 
which at a sufficient distance from the mouth are plane, and the 
diverging waves outside, which at a moderate distance may be 
treated as spherical. If the transition take place withiq a space 
small compared with the wave-length, which it must evidently 
do, if the diameter be small chough, the problem admits of solution, 
whatever may be the form of the pipe, in the neighbourhood of 
the mouth. 


Fig. 63. 



At a point P, whose distance from is moderate, the velocity- 
potential is (§ 279) 


( 1 ). 
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dr 


-- (l + iKr) 


,(2). 


Lot US consider the behaviour of tlio mass of air inclutlod be- 
tween the plane section at 0 and a hemisplierical surface whose 
centre is A, aud radius r, r being large in comparistui with the 
diameter of the pipe, but small in eonipaiison with the wave- 
length. Within this space the air must move appr()\iuiatelY as an 
iTiooiiipressible fluid would do. Now the ciirieut aiaoss the hemi- 
spherical surfaci* 

= = — 27rA\\ -h iK,')c' ' ^ *"' - — 2irA'u (3), 

if the stpiaiv* of Kr be neglected. 


11) as before, we take for the veh>< ity-polentl.d williiu the pipe 

(f> ~ {A cos K.C + is sill Ke)G''*^ ( t), 

wo have for the current across the section at <>, 


and thus 


•'( 2 ).-""*'" 

tTKlS^-tirA' ((J). 


This is the first condition ; the second is t«> be found from the 
consideration that the total current (wliosc two values have just 
been equated) is proportional to the difference of potential at the 
terminals. Thus, if c denote the conductivity of the passage be- 
tween the terminal surfaces. 


or 


c r 


,( 7 ). 


On substituting for A* its value from (G), we have 

- ^ = T/tZ? g + * |i + i . 

In this expression the second term is negligible in comparison with 
the first, for c is at most a quantity of the same order as the radius 
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of the tube, and when the mouth is much contracted it is smaller 
stilL Thus we may take : 

+ ( 8 ). 


Substituting this in (4), we have for the imaginary expression of 
the velocity-potential within the tube, if B be put equal to unity, 

^ = |sin icaj -I- i cos kx | 

or, if only the real part be retained, 

^ = jsin xoj — ^ cos ica;| cos nt — ^ cos kx sin nt (9). 

Following Helmholtz, wo may simplify our results by introducing 
a quantity a defined by the equation 

taniea= ^ (10). 

Thus 

, 8in«(aj — a) . t^tr . . 

® = ^ cos nt — TT- cos Kxsmnt (11), 

^ cos Ka 27r 

and the corresponding potential outside the mouth is 

'^ = “-^.cos(w«~w) --(IS). 

If It be the radius of the tube, wc may replace a by ttT?*. 

When the tube is a simple cylinder, and the origin lies at a 
distance AL from the mouth, we know that ao'^=* AL + fiR, where 
/i is a number rather greater than tt. In such a case (the origin 
being taken sufficiently ncaa: the mouth) #ca is a small quantity, 
and therefore from (10) 

a = ^ = 42 i+At£ (18). 

At the same time cos^jc may be. identified with unity. 
The principal term in involving cosn^, may then be calcu- 
lated, as if the tube were prolonged, and there were a loop at a 
point situated at a distance fiB Ji>eyond the fustual position of the 
mouth, in accordance with what we found, before. These results, 
approximate for ordinary tubes, become rigorous when the diameter 
is reduced without limit, friction being n^lected. 
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313.] 

If there be no flange at A, the value of c is slightly modified 
by the removal of what acts as an obstruction, but the principal 
effect is on the term representing the dissipation. If wo suppose 
as an approximation that the waves diverging from A are spherical, 

wo must take for the cuirent 47rr* instead of 27 rr® , The 

.or dr 

ultimate effect of the alteration will bo to halve the expression for 
the velocity-potential outside the mouth, as well as the corre- 
sponding second term in (involving sin n^). Tlie amount of 
dissipation is thus seen to depend materially on the degree in 
which the waves are free to diverge, and our analytical expressions 
must not be regarded as more than rough cst imates. 

The coiTect theory <;f the open organ-pipe, including equations 
(11) and (12), was discovered by Hclinliolt//, whose melhofl, 
however, differs considerably from that here adopte<l. The 
earliest solutions of the problem by Lagrange, D. Bernoulli, and 
Euler, were founded on the assumption that at an open end 
the pressure could not vary from that of the surrounding atmo- 
sphere, a principle which may perhaps even now be considered 
applicable to an end whose openness is ideally perfect. The fact 
that in all ordinary cases energy escapes is a proof tliat tlioro is 
not anywhere in the luj^o an absolute loop, and it might have been 
expected that the inertia of the air just outside the mouth would 
liave the effect of an iucrease in the length. The positions of the 
nodes in a souinling pipe were investigated experimentally by 
Savart® and Hopkins'**, with the result tliat the interval hetwoen . 
the mouth and the nearest node is always less than the half of that 
separating consecutive nodes. 

314. Experimental determinations of the correction for an 
open end have generally been mado without the use of a flange, 
and it therefore becomes important to form at any rate a rough 
estimate of its effect. No theoretical solution of the problem of 
an unflanged open end has hitherto been given, but it is easy to 
SCO that the removal of tho flango will reduce the correction 
materially below the value *82 R (Appendix A). In tho absence 
of theory I Lave attempted to determine the influence of a flange 

1 CreUe, Bd. 67, p. 1. I860. 

® Rcoherches sur Ics vibrations do Fair. Ann. d. Chintz t. xxiv. 1823. 

® Aerial vibrations in oyliudiical tubes. Cambridge Transaetiom, Vol. v. 
P. 231. 1833. 
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experimentallj'. Two organ-pipes nearly enough in unison with 
one another to give countable beats were blown from an organ 
bellows; tho effect of the flange was deduced from the difference 
in the frequencies of the beats according as one of the pipes was 
flanged or not. The correction due to the flange was about •2/J. 
A (probably more trustworthy) repetition of this experiment by 
Mr Bosanqiiet gave •23ii. If we subtract *221? from •82Ii, wc 
obtain SB, which may be regarded as about the probable v!ilu(» of 
the correction for an unflanged open end, on tho supposition that * 
tho wave-length is great in comparison with the diameter of the 
pipe. . 

Attempts to determine the correction entirely from experiment 
Lave not led hitherto to very precise results. Meastirements by 
Wertheim* on doubly open pipes gave as a mean (for each end) 
•()C3i2, while fqp pipes open at on^ end only the mean result W'as 
*746 -B. In two careful experiments by Bosanqiiet’ ou doubly 
open pipes the correction for one end was *635 B, when \ = 1 2 B, 
and *543 B, when X =» 30 72. Bosanquet lays it down as a goiuu’al 
rule that the correction (expressed as a fraction of B) increases 
with tho ratio of diameter to wave-length; part of this inereaso 
may however be duo to the mutual reaction of the ends, which 
causes the plane of symmetry to behave like a rigid wall. Wlnm 
the pipe is only moderately long in proportion to its diameter, a 
state of things is approached which may be more nearly repre- 
sented by the presence than by the absence of a flange. Tho com- 
parison of theoiy and observation on this subject is a matter of 
some difficulty, because when the correction is small, its value, as 
calculated from observation, is affected by uncertainties as to 
absolute pitch and the velocity of sound, while, for tho case, when 
tho correction is relatively larger, which experiment is more com- 
petent to deal with, thcro is at present no theory. Probably a more 
accurate value of the correction could be obtained from a resonator 
of the kind considered in § 306, where the communication with 
the outside air is by a simple aperture; the “length” is in that 
case zero, and the “ correction ” is everything. Some measurements 
of this kind, in which, however, no great accuracy was attempted, 
will be found in my memoir on resonance \ 

2 FAil. Mag. (5) xn. 466. 1877. 

* Awn. d. Chim. (3) t. zxxi. p. 894. 

• Phil. Mag. (5) it. p. 219. 1877. 

‘ 4 Phil. Tram. 1871. See al&o Sondhaus*!, Pogg. Ann. t 140, 63, 219 (1870), aud 
aome remarks thereupon hy myself {Phil. Ma^., Sept. 1870). 
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Various methods have heen used to determine the pitcli of 
resonators experimentally. Most frecpiently, perhaps, the rcsonatoi*s 
have been made to speak after the manner of or^jm-pipes by a 
stream of air blown oblitpiely across their mouths. Although good 
results have been obtained in this way, our ignorance as to the 
mode of action of the wind renders tko method uiisatisffictory. In 
Bosanquet’s experiments the pipes were not actually made to 
speak, but short discontinuous jets of air wore blown across the 
open end, the pitch being estimated from the free vibrations as 
the sound died away. A method, similar in principle, that I have 
sometimes employed with advantage consists in exciting free vibra- 
tions by means of a blow. In order to obtain well defined a note 
as possible, it is of importance to accommodate the hardness of the 
substance with which the resonator comes into contact to the pitch, 
a low pitch requiring a soft blow. Thus the y>itch of si test-tiiho 
may be detenuinod in a moment by striking it against the bent 
knee. 

In using this method wc ought not entirely to overlook the 
fact that tlio natural pitch of a vibrating bod}*^ is altered by a 
term <lcpeiiding upon the scpiare of the <lissipation. With tho 
iKjtation of § lo, the fre<pioncy is diniinishod from 71 to 
V (1 — J or if a: he the inimbei* of vibrations executed while 

the amplitude falls in the ratio e : 1, from n to 

" (* “ Sttv) ■ 

The correction, however, would rarely be worth taking into 
account. 

The inoasuronr^ents given in my memoir on resonance were 
conducted upon a different principle by estimating tho note of 
maximum resonance. The car was placed in communication with 
the interior of the cavity, while the chromatic scale was sounded. 
In this way it was found possible with a little practice to estimate 
the pitch of a good resonator to about a quarter of a semitone. In 
the case of small flasks with long necks, to which the above method 
would not be applicable, it was found sufficient merely to hold the 
flask near the vibrating wires of a pianoforte. The resonant note* 
announced itself by a quivering of »the body of the flask, easily per- 
ceptible by the Angers. In using this method it is important that 
the mind should be free from bias in sub-dividing the interval 
between two consecutive semitones. When the theoretical result 
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is known, it is almost impossible to arrive at an independent 
opinion by experiment. 


315. We will now, following Helmholtz, examine more closely 
the nature of the motion within the pipe, represented by the 
formula. (11) § 313. We hav^ 

^=Lcos(wi-^) (1), 


where 


sin®#ff(® — a) . , 

U ~ ^ -J* COB* KX . 

cos K% 47r* 


.( 2 ), 


tan ^ — 


/g*g’,C03 Ka cos KX 

2ir sin #c (a; — a) 


(3). 


Tn the expression for X* the second term is very’ small, and 
therefore the maximum values of ^ occur very nearly when 

K (a;- a) = {—m + J) tt, 

or —05 = JwX — — a (I*), 

where w is a positive integer. 


The distance between consecutive maxima is thus and tho 
value of tho maximum is sec* /ca. The minimum values of X* occur 
approximately when (aj — a) = — wtt, 

or — = a ,..(5), 


and their magnitude is given by 

y, #cV* s , 

X* = cos KX = cos* KOI 


( 0 ). 


In like manner, 


d<b 

dx' 


■ J cos {nt — . 


- M f cos K Cx ■” fli) K (T . y 

whore J* = * + ^sm /« 

cos KOL sin kx 

X — ^“cosTc (i — a) 


(7) , 

( 8 ) , 

.(i». 


The maximum values of c7* occur when 


— aj = a (10), 

and the minimum values, when 

— a; — ^X — a (11). 
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The approximate magnitude of the maximum is sec* and 
that of the minimum /eV* cos* /ex -f- 47r*. It appears that tlie 
maxima of velocity occur iu the same parts of the tube as the 
minima of condensation (and rarefaction), and the minima of 
velocity in the same places as the maxima of condensation. The 
series of loops and nodes are arrangei! as if the first loop were at a 
distance a beyond tlxo mouth. 

With regard to the phases, we see that both 6 and x are in 
general small; and therefore with the exception c.f tlie places 
where 1/ and arc near their minima the wht»lo motioji is 
synchronous, as if there ■were no dissipation. 

Hitherto we have considered the problem of the passage of 
plane waves along the pipe and their grailnal diffusion from the 
mouth, without regard to the origin of the plane waves them- 
selves. All that we have a.ssiimed is that the origin of the motion 
is somewhero within the pipe*. Wo will now sup]»oso that the 
motion is due to the known vibration of a piston, situated 
at ic = — Z, the origin of co-ordinates being at the niouth. Thus, 
when — Z, 

( 1 ^ “ 


and this must b(3 made to coiTospon<l with the expression for the 
plane waves, generalized by the introduction of arbitrary amplitude 
and phase. 

We may take 

^=0</cos(i<<-e-x) (13), 


where J and x values given in (8), (9), while B and e are 

arbitrary. Comparing (12) and (13) wo conclude that 


tane = 


/e*cr cos xa sin kI 


.( 14 ). 


’ 27 rcos#c(Z+a) 

(. 5 ), 

by which JB and e are determined. 

In accordance with (12) § 313, the corresponding divergent 
wave is r^resented by 

(TkB 
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If 6^ be given, B is greatest, tvben cos #c (i + «) = 0, that is 
when the piston is situated at an approximate node. In that case 




cos Kx 


.(17), 


shewing that the magnitude of the resulting vibration is very 
great, though not infinite, since cosiea cannot vanish. When 
the mouth is much contjacted, cos tea may become small, but 
in this case it is necessary that the adjustment of periods be 
very exact in order that the first term of (15) may be negligible in 
comparison with the second. In ordinary pipes cos xa is nearly 
equal to unity. 

The minimum of vibration occurs when I is such that 
cos (i + a) = ± 1, that is, when tlie piston is situated at a loop. In 
that case 

cog fCOL 

■K 


(18). 


The vibration outside the tube is then, according to the value of 
«, equal to or smaller than the vibration which there would be 
if there were no tube and the vibrating plate wore made part of 
the yz plane. 


316. Our equations may also be applied to the investigation 
of the motion excited in a tube by external sources of sound. 
Let us suppose in the first place that the mouth of the tube is 
closed by a fixed plate forming part of Jbhe yz plane, and that the 
potential due to the external sources (approximately constant 
over the plate) is under these circumstances 

H cosnt ; (1), 

where yp' is composed of the potential due to each source and its 
image in the yz plane, as explained in § 278. Inside the tube let 
the potential be 

ij} = Hcos tex coant (2), 

so that ^ and its differential coefficient are continuous across the 
barrier. The physical meaning of this is simple. We imagine 
within the tube such a motion^as is determined by the conditions 
that the velocity at the mouth is zero, and that the condensation 
at. the mouth is the same as that due to the sources of -sound when 
the mouth is closed. It is obvious that under these circumstances 
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the closing plate may bo removed without any alteration in the 
motion. Now, however, thoie is in general a iinite velocity at 
a? = — and therefore we cannot suppose the pipe to bo there 
stopped. But when there liapiK^n^ to be a node at a; = — ?, that is 
to say when I is such that cos/e (/ 4-a) =0, all the conditions are 
satisfied, and the actual motion witlihi the pipe is that expressed 
by (2). This motion is evidently the same as might obtain, if tho 
pipe wore closed at both cinls ; ami in external space tht' potential 
is the same as if the month of the pipe were closed with tho rigid 
plate. 

In the general case i)i eider to /educe the air at jj = — f to rest, 
we must superpose on the motion repiesented by (2) another of 
the kind im eUigated in § 313, so detennined as to give at .r = — ^ 
a velocity equal and opjiosite to that of the first. Thus, if the 
second motion be given by 

= JSJ cos {nt - t-x), 


w 0 have € + % = 0, and 

jj. ±?) + = 77*sm«*« (3). 

[ C0.1 /ra 4nr J ■' 


When sin^Z = 0, w^e have, os above explain! hI, 0. Tho maxi- 
mum value of B occnis when cos #c (i + o) = 0, and then 


7 ^- 


27r7/ 




It appears, as might have b6en expected, that the resonance is 
greatest when the red deed length is an odd multiple of 


317. From tho principle that in the neighbourhood of a node 
the inertia of the air does not como much into play, wo see that 
in such places the form of a tube is of little consequence, and that 
only the capacity need be attended to. This consideration allows 
us to calculate the pitch of a pipe which is cylindrical through 
most of it^ length (Q, but near the closed end expands into a 
bulb of small capacity {S), The reduced length is then evi- 
dently ’ 

7 + a + iSfo-'* 


1 Helmholtz, Crelle, 18G0. 
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where a is the correction for the open end, and c is the area of 
the transverse section of the cylindrical part. This formula is 
often useful, and may be applied also when the deviation from the 
cylindrical form does not take the shape of an enlargement. 

When the enlargement represented by S is too large to allow 
of the above treatment, we may proceed as follows. The dissipa- 
tion being neglected, the velocity potential in the tube may bo 
tahen to be 

0 =s sin «(ar — a) cos nt, 


the origin being at the mouth,* while a = ivE approximately. At 
a? *s — Z, we have 

^ ss n sin ir(Z + a) sin nt, 
and ^ ^ 


Now the condensation is given by s = — a^4>, and the condition 
to be satisfied at a; &= — Z is 



doj 


( 2 ), 


if it be assumed that the condensation within 8 is sensibly 
uniform. Thus 

8n'a^ sin ic (Z + a) ** cos it (Z + a), 

< 

or, since ok, 

tan ic(Z + a) ss ^ (3) 

is the equation determining the pitch, i^umerical examples of 
the application of (3) are given in my memoir on resonance 
{PhU. Tram. 1871, p. 117). 

Similar reasoning proves that in any case of stationary vibra- 
tions, for which the wave-length is several times as great as the 
diameter of the bulb, the end of the tube adjoining the bulb 
behaves approximately as an open end if k8 be much greater 
than tr, and as a stopped end if fc8 be much less than a, 

318. The action of a resonator when under the influence of a 
source of sound in unison with itself is a point of considerable 
delicacy and importance, and one on which there has been a 
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good deal of confusion among acoustical writers, the author not 
excepted. 

There are cases where a resonator absorbs sound, as it were 
attracting the vibrations to itself and so diverting them from 
regions Avhere otherwise they would be felt. For example, 
suppose that there is a simple sou*ce of sound B situated in a 
narrow tube at a distance JX (or any odd multiple thereof) from a 
closed end, and not too near the mouth: then at any distant 
•external point A, its effect is nil. Tliis is an immediate conse- 
quence of the principle of reciprocity, bectiii.se if A w'cre the 
source, there cimld be no variation of potential at B. The 
restriction, precluding too great a proximity to the mouth, may 
be dispensed with, if we suppose the source B to be diffused 
uniformly over the cross section, instead of concentrated in one 
point. Then, whatever may be the size and shape of the section, 
there is absolutely no disturl>anco on the fiiitlier side. This is 
clear from the theory of vibrations in one dimension ; tbe reci- 
procal form of the proposition — that whatever .sources of disturb- 
ance may exist beyond the section, « 0 — may be proved 

from Helmholtz’s formula (2) § 293, by takiiig for 0 the velocity 
potential of the purely axial vibration of tbo same period. 

It is scarcely nccossaiy to say that, whenever no energy 
is emitted, the source does no work; and this requires, not 
that tliere shall be no variation of pressure at the sourc'c, for that 
in the case of a simplo source is impossible, but that the variable 
part of tlie pressure shalMiave exactly the phase of tlie accelcm- 
tion, and no component with the phase of tho velocity. 

Other examples* of the absorption of sound by resonators are 
afforded by certain modifications of Herschel’s interference tubo 
used by Quincke ‘ to stop tones of definite pitch from reaching 
the ear. 

In the combinations of pipes represented in Fig. 63, the sound 
enters freely at il ; at i? it finds itself at the mouth of a reso- 
nator of pitch identical with its own. Under these circumstances 
it is absorbed, and there is no vibration propagated along BD, 
It is clear that the cylindrical tube BG may be replaced by any 
other I’csonator of the same pitch ( 7 ), without prejudice to the 


^ Fogg. Ann. czzvxxz. 177. 18G6. 
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action of the apparatus. The ordinary explanation by interference 
(so called) of direct and reflected waves is then less applicable. 


Fig. 63. 



These cases where the source is at the mouth of a resonator 
must not be confused with others where the source is in the inte- 
rior. If .B be a source at the bottom of a stopped tube whoso 
reduced length is the intensity at an external point A may 
be vastly greater than if there had been no tube. In fact the 
potential at A due to the source at B is the same as it would be 
at B were the source at A. 

319. For a closer examrnation of the mechanics of resonance, 
we shall obtain the problem in a fom^ disembarrassed of unne- 
cessary difficulties by supposing the resonator to consist of a 
small circular plate, backed by a sjMng, and imbedded in an 
indefinite rigid plane. It was proved in a previous chapter, (30) 
§ 302, that if M be the mass of the plate, f its displacement, 
the force of restitution, B the radiui^ and o- tho density of the 


air, the equation of vibration is 

( 1 ). 

where F and f are proportional to 

If the natural period of vibration (the reaction of external air 
included) coincide with that imposed, tbe equation reduces to 

( 2 ). 
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Let us now suppose that F is due to an external source of 
sound, giving when the plate is at rest a potential which will 
be nearly constant over the area of the plate. Tims 


F= — Sp . tt-R* = txag ' . 7ri2* (3) ; 


so that = SiTr/e^'y/r^ = t\ylr^ (4), 

and the potential <f» due to the motion of the plate at a distance 
r will be 


” %ir r K ifcr 

independent, it should be observed, of the area of the plato. 


( 5 )> 


Leaving for the present the Ccuso of perfect isochronism, lot us 
suppose that 

- (jif+ + /i=0 (C), 


so that Stt/c'-' is the wave-length of the natural note of the reso- 
nator. If M' be written for JH+ Jori?*, the equation correspoiid- 
ing to (5) takes the form 


0 = ^^- 



iriTK^R\ 


w, 


from which wo may infer as before that M k the efficiency of 
.the resonator as a source is independent of 12. When the adjust- 
ment is imperfect, the law of falling off depends upon 
Thus if M! be great a^nd R small, although the maximum efficiency 
of the resonator is no less, a greater accuracy of adjustment is 
required in order to approach the maximum (§ 40). In tbo caso 
of resonators with simple apertures ==^<rl2*, so that 
varies as i2~\ Accordingly resonators with small apertures re- 
quire the greatest precision of tuning, but tbo difference is not 
important From a comparison of the present investigation with 
that of § 311 it appears that the conditions of efficiency are dif- 
ferent according as internal or external effects are considered. 

We will now retium to the case of isochronism and suppose 
further that the external source of sound to which the resonator 
^ responds, is the motion of a similar plate j?, whose distance 
c from is a quantity large in comparison with the dimensions 



BBINTOItCIBMIiNT OT SOtTND 


198 


[ 819 . 


■ 

of the plates. The intensity of J? may be supposed to be such 
that its potential is 





,( 8 ). 


Accordingly » c'* and therefore by (5) 


^ tVcr txc * 


shewing that at equal distances from their sources 

f 

= : ixc.. 


( 9 ). 

( 10 ). 


The relation' of phases may be represented by regarding the 
induced ..vibration ^ as proceeding from JS by way of A, and as 
being subject to an additional retardation of JX, so that the whole 
retardation between JB and A is e + JX. In respect of amplitude 
^ is greater than in the ratio of 1 : xn 

Thus when xo is small^ the induced vibration is much the 
greater^ and the total sound* is mueh loudbr than if A were not 
permitted to operate. In this case the phase is retarded by a 
quarter of a period. 


It is important to have a clear idea of the cavse of this 
augmentation of sound. In a previous chapter (§ 280) we saw 
that, when A is fixed, B ^ves out much less sound than might 
at first have been expected from the pressure developed. The^ 
explanation was that the phase of the. pressure was unfavourable ; 
the larger part of it is concerned only in overcoming the inertia 
of the surrounding air,, and is ineffective towards the performance 
of work. Now the pressure which sets A in motion is the whole 
pressure,, and not merely the insignificant part that would of itself 
do work. The- motion of A is determine by the condition that 
that component of the whole pressure upon. it,, which has the phase 
of the velocity,, shall vanish. But of the pressure that is due to 
the motion of A,, the larger part has the phai^ of the acceleration ; 
and therefore the prescribed condition requires an equality 
between the small component of the pressure due to A’s motion, 
and a pressure comparable with the large component of the 
pressure due to B*s motion. The result is that A becomes a 
much more powerful source than B, Of course no work b done 
by the piston A ; its effect is to augment the work done at B, 
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by modifying the otherwise unfavourable relation between tho 
phases of the pressure and of the velocity. 

The infinite plane in the preceding discussion is only required 
in order that we may find room behind it for our uinoliinery of 
springs. If we are content with still more highly idealized 
sources and rosunators, we may dispense with it. To each piston 
must be added a duplicate^ vibrating in a similar manner, but in 
the opposite direction, the ottect of w'hich will be to make tho 
formal velocity of tho fluid vanish over the plane AK Under 
these circiimstancos the plane is without influence and may bo 
removed. If the size of tho iflatcs be reduced without limit they 
become ultimately equivalent to simple sources of fluid ; and wo 
conclude that a simple source B will become more effleient than 
before in the ratio of 1 : /cc, when at a small distance c from 
it there is allowed to operate a simple resonator (as we may call 
it) of like pitch, that is, a source in whicli the inertia of iho 
immediately surrounding fluid is compensated by some adctpiato 
machinery, and which is set in motion by external causes only. 

In the present state of our knowledge of the mechanics of 
vibrating fluids, while the difficulties of deduction aro for tho 
most part still to be overcome, any simpliflciition of conditions 
which allows progress to be mado» without wholly destroying tho 
practical* character of the question, may be a step of great 
importance. Such, for example, was the introduction by Helm- 
holtz of the idea of a source concentrated in one point, represented 
analytically by the violation at that point of the equation of 
continuity. Perhaps in bke manner the idea of a simple reso- 
nator may be useful, although the thing would be still more 
impossible to construct than a simple source. 


320. We have seen that there is a great augmentation of 
sound, when a suitably tuned resonator is close to a simple 
source. Much more is this the case, when the source of sound 
compound. The potential due to a double source is (§§ 294, 324) 

If the leeonator be at a small distance o, 


( 1 ). 




If vanish, the resonator is without effect; but when ± 1, 
that i^ when the resonator <lies on the axis of the double source, 
wo have 


^ = T 



(3). 


At a distance from the double source its potential is 

W- 

Thus we may consider that the potential due to the resonator 
is greater than that duo to the double source in the ratio jcV : 1, 
the angul^ vs^ation being disregarded. 

A vibrating ngid sphere gives Mie same kind of motion to the 
surrounding air as a double som-ce situated at its centre; but the 
substitution suggested by this fact is only permissible when the 
radius of the sphere is small in comparison with c: otherwise 
the presence of the sphere modifies the action of the resonator. 
Nevertheless the preceding investigation shews how powerful 
in general the action of a resonator is when placed in a suitable 
position close to a compound source of sound, whose /character 
is such that it would of itself produce but little effect at a 
distance. 


One of the best examples of this use*of a resonator is afforded 
by a vibrating bar of glass, or meted, b^ld at the nodes. A strip 
of plate glass about a foot long and an inch, broad, of medium 
thickness (say ^ inch), supported at about 3 inches from the ends 
by means of string twisted round it, answers tho purpose very 
well. When struck by a hammer it gives but little sound except 
overtones ; and even these may almost be got rid of by choosing 
a hammer of suitable softness. This deficiency of sound is a 
consequence of the small dimensions of the bar in comparison 
with the wave-length, which allows of the easy transference of air 
from one side to the other. If now the mouth of a resonator of 
the right pitch' be held over onp of the free ends, a sound of con- 

1 To get the best effect, the month of the resonator ong^t to be pretty close to 
the bar ; and then the pit^ is decidedly lower than it would be in the open. The 
final adjustment may be made by yaiying the amount of obstruction. This use of 
resonators is of great antiquity. 
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siderable force and purity may be obtained by a well managed 
blow. lu this way an improved harmonicon may be constructed, 
with tones much lower than would be practicable without reso- 
nators. In the ordinary instrument the wave-lengths are suffi- 
ciently short to permit the bar to communicate vibrations to the 
air independently. 

The reinforcement of the sound of a bell in a well-known 
experiment due to Savart' is an example of the same mode of 
action; J^ut perhaps the most striking instance is in the ai*- 
rangement adopted by Helmholtz in his oxperimeuts requiring 
pure tones, which are obtained by holding tuning-forks over the 
mouths of resonators. 


321. When two simple resonators scpiirately in tune 

with the source, are close together, tlio effect is less than if there 
were only one. If the potentials due respectively to A^, A ^ bo 
4>i> <i>t> we may take 

Let R represent the distance A^A^^ and the potentials 

that would exist at A^, -4,, if there were no resonators; then tho 
conditions to determine A^, A^ are by (5) § 319 




( 1 ). 


By hypothesis and are nearly equal, and therefore 




Since itcR is small, the effect is much less than if there were 
only one resonator. It must be observed however that the 
diminished effectiveness is due to the resonators putting one 
another out of tune, and if this tendency be compensated by an 
alteration in the spring, any number of resonators near together 
have just the effect of one. This point is illustrated by § 302, 
where it will be seen (32) that though the resonance does not 
depend upon the size of the plate, still the inertia of the air, which 
has to be compensated by a spring, does depend upon it. 


^ Ann, d, Chim, t. zziv. 1823. 
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822. It will be proper to say a few words in this place on 
an objection, which haa been brought forward bj Bosanquet^ as 
possibly invalidating the usual calculations of the pitch of re- 
sonators and of the correction to the length of organ pipes. When 
fluid flows in a steady stream through a hole in a thin plate, the 
motion on the low pressure side is by no means of the character 
investigated in § 306. Instead of diverging after passing the hole 
so as to follow the surface of the plate, the fluid shapes itself into 
an approximately cylindrical jet, whose form for the case of two* 
dimensions can be calculated from formuUe given by Kirchlioff *. 
On the high pressure side the thotion does not deviate so widely 
from that determined by the electrical law. In like manner fluid 
passing outwards from a pipe continues to move in a cylindrical 
stream. H the external pressure be the greater, the character of 
the motion is 'different. In this case the stream lines converge 
from all directions to the mouth of .the pipe, afterwards gathering 
themselves into a parallel bundle, whose section is considerably 
less than that of the pipe. It is clear that, if the formation of jets 
took place to any considerable extent during the passage of air 
through the mouths of resonators, our calculations of pitch would 
have to bo seriously modifled. 

The precise conditions under which jets are fl>rmed is a subject 
of great delicacy, It may even be doubted whether they w®uld occur 
at all in fiictionless fluid moving with velocities so small that the 
corresponding pressures, whlbh are proportional to the squares of 
the velocities, are inconsiderable. Buk with air, as we actually 
have it, moving under the action of the pressures to be found in 
resonators, it must be admitted that jets may sometimes occur. 
While experimenting about two years ago with one of Ednig’s 
brass resonators of pitch c', I noticed that when the corresponding 
fork, strongly excited, was held to the mouth, a wind of consider- 
able force issued from the nipple at the opposite side. This effect 
may rise to such intensity as to blow out a candle upon whose 
wi(^ the stream is directed. It does not depend upon any peculiar 
motion of the air near the ends of the fork, as is proved by 
mounting the fork upon its resonance-box and presenting the open 
end of the box, instead of thp fork itself, to the mouth of the 
resonator, when the effect is obtained with but iflightly diminished 


1 Phil. Mag, Aug. 1877, p. 185. 
> Phik Mag, Deo. 1876. 
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intensity. A similar result was obtained with a fork and re- 
sonator, of pitch an octave lower (c). Closer examination revealed 
the fact that at the sides of the nipple the outward flowing 
stream was replaced by one in the opposite direction, so that a 
tongue of flame from a suitably placed candle appeare<l to enter 
the nipple at the same time that another candle situated 
immediately in front was blown away. The two effects are of 
course in reality alternating, and only appear to be simultaneous 
in consequence of the inability of the eye to follow such rapid 
changes. The fonnation of jets must make a serious draft on the 
energy of the motion, and this is no doubt the reason why it is 
necessary to close the nipple in order to obtain a powerful sound 
from a resonator of this form, when a suitably tuned fork is pre- 
sented to it. 

At the same time it docs not appear probable that jet forma- 
tion occurs to any appreciable'’ extent at the mouths of resonators 
as ordinarily used. The near agreement between the observed and 
the calculated pitch is almost a sufficient proof of this. Another 
argument tending to the same conclusion may be dt*awn from tho 
persistence of the free vibrations of resonators (§ 311), whose dura- 
tion seems to exclude any important cause of dissipation beyond 
the communication of motion to the surrounding air. 

In tlie case of organ pipes, where the vibrations are very power- 
ful, these arguments are less cogent, but I see no reason for think- 
ing that the motion, at the upper open end differs greatly from that 
supposed in Helmholtz’s calculation. No- conclusion' to the con- 
trary can, I think, safely be drawn from the phenomena of steady 
motion. In the opposite extreme case of impulsive motion jets 
certainly Cannot be formed, as follows from Thomson’s principle 
of least energy (§ 79), and it is doubtful to which extreme tho 
case of periodic motion may with greatest plausibility be assimi- 
lated. Observation by the method of intermittent illumination 
(§ 42) might lead to further information upon this subject. 



CHAPTER XVIL 

APPLICATIONS OP LAPLACE's FUNCTIONS. 


323. The general equation of a velocity potential, when 
referred to poh^ co-ordinates, takes^thc form (§ 241} 

dr sm 6 dd\ dO) sin*^ dto* ^ ^ ' 

If K vanish, we have the equation of tho ordinary potential, 
which, as we know, is satisfied, if ^ where 8^ denotes tho 

spherical surface harmonic^ of order n. On substitution it appears 
that the equation satisfied by 8^ is 

1 ^ f • A d8f\ 1 d^8f^ . f I o * /o\ 

53 ^ -< 0 } + 3 5 ^. + « (» + 1 ) “ 0 ( 2 ). 

Now, whatever the form of ^ may be^ it can be expanded in 
a series of spherical harmonics 

'^ = ‘^0 + ^1 + '+**+ +^ ii + ( 3 )> 

t 

where will satisfy an equation such as (2). 

Comparing (1) and (2) we see that to determine as a 
function of r, we have 

+ 2r - n (n + 1) + jcV^, = 0 ; 

or, as it may also be written, 

( 4 ). 

^ On the theory of these fanotions the latest English works are Todhnnter's 
The Funetiotu of Laplace, Lami, and Beenl, and Fenrers* Spherical Harmonics, 
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In order to solve this equation, we may observe that when r 
is very great, the middle term is relatively negligible, and that 
then the solution is 


= Ae^ 4- TJe*^*** (5). 

The same form may bo assumed to hold good for the complete 
equation (4), if Ave look upon A and ii no longer as constants, but 
as functions of r, whose nature is to be deteniiined. Substituting 
in (4), we find for 2?, 


4 . 9 4 . " 7? 

d{iKrf'^^d{iKr)^ \iKrf ^ 
Let us assume 


0 (6). 


i? i= 2?o + A {ifcr)'^ + {m )"® + . . . + 2?^ +. . . (7), 


and substitute in (6). Equating to zero the coefficient of 
Avo obtain 


— n ^ + 1) — 5 (s _ n (« “ «) f« + + 1) 

2'(s+iT ~ • 2(«T1) ” 


Thus 


ji 


( 8 ). 


7 J _ n («-I) (« + 2)_(»-l)»i (»i + l)(»+2) „ 

■"a *“ ■ 2 .2 2 . 4 * 


60 that 


R-n Jl I «(« + !) I («-!).. ■(n + 2) 0?-S)...fa + 3) 

"•I 2.tKr'^ 2 r 4". 0 :((•«?•/' 

+ l-23'-2« I • (Q) 

^•■•^2.4.6...2ft.(tKrn 

Denoting with Prof. Stokes' the scries within brackets by 
X {*Vcr), we have 

B = B,fAi>cr) (10). 


In like manner by changing the sign of /, avc get 

A = A,/,(-tKr) (11). 

The symbols A^ and though independent of r, are functions 
of the angular co-ordinates : in the most general case, they axe 
any two spherical surface harmonies of order n. Equation (5) may 
therefore- be written 

(«■*»•) + (-t-*r)... (12). 

1 On the Commnnioation of Vibrations from a Vibrating Body to a snrroimdisg. 
Oas; PML Trant, 1868. 
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By di£Ferentiatio& of (IS) 

wliOfO 

K («»■) = <1 +««■)/. («»•) - i-iier) (14). 

The forms of the functions F, as far -as n == 7, are exhibited in 
the accompanying table : 

J’o(y)«y+ 1 
J\(y)Fy+ 2+ 2y-i 
FM=y+ 4+ 9y-i+ 9y-* 

i'Vy)=y+ 7+ 27jr^+ 6oy-*+ 6oV-» 

^;(y)*y+ii+ 66y-»+ a4oy-*+ 625y-»+ sasy-* 

^'6(y)=y+l«+136y“^+ 736y*"*+ 2626y-»+ 6670y-*+ 6670y-» 
i^«(y)="y+22+262y“i+1890y-»+ 9766y“»+ 84020y-*+ 727G6y“»+ 72765y-« 
l^r(y)=y+29+434y--i + 4284y-*+29926y-* + 148995y-* + 509356y-»+1081080y-® 
+1081080y-7 

4 * 

In order to find the leading terms in (tVcr) when tVcr is small, 

we have on reversing the series in (9) 

/. (wr) =. 1 . 3 . 5 . . . (Sn - 1) (wcr)- |l + t*r + («>w)* + . . . J 

(15). 

whence by (14) we find 

j; (titr) = 1 . 3 . 6 ... (2f»- 1) (n + 1) (wtr)- 

^{i + *^+(S+%t£+i) + -} 


324. An important case of our general formulae occurs when 
^ represents a disturbance which is propagated wholly outwards. 
At a great distance from the origin, (iVcr) = (— tier) = 1, and 
thus, if we restore the time factor we have 

( 1 ), 

of which the second part represents a disturbance travelling 
inwards. Under the circumstances contemplated we are there- 
fore to take bO, and thus 

* ^nfn (^) (2)y 

which represents in the most general manner the harmonic 
component of a disturbance of the given period diffusing itself 
outwards into infinite space. 
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The origin of the disturbance may be in a prescribed normal 
motion of the surface of a sphere of radius c. Let us suppose 
that at any point on the sphere the outward velocity is repre- 
sented by U U being in general a function of the position of 
the point considered. 

If U be expanded in the splierical harmonic series 

U^lT^+l\+ ... + (3), 

we must have by (13) § 323 

f » = ~ (iKc) (4) . 

The complete value of ^|r is thus 

•; 

where the summation is to be extended to all (integral) values of 
n. The real part of this equation will give the velocity potential 
due to the normal velocity UcosKat^ at the surface of the 
sphere r = c. 

Prof. Stokes has applied this solution to the explanation of a 
remarkable experiment by Leslie, according to which it appeared 
that the sound of a bell vibrating in a partially exhausted receiver 
is diminished by the introduction of hydrogen. This paradoxical 
phenomenon has its origin in the augmented Avave-lcngth due to 
the addition of hydrogen, in consequence of which the bell loses 
its hold (so to speak) on the surrounding gas. The general expla- 
nation cannot be better given than in the words of Prof. Stokes : 

** Suppose a person to move his hand to and fro through a small 
space. The motion which is occasioned in the air is almost exactly 
the same as it would have been if the air ha<l been an incompres- 
sible fluid. There is a mere local reciprocating motion, in which 
the air immediately in front is pushed forward, and that imme- 
diately behind impelled after the moving body, while in the 
anterior space generally the air recedes from the encroachment of 
the moving body, and in the posterior space generally flows in 
from all sides to supply the vacuum which tendd to be created ; so 
that in lateral directions the flow of the fluid is backwards, a 

^ The asBumption of a real value for U is equivalent to limiting the normal 
velocity to be in the same phase all over the sphere r^c. To include the most 
general aerial motion U would have to be treated as complex. 
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portion of the escceBS of fluid in front going to supply the de- 
ficien<gr behind. Now conceive the periodic time of the motion 
to be continually diminished. Gradually the alternation of move- 
ment becomes too rapid to permit of the full establishment of the 
merely local reciprocating flow ; the air is sensibly compressed and 
rarefied, and a sensible soun^ wave (or wave of the same nature, 
in case the periodic time be beyond the limits suitable to hearing) 
is propagated to a distance. The same takes place in any gas ; 
and the more rapid be the propagation of condensations and rare- 
factions in the gas, the more nearly will it approach, in relation to' 
the motions we have under consideration, to the condition of an 
incompressible fluid ; the more nearly will the conditions of the 
displacement of the gas at the surface of the solid be satisfied by a 
merely local reciprocating flow.** 

In discussing the solution (5), ifrof. Stokes goes on to say, 

“At a great distance from the sphere the function fJiticrY be- 
comes ultimately equal to 1, and we have 

( 0 ). 

" It appears ^from the value of that the component of the 

velocity along the radius vector is of the order r"‘, and th^t in any 
direction perpendicular to the radius vector of the order r"®, so 
that the lateral motion may be disregarded except in the neigh- 
bourhood of the sphere. , 

“ In order to examine the influence of the lateral motion in the 
neighbourhood of the sphere, let us compare the actual disturb- 
ance at a great distance with what it would have been if all lateral 
motion had been prevented, suppose by infinitely thin conical 
partitions dividing the fluid into elementary canals, each bounded 
by a conical surface having its vertex at the centre. 

“ On this supposition the motion in any canal would evidently 
bo the same as it would be in all directions if the sphere vibrated 
by contraction and expansion of the surface, the same all round, 
and such' that the normal velocity of the surface was the same as 
it is at the particular point at wjiich the canal in question abuts 
on the surface. Now if U were constant the expansion of U would 

^ I hftve made some slight Ganges in Prof. Stokes* notation. 
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be reduced to its first term and sct‘iiig tlmt {Ur) = 1, wi» 
should have from (5), 

r** IT 

^ /’ rjUr)‘ 


This expression will ai)ply to any particular canal if wo tak<* to 
denote the normal velocity at the sphore*s siiiface for that particular 
canal ; and therefore to obtain an expression npt»licah1e at once 
to all the canals, we have merely to write Ufor To fac ilitate 
a* comparison with (/j) and ((>1, T shall, however, write I’oi (T. 
Wc have then, 




(f 

r 


•K(af - r I « I 


l\{Ur) 


(7). 


It must be rememliorod that this i.s nuTc^ly an expression appli- 
cable at once to all the canals, the motion in each of which takes 
place wholly along the radius vector, and accordingly the exiires- 
sion is not to be diftercntiateil with respect to ^ or o) with the view 
of huding the transverse \olocilios. 


“On comparing (7) with the expression for the function ^ in 
the actual motion at a great distance from the sphere ((>), we see 
that the two are identical with the exception that is dividcil 
by two different constants, namely B\{ikc) in the former case and 
F^{iKc) in the latter. The same will be tnie of the leading terms 
(or those of the order in the expressions for the condensation 
and velocity. Hence if tlie moile of vibration of the sphere bo 
such that the normal velo''ity of its surface is expressed by a 
Laplace*s function of any one order, tbe disturbance at a great 
distance from the sphere will vary from one direction to another 
according to the saxrio law as if lateral motions had been pre- 
vented, the amplitude of excursion at a given distance from the 
centre varying in both cases as the amplitude of excursion, in a 
normal direction, of the surface of the sphere itself. The only 
difference is that expressed by the symbolic ratio F^{iicc ) : j^(iVcc). 
If we suppose F^iitcc) reduced to the form ft,^(cosa„ + isinaJ, 
the amplitude of vibration in the actual case will be to that in the 
supposed case as to and the phases in the two cases will 
differ by 

“If the normal velocity of the surface of the sphere be not 
expressible by a single Laplace's Function, but only by a scries, 
finite or infinite, of such functions, the disturbance at a given 
B. II. 
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gpreat distance from the centre wiU no longer vary firom one direc- 
tion to another according to the same law as the normal velocity 
of the surface of the sphere, since the modulus and likewise 
the amplitude of the imaginazy quantity F^{%kg) vary with the 
order of the function. 

“ Let us now suppose the disturbance expressed by a Laplace’s 
function of some one order, and seek the numerical value of tlio 
alteration of intensity at a distance, produced by the lateral 
motion which actually exists. 

“ The intensity will be measured by the vis viva produced in a 
given time, and consequently ^will vary as the density multiplied 
by the velocity of propagation multiplied by the square of the 
amplitude of vibration. It is the last factor alone that is different 
from what it would have been if there had been no lateral motion. 
The amplitude is altered in the proportion of to /i^, so that if 
/*»* • /*o* =" is the quantity by which the intensity that would 
have existed if the fluid had been hindered from lateral motion 
has to be divided. 

"If X be the length of the sound-wave corresponding to the 
period of the vibration, « 2wX“S so that kc is the ratio of the 
dreumferenoe of the sphere to the length of a wave. If wo sup- 
pose the gas to be air and X to be 2 feet, which would correspond 
to about 550 vibrations in a second, and the circumference 27rc to 
be 1 foot (a size and pitch which would correspond with the case 
of a common house-bell), we shall have The following 

table gives the values of Ihe squares of the modulus and of the 


KG 

»ss0 

II 

n »2 

* «=8 

• 

n =4 


4 

17 

16*25 

14*879 

13*848 

20*177 


a 

6 

6 

9*3125 

80 

1495*8 

s 

1 

2 

6 

89 

8966 

800187 

OB 

■ 0*6 

1*35 

16*26 

1880*2 

286191 

72086871 

s. 

' 0*25 

1*0626 

64062 

20878 

14887899 

18160 x 10 * 


4 

M 

0*95688 

0*87628 

0*81459 

1*1869 

■t 

a 


1 

1*8625 

16 

299:16 

g 

1 


2*5 

44*5 

1982*5 

150068 

» 

s. 

0'6 


18 

1064*2 

188958 

67669097 

0*26 


60*294 

19650 

• 

18966 x 10 * 

17092 x 10 * 



ratio for the functions of the first five orders, for each 

of the values 4, 2, 1, and J of kc. It will presently appear why^ 
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the table has been cxtemlod further in the directioii of values 
greater than ^ than it has in the opposite direction. Five sigiii> 
ficant figures at least arc retained. 

“When #cc=oo wc get from the anal^-tiral oxpn'ssions 1. 
We see from the table that when kc is homowhal largo is liable 
to be a little less than 1, and CijnsoqihMitly Ihc soiiml to be a Utile 
more intense than if lateral motion had been prevented. Tlie 
possibility of that is exphiined by ctmsuh*ring that the waves of 
eondcusation spreading from those compaitments of tlio S])lioro 
which at ii given moment arc vibrating positively, ie. outwards, 
after the lapse of a half period may have spread over the neigh- 
bouring conipartmonts, A\hieli an‘ now in their turn vibrating 
positivt‘ly, s*o that these latter eomj)artments in their outward 
motion work against a somewhat gri'ater ])ressure than if siieli 
compartment liad oppodto to, it only the vibration oT the gas 
which it liad itself oeeasioiied;^ aial the saiiu' (‘\planation applies 
viututis 7iiutini(U8 to the waves of larcfaetioii. Ho\\e\(‘r, tlio iii- 
euMse of sound thus occasioned by the e\i'.t(‘nce »>!* l.iteial nu»tion 
is but small in any case, wlioreas when kc is somewhat small 7^, 
increases enormously, and the sound becomes a meie nothing 
compared with what it would have be<‘n hfid lateral motion been 
prevented. 

“ Tlic higher bo the or<lcr of the function, the greater wdll he the 
number of compartments, alternately ])ositive and negative as to 
their mode of vibration at a given moment, into which the surface 
of the sphere will he divulpd. We see from the table that for a 
given periodic time as well as nidiiis the value of hecoines con- 
siderable when n is somewhat high. However ]»ractically vihnv- 
tions of this kind aife produced when the clastic sphere executes, 
not its principal, but one of its subordinate vibrations, the pitch 
corresponding to wliich rises with the order of vibration, so that k 
increases with that order. It was for this reason that the tabic 
was extended from kc = 0*5 further in the direction of high pitch 
than low pitch, namely, to three octaves higher and only one octavo 
lower. 

“ When the sphere vibrates sfymmetrically about the centre, i. e. 
so that any two opposite points of tho surface are at a given 
moment moving with equal velocities in opposite directions, or 
more generally when the mode of vibration is such that there is 
no change of position of the centre of gravity of the volume,* there 

14—2 
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£324. 

is no term of order 1. For a sphere vibrating in the manner of a 
bell the principal vibration is that expressed by a term of the 
order 2, to which 1 shall now more particularly attend. 

"Putting, for shortness, we have 

g + 1, = (g* + 9g“J)*+ (4 - Dg"')* = gr - 2 + Og”* + Slg"^, 

r _g*-V + 9g + 81 

3*fe+l) ' 

" The minimum value of is determined by 
g»-6g*-84g-54 = 0, 
giving approximately, 

g« 12*859, ICC = 3*586, = 13*859, = 12*040, 

/, = *80941; 

so that the utmost increase of sound produced by lateral motion 
amounts to about 15 per cent. 

" I now come more particularly to Leslie’s experiments. Nothing 
is stated as to the form, size, or pitch of his boll ; and even if these 
had been accurately described, there would have been a good deal 
of guess-work in fixing on the size of tho sphere wliich should be 
considered the best representative of the bell. Hence all we can 
do is to choose such values for k and c as are comparable with tho 
probable conditions of the experiment. 

**1 possess a bell, belonging to an old bell-in-air apparatus, 
which may probably be somewhat similar to that used by Leslie. 
It is nearly hemispherical, the diameter is 1*96 inch, and the pitch 
an octave above the middle c of a piano. Taking the number of 
vibrations 1056 x)er second, and the velocity of sound in air 1100 
feet per second, we have X = 12*5 inches. To represent the bell by 
a sphere of the same radius would be very greatly to underrate the 
influence of local circulation, since near the mouth the gas has but 
a little way to get round from the outside to the inside or the 
reverse. To represent it by a sphere of half the radius would still 
apparently be to underrate the effect. Nevertheless for the sake 
of rather under-estimating thfn exaggerating the influence of the 
cause here investigated, 1 will make these two suppositions suc- 
cessively, giving respectively c = *98 and e = *49, ko = *4926, and 
fce as *2463 for air. 



NUMERICAL RESULTS. 


213 


324 .] 

“ If it were not for lateral motion the intensity would vary from 
gas to gas in the proportion of the density into the velocity of 
propagation, and therefore as the pressure into the square root of 
the density under a standard pressure, if we take the factor de- 
pending on the development of heat as sensibly the same for the 
gases and gaseous mixtures with which wc have to deal. In the 
following Table the first column gives the gas, the second the 
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pressure p, in atmospheres, the third the density D under the 
pressure jp, referred to the density of the air at the atmospheric 
pressure as unity, the fourth, Q,., what would have been the inten- 
sity liad the motion been wholly radial, referred to the intensity 
in air at atmospheric pressure as unity, or, in other words, a 
<iuantity varying as p x (the- density at pressure 1)^. Then fol- 
low the values of and Qt the last being the actual intensity 
referred to air as before. 

I 

** An inspection of the numbers contained in the columns headed 
Q will shew that the cause here investigated is amply sufEcient to 
account for the facts mentioned by Leslie.’* 

The importance of the subject, and the masterly manner in 
which it has been treated by Prof. Stokes, will probably be thought 
sufficient to justify this long quotation. The simplicity of the true 
explanation contrasts remarkably with conjectures that had pre- 
viously been advanced. Sir J. Herschel, for example, thought 
that the mixture of two gases tending to propagate sound with 
different velocities might produce a confusion resulting in a rapid 
stifling of the sound. 

323. The terai of zero order 

‘ ( 1 ). 

where 8^ is a complex constant, corresponds to the potential of a 
simple source of arbitrary intensity and phase, situated at the 
centre of the sphere (§ 279). If, as often happens in practice, the 
source of sound be a solid body vibrating without much change of 
volume, this term is relatively deficient. In the case of a rigid 
sphere vibrating about a position of equilibrium, the deficiency is 
jEibsolute \ inasmuch as the whole motion will then be represented 
by a term of order 1 ; and whenever the body is very small in 
comparison with the wave-length, the term of zero order must 
be insignificant. For if we integrate the equation of motion, 
VV + ^ over the small volume included between the body 

and a sphere closely surrounding it, we see that the whole quan- 
tity of fluid which enters and leaves this space is small, and that 
therefore there is but little total flow across the surfjaee of the 
sphere. 

1 The centre of the ephexe being the origin of cooniinatee. 
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Putting n = 1, wo get for the term of the first order 

= + ( 2 ), 

and is proportional to the cosine of the angle between the direc- 
tion considered and some fixed axis. This expression is of the 
same form as the potential of a do^thte source 294), situated at 
the centre, and composed of two equal and opposite simple sources 
l^nng on the axis in question, whoso distance apart is infinitely 
slnal], and in tensities such that the product of the intensities and 
distance is finite. For, if x be the axis^ and the cosine of the 
angle between x and r be /li, it is evident that the potential of the 
double source is proportional to 

t 

It appears tbeii lliat the disturbance due to the vibration of a- 
sphere as a rigid body is the same as that corresponding to a 
ilouble source at the centre whose axis coincides with the line of 
the si)h ore’s vibration. 

The reaction of the air on a small sphere vibrating as a rigid 
body with a harmonic motion, may be readily ciilculatod from pre- 
ceding formula-. If ^ denote the velocity of the sphere at time t, 

(3), 

and therefore ftu' the value of at the surface of the sphere, wo 
have from (5) § 324, 

^ = (4). 

The force S due to aerial pressures accelerating the motion is 
given by 

S * - jj /A^pdS -pfj 


If wo write 


F, (two) ^ ^ 




then 

inasmuch as 
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The operation of the air is therefore to increase the effective 
inertia of the sphere by^ times the inertia of the air displaced, 
and to retard the motion by a force proportional to the velocity, 
and equal to f tt/wj* . these effects being in general functions 
of the frequency of vibration. By introduction of the values of 
and we find 

ft (M _ % icV 

4 + icV 


so that, 


__2±^ 

^ 4+/6V* ^ 4+icV 

r 


u 

( 8 ). 


When KC is small, we have approximately /? == q — \ «"c®. 
Hence the effective inertia of a small sphere is increased by one- 
half of that of the air displaced — a quantity independent of the 
frequency' and the same as if the^uid were incompressible. The 
dissipative term, which corresponds to the energy emitted, is of 
high order in kc, and therefore (the effects of viscosity being 
disregarded) the vibrations of a small sphere are but slowly 
damped. 

The motion of an ellipsoid through an incompressible fluid has 
been investigated by Green*, and his result is applicable to the 
calculation of the increase of effective inertia due to a compressible 
fluid, provided the dimensions of the body be small in comparison 
with the wave-length of the vibration. For a small circular disc 
vibrating at right angles to its plane, the increase of effective 
inertia is to the mass of a sphere of flui/1, whose radius is equal to 
that of the disc, as 2 to w. The result for the case of a sphere 
given above was obtained by Poisson', a short time before tho 
publiOatioh of Green's paper. 

It has been proved by Maxwell® that the various terms of 
the harmonic expansion of the common potential may be re- 
garded as due to multiple points of corresponding degrees of com- 
plexity!; Thus Vi is proportional to ^ > where there 

are t differentiations of r”* with respect to the axes A,, A,, &c., any 
number of which may in particular cases coincide. It might perhaps 


^ Edinburgh Tnuuaeiions, Dee. 16, 1886. Also Green's JUatftematieal Papers, 
edit^ by Ferrers. Macmillan A Co., 1871. 

* Minwires de VAcadSmie des Sciences, Tom. xx. p. 621. 

* Maxwell’s Electricity and Magnetism^ Ch. ix. 
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have been expected that a similar law would hold for the velocity 
potential with the substitution of r'* «“<*'• for r“*. This however 
is not the case; it may be shewn that the potential of a quadrupio 

source, denoted by > coiTesponds in general not to the 

term of the second order simply, viz., /a(*«r), but to a 

combination of this with a term of zero order. The analogy there- 
JForo holds only in the single instance of the doMe ixiint or source, 
though of course the function after any uumbor of differ- 

entiations continues to satisfy theffundamental equation 

It is perhaps worth notice that the disturbance outside any 
imaginary sphere which completely encloses the origin^'of sound 
may be represented as due to the normal motion of the surface'of 
any smaller concentric sphere, or, as a particular case when the 
radius of tlie spiicro is infinitely small, tis due to a source concen- 
trated in one point at the centre. This source will in general be 
composed of a combination of multiple sources of all orders of 
complexity. 

32G. When the origin of the disturbance is the vibration of a 
rigid body parallel to its axis of revolution, the various spherical 
harmonics reduce to simple multii)Ies of the zonal harmonic 
(/a), which may be defined as the coefHciont of e* in the expan- 
sion of {1 — 2c ft + in* rising powers of e. And whenever the 
solid, besides being symmetrical about an axis, is also symmetrical 
with respect to an ^equatorial plane (whose intersection with the 
axis is taken- as origin of co-ordinates), the expansion of the- 
resulting disturbance in spherical harmonics will contain terms of 
odd order only. For example, if the vibrating body were a circular 
disc moving perpendicularly to its plane, the expansion of 
would contain terms proportional to I\ (ji). P, (fJi), P# (/a), &c. In 
the case of the sphere, as we have seen, the series reduces 
absolutely to its first term, and this term will generally be prepon- 
derant. 

On the other hand we may hai^ a vibrating system [^metri- 
cal about an axis and with respect to an equatorial plane, but in 
such a manner that the motions of the parts on the two. sides of 
the plane are opposed. Under this head comes the Jdeal tuning 
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fork, composed of equal spheres or parallel circular discs, whoso 
distance apart varies periodically. Symmetiy shews that the 
velocity-potential, being the same at any point and at its imago in 
the plane of symmetry, must be an even function of /«, and there- 
fore expressible by a series containing only the even functions 
Pp (/u), P, (/*), &c. The second function P, Qji) would usually 
preponderate, though in particular cases, as for example if the 
body were composed of two discs very dose together in comparison 
with their diameter, the symmetrical term of zero order might* 
become important. A comparison with the known solution for the 
sphere whose surface vibrates according to any law, will in most 
cases furnish material for an estimate as to the relative importance 
of the various terms. 


327. .The total emission of energy by a vibrating sphere is 
found by multiplying the variable part of the pressure (proportional 
to '^) by the normal velocity and* integrating over the surface 
(§ 243). In virtue of the conjugate property the various spherical 
harmonic terms maybe taken separately without loss of generality. 
Wo have (§ 323) 


, = wea /, (wtr) 

dr r ^ 


( 1 )* 


or on rejecting the imaginary, part 

as — 5?^ [pf COB K (at — r) + a sin k (at’- r)} 

* r ^ ^ ^2), 

acosK(at-r)-psmic{at-r)] 

ctr 

where P— a + ifi, /=* a' +%ff (3)- 

Thus 

^ JJ 8*d<r cos* * («rf -r) - a'^sin'/c (at - r) 

+ (oo' - / 3 / 3 ^ sin * (<rf - »•) 008 * (oi - r)]. 

When this is integrated over a«long range of time, the periodic 
terms may be omitted, and thus 
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Now, since there can be on the whole no accumulation of 
energy in the space included between two concentric spherical 
surfaces, the rates of transmission of energy across these surfaces 
must be the same, that is to say r"* must be independent 

of r. In order to determine the constant vidue, we may take the 
particular case of r indefinitely great, When 

{iKr) = iKV, a = 0, = Kr, 

a' = l, ^' = 0. 

Thus — pa — KT^ identically (5). 

It may observed that the left-hand member of (5) when 
multiplied by i is the imaginary part of (a + f/3) {a —ip) or of 
F^(i/cr)f^ (—iter), so that our result may be expressed l\y saying 
that the imaginary part of i'*, (~ iter) is ikv, or 

K (»*’■)/. (- »*»•) - K (- »*»•)/» («»•) = 2i*r (C). 

In this form wo shall have occasion presently to make use of it. 

The same conclusion may be arrived at somewhat more directly 
by an application of Helmholtz’s theorem (§ 294), i.o. that if two 
functions u and v satisfy through a closed space B the equation 
(V* + 



t 

If we take for 8 the space between two concentric spheres, 
making 

r * r * 

we find that r"* (iVcr) /, (— ixr) — F„ (— txr)f^ (tVer)} must be 
independent of r. 

Wo have therefore 

80 that the expression for the enifrgy emitted in time < is (since 

Sp=—p^) 

W‘^i^pal 11 8 •da i .(8). 
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Ifc will be more instructive to exhibit IT as a function of the 
normal motion at the surface of a sphere of radius c. From (2) 

8 r 

(« cos /ec + ^ sin kc) 

+ sin mt (a sin — iS cos kc)\ 
so that, if the amplitude of be we have as the relation 
between 8^ and 

+ (9). 


<“>• 

This formula may be verified for the particular cases n = 0 and 
w = 1, treated in §§ 280, 325 respectively. 


328. If the source of disturbance be a normal motion of a 
small part of the surface of the sphere (r = c) in the iinnicdiatu 
neighbourhood of the point ft = 1, we must take in tho general 
solution applicable to divergent waves, viz. 

^ = ^ (1). 

ir.=i (2n + 1) PM .fyPMd^^ 

= i(2n+l)P.O*) 11 Ud8 ( 2 ); 


for where U is sensible, (/*) « 1. Thus 

giK(a^-r+e) 




4!7rr 


.jjudS . 2(2« + (3). 

In this formula measures the intensity of the source. 

If iKC be veiy small, 

SO that ultimately 


^ 4firr 


!l' 


UdS. 


•W. 


and the waves diverge as from a simple source of equal magnitude. 
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We will now examine the problem when kc is not very small, 
taking for simplicity the case where yfr is required at a great 
distance only, so that fjifcr) = 1. The factor on which the rela- 
tive intensities in various directions depend is 


2 


r>). 


and a complete solution of the question would involve a discussion 
of this series as a function of /x- and xc. 


Thus, if 


- 2 


,^ = _ i JJ UdS. [11’’'+ -r^<)+it 


where 


tan 0 = G : F.. 


(d), 

(")» 

,( 8 ). 


The intensity of the vibrations in the various directions is thus 
measured by P* + G*, If, as before, s= a + I'A 


F=:X 


2n + l 


a'+>' 


/Y_v2n + 1 fiPJft) 

^ a ' al 


a*+/3- 


(9). 


The following table gives the means of calculating F and G 
for any value of ft, when = 1, or 2. In the last case it is 

necessary to go as far as a = 7 to get a tolerably accurate result, and 
for larger values of kc the calculation would soon become very 
laborious. In all problems of this sort the harmonic analysis seems 
to lose its power when the waves are very small in comparison 
with the dimensions of bodies. 


KC = i. 


» 

2a 

2/9 

(n+i)a+(a*+/S*) 


0 

+ 2 

+ 1 

+ *4 

+ •2 

1 

+ 4 

7 

+ •1846153 

- -8280768 

2 

64 

SB 

>-•0601891 

-•0328886 

8 

- 466 

+ 863 

-•0034627 

+ •0063201 

4 

+ 14902 

+ 8141 

+ •0004668 

+ -0002642 

6 

+ 176692 

-821419 

+ •0000144 

. - 0000264 . 
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#cc= 1. 


n 

a 

/3 

. 

(n + j)a+(a* + ^) 

(»+i)/S-(a» + ^* 

0 

+ 

1 

+ 1 

+ •26. 

+ •25 

1 

+ 

2 

.1 

+ •6 

-•3 

2 

— 

6 

8 

- -140449 

- -224719 

8 


53 ' 

+ 84 

-•046784 

+ -030013 

4 

+ 

296 

+ 401 

+ -004438 

+ -006912 

5 

+ 

4951 

- 3179 

+ -000787 

- -000505 

6 

_ 

40613 

- 63261 

- 000047 

- -000073 

7 

-936340 

+ 601217 

- -000006 

+ -000004 


KG = 2, 


n • 

• a 

§ 

(«+i)a+(a*+|r) 


0 

+ 1 

+ 2 

Ik 

+ -1 

' + •2 

1 

+ 2 

+ 1 

+ -6 

+ •3 

2 

+ 1*76 

- 2-5 

+ -46980 

- -67114 

3 

- 8 

- 4 

-•36 

-•175 

4 

- 16-1875 

+ 85-125 

- -01870 

+ -10667 

5 

+ 186-625 

+ 86-4376 

+ -02436 

+ -01115 

6 

+ 538-80 

-1177-3 

+ -00209 

- -00456 

7 

-8621-7 

-8945-8 

- -00072 

- -00033 


The most interesting question on which this analysis iafornis 
ufl is the. influence which, a rigid sphere, situated close to the 
source, has on the intensity of souqd in different directions. 
By the principle of reciprocity (§ 294) the source and the place of 
observation may bo interchanged. When therefore we know tljc 
relative intensities at two distant points due to a source A 

on the surface of the sphere, wo have also the relative intensities 
(measured by potential) at the point due- to distant sources at 
B and B^, On this account the problem has a double interest. 

As a numerical example I have calculated the values of jPh- iQ 
and for the above values of when ^ = 1, — 1, a* = 0, 

that is, looking from the centre of the sphere, in the direction of 
the source, in the opposite direction, and laterally. . 

When KG is zero, the value *of is :25, which therefore 

represents on the same scale as in the table the intensity due to 
an unobstructed source of equal magnitude. We may interpret kg ^ 
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328 .] 

as the ratio of tho circumference of the sphere to the wave-length 
of the sound. 


KG 

M- 

FviG 

]r2 

h 

1 


•29 J 201 

- 1 


-259729 


0 

*130241 - -2.10539/ 

■231999 


1 

•007938 I •23«:if»!>/ 

i •.502901 

1 

- 1 

- *110055- *302000/ i 

1 ■2S,5'J20 


0 

-1- ■3219(VJ- -SOIOTI/ 

*23(iH2S 

* 

1 

*79083 +*23121/ 

■0898 

*2 

- 1 

i *24954 -1 •.5or>S0i 

■MH2 


0 

1 

; -*15381 -'57002/ 

'3502 


In looking at these figures the first point which attracts 
attention is the comparatively slight deviation from uniformity 
ill tho intensities in different directions. Even when the circuin- 
forcnce of the sphere amounts to twice the wave-length, there is 
scarcely anything to bo called a sound shadow. Jlut what is 
perhaps still more unexpected is that in the firet two cases the 
intensity behind the sphere exceeds that in a transverse direction. 
This result depends mainly on the preponderance of the term of 
the first order, which vanishes with fi. The order of the more 
important terms increases with #cc; Vhen kc is 2, the principal 
term is that of tho second*order. 

Up to a certain point tho augmentation of the sphere will 
increase the total energy emitted, because a simple source emits 
twice as much energy when close to a rigid piano as when entirely 
in the open. Within the limits of the table this effect masks the 
obstruction due to an increasing sphere, so that when /a = — 1, 
the intensity is greater when the circumference is twice the wave- 
length than when it is half the wave-length, the source itself 
remaining constant. 

K the source be not simple harmonic with respect to time, the 
relative proportions of the various constituents will vaiy to some 
extent both with the size of the* sphere, and with the . direction 
of the point of observation, illustrating the fundamental character 
of the analysis into simple harmonics. 
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When Kc is decidedly less than one-half, the calculation may 
be conducted with sufficient approximation algebraically. The 
result is 

+ i « V (l 4 4 #* + Si P. + 1 j P,* - + 7?^ p.) 

+ terms in /eV... (10). 

It appears that so far as the term in «V, the intensity is an 
even function of /a, viz. the same at any two points diametrically 
opposed. For the piincipal directions a* = ± or 0, the numerical 
calculation of the coefficient of #cV is easy on account of the simide 
values then assumed by the functions P. Thus 

(/A^= 1), P*+ 6^=* = i + + *77755 kV + 

Ox = — 1), P* + (?• = i icV + *02755 K*c* + 

0*«0), ^ iicV+ *1.9534 icV+ 

When /cV can be neglected, the intensity is less in a lateral 
direction than immediately in front of or behind the sphere. Or, 
by the reciprocal property, a source at a distance will give a greater 
intensity on the surface of a small sphere at the point furthest 
from the source than in a lateral position. 

If we apply these formulas to the case of kc = we got 
(/£«1), jF»+(?* = *3073, 

P»-f-(P= 2C04, 

(/x = 0), P* +(?•=* *2344, 

which agree pretty closely with the results of the more complete 
calculation. 

For other values of yx, the coefficient of #cV in (10) might be 
calculated with the aid of tables of Legendre’s functions, or from 
the following algebraic expression in terms of yx', 

1 +fM + fit-P. + lf -P.*-*/*-?. + T?5-P4 

= -78188 + 1-6 /* + -86988 /** - -08056 /**. 

The difference of intensities in the directions /»a4l and 

— l mnj be very amply expressed. Thus 


^ For the forma of the fanetions P, see § 334. 
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(F» + 6P)^=i - {F^ + (P)^^ = I «V. 

If iicc = g, f iicV = -0148. 

If #cc = g, I «V= 002J>. 

If *c = J, f /cV = 0002. 

At the same time the total valuc*of F*+ (P approximatc.s to 
*25, when kc is small. 

These numbers have an interesting bearing on the explanation 
6f the part played by the two ears in tlie perception of the ipiartcr 
from which a sound proceeds. 

It should bo observed that the variations of intensity in different 
directions about which wo have been speaking are duo to the 
presence of the sphere as an obstacle, and not to the fact that 
the source is on the circumference of the Bphoie instead of at 
the centre. At a great distance a small displacement of a 
source of sound will affect iha^pliase but not the intensitij in any 
direction. 


In order to find the alteration of phase we have for a small 
sphere 

1\), O ^ KC 1 + i fi). 

tan ^ — (7 : = /fC (— 1 + ? /*), or ^ = /cc (— 1 + il m) nearly. 

Thus ift (7) 

from which we may infer that the phase at a di.staric(j is the same 
as if the source had been situated at the point /*-“!, r = 5c 
(instead of ?’ = c), and there had been no obstacle. 

• 

329. The functional syml)ols f and F may be expressed in 
terms of P. It is known* that 


. n n + 1 


i-/t 


or, changing /A into 1 — 

T>/i X 1 » w + l (n + l)(» + 2) iP ... 

+ “ 172 ” • iTT " 'S’* * 

Consider now the symbolic operator 
operate on y~\ 

» Thomson and Tait’s Nat. Phil. § 782 (quoted from Morphy). 

B. II. 15. 
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Since (|y.l»(-l)(-2) 

+-r:2“» + o y + 

A comparison with (9) § S23 now shews that 

/.(y)-yP.(i-|)j (2), 

from which wc deduce by a known formula, 

®' 

f/.(-y)-P.(4)4'. 

« 

If we now identify^ with iicr,we see that the general solution, 
(12) § 323, may be written 

ir , = (- lyvcs. p, (j4-) . + i* s; p, (^4-) (4), 

from which the second term is to be omitted, if no part of the dis- 
turbance be propagated inwards. 

Again from (14) § 323 we sec that 


V/.O')-- 

In like manner. 



y* \ dy)' y ’ 


whence 



(6), 

and 

(.,p(d\de^ 
y* ' ^ ^ydy/dy y 

(6). 

Similarly, 

FA-y)e^^ p(d\de^ 

y* ’‘\dy)dy' y 

(7). 

Using these expressions in (13) § 323, we get 





i+fier 

iier ' 


.( 8 ).^ 
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330. We have already considered in some detail the form 
assumed by our general expressions when tliere is no source at 
infinity. An equally important class of cases is defined by the 
condition that there be no source at the origin. We shall now 
investigate what restriction is thereby imposed on our general 
expressions. 


Reversing the series wc have 

, 1 ,3.5... (2n-l) . 

= {.Sf,. (1 + + ...) 

+ ir>SVc+«’* (1 -iVr+ ...)J. 

shewing that, as diminishes without limit, approximates to 

^Tn (l/W)* . "h ( }• 

In order therefore that ifiay be finite at the origin, 

+ ( 1 ) 

is a necessary condition ; that it is sufficient wc shall see later. 


Accordingly (12) § 323 becomes 

(tVr) -(-!)” (- ^^)l (2). 

If, separating the real and imaginary parts of /„, we write (as 
before) , 

/. = o' + i^ (3). 


(2) may be put into the form 

sa — {a^sin (#cr + J nw) — cos (#cr + J mr)] (4). 

Another form may be derived from (4) § 329, We have 


= - 2** (- 1)* 8 , P, • - 


2i/cr 
sin ter 


■(5). 


Since the function P. is either wholly odd or wholly even, the 
expression for is wholly real or wholly imaginary. 

In order to prove that the value of in (6) remains finite 
when r vanishes, we begin by observing that 

15—2 . 
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( 6 ). 


2 sin «r f 


/ +i 


• f+i 

“i 


•( 7 ). 


as is obvious when it is considered that the effect of differentiating 
y«»Y* any number of times with respect to iter is to multiply it by* 
the corresponding power of fi, (t remains to expand the expres- 
sion on the right in ascending powers of r. We have 




1 .2 ...71 


Now any positive integral power of fi, such as /a**, can be 
expanded in a terminating series of the functions P, the function 
of highest order being It follows that, if p<n, 

by known properties of these functions; so that the lowest power 

/ +i 

(ji) dfjh Is (tWr)*. Retaining only the leading 
term, we may write 


P. w 0.) d^. 


From the expression for P, (/a) in terms of p, viz. 


PM- 


1.3.6... (2«-l) 
1.2.3... n 



w(n-l) 

2(2n-l) 



we see that 


w (ti — 1) (ti — 2) (ti -- 3) 
2.4.(2n-l)(2n-3)' 






1 . 2 . 3 ... 71 


ft* Y ~ ' 3 5 ' (2n — 1) ^ terms in f» of lower order than fA*; 
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and therefore 


/*>• -P- w /*■ WT *• 


: 1.2^...n 2 

1 . 3. 5 ... (2ii •- 1) 2a + I 


Accordingly, by (5) and (7) 

(- 1)- ^ + (10). 

-which shews that y[r^ vanishes witli ?*, except when w = 0. 

The comi)letc scries for when there is no source at the 
polo, is more conveniently obtained by the aid of the theory of 
Bessel’s functions. Tlie differential equations (+) § 200, satisfied 
by these functions, viz. 

(")• 

may also bo written in the form 



It is known (§ 200) that the solution of (11) subject to the 
condition *of fiuiteness when z^O/ia y AJ ^ (^), where 


T ( «"* f-l ^ • 

+ 1 •2.(27» + 2) 


**■ ^ .(1.3), 


J^2.4.(2m + 2)(2w + 4) ”■) " 

is the Bessel’s function of order m. 

When m is integral, r(?n + l)=sl.2,3...»»; but here wo have 
to do -with m fractional and of the form w -I- J, w being integral. 
In this case 

(w). 


Referring now to (12), we see that the solution of 




under the same condition of finiteness when z » p, is 

« = (1C). 
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Now the Ainction with which we are at present concerned, 
satisfies (4) § 323, viz. 

■■■■■■ 

which is of the same form asT (15), if m = n + ^ ; so that the solu- 
tioa is 

(*»•)"* «^,+, (*»•) 

(«w)*V2 


1.3...(2a + l)Vw 
+ 


k 0^ 

t a.(2»+8) 

\ 

+ 5 ) -r- 


.(18). 


2.4.(2»+3)(2n- 
Dctermhiing the constant by a comparison with (10), wc find 

= -2i*r-l)«iS (W)« ( i««r» 

“S**! «.1.3,5,,,(2a+l) r 2(2» + 3) 

/IC*/*® ) 

■*'2.4.(2« + 3)(2n + 6)"2.4.6.(2« + 3)(2» + 5)(2» + 7)‘*''"J 



as the complete expression for in rising powers of r. 

r 

Comparing the different expressions j(5) and (ID) for wc 
obtain 

w- 

If - a + 1/3, the corresponding expressions for , are 
(«Wr) - (- !)• s+or H (- t*r)} 

S 

« {a sin (icr + J »w) ~ ^8 cos (icr + 4 ww) } 


d sinicr 
KT 


1.8.6,..(2n+l) V 2»(2n + 8j^‘^''j 
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It will be convenient to write down lor reference the forms of 
and ^ for the first three orders. 



One of the most interesting applications of those rosnlis 
is to the investigation of the motion of a gas within a rigid 
spherical envelope. To determine the free periods we have only 

to suppose that vanishes, when r is equal to the radius of tlio 

envelope. Thus in the case of the symmetrical vibrations, wo 
have to determine k, • 

tan«r = #fr ....(!)» 

an equation which we have already considered in the chapter 
on membranes, § 207. The first finite root {kv - 1*4303 w) corre- 
sponds to the symmetrical vibration of lowest pitch. In the case 
of a higher root, the vibration in question has spherical nodes, 
whose radii correspond to the inferior roots. 

Any cone, whose vortex is at tho origin, may be made rigid 
without affecting the conditions of tho question. 

The loops, or places of no pressure variation, are given by 
(/erpsin^rssO, or jrr^wwr, where . w is any integer, except 
zero. 

The case of n == 1, when the vibrations may be called dia- 
metral, is perhaps the most interesting. being a harmonic 
oS’Order 1| is proportional to cos B where B is the angle between r 
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and some fixed direction of reference. Since vanishes only 

at the poles, there are no conical nodes^ with vertex at the centre. 
Any meridianal plane, however, is nodal, and may be supposed 

rigid. Along any specified radius vector, and vanish, and 


change sign, with cos kv - sin kt, viz. when tan kv = ter. The 
loops in the present case therefore coincide with the nodal surfaces 
of the radial vibrations. 


To find the spherical nodes, we have 

= 

The J5rst root is tcr — O, Calculating from Trigonometrical 
Tables by trial and error, I find for the next root, which cor- 
responds to the vibration of most importance within a sphere, 

ter = 110*26 X ; so that r : X = *3313. 

The air sways from side to side in much the same manner as 
in a doubly closed pipe. Without analysis we might anticipate 
that the pitch would be higher for the sphere than for a closed 
pipe of equal length, because the sphere may be derived from the 
cylinder with closed ends, by filling up part of the latter with 
obstnicting material, the effect of which must be to sharpen the 
sprmg, while the mass to be moved remains but little changed. 
In fact, for a closed pipe of length 2r, ^ 

r : \=*25.’ 

t 

The sphere is thus higher in pitch than the cylinder by about 
a Fourth. 

The vibration now under consideration is the gravest of which 
the sphere is capable ; it is more than an octave graver than the 
gravest radial vibration. The next vibration of this type is such 

that 340-35 — . or 

r :X--9454, 

and is therefore higher than the first radial. 

> A node is a surface which mi(^t be supposed rigid, via. one across which there 
is no motion. 
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When KT is greats the roots of (2) may be conveniently calcu- 
lated by means of a series. If = wixr — y, then 


tany = 


from which we find 


2 (#«7r — y) 
(mTT-yj 


I* — *1 * 


•Ifi 


KV = mir y + , 

mTT dW4 TT* 


.(3). 


When n = 2, the general expression for N, is 
(cos®^ — J) + (-dj cos a> + sin a>) sin 0 cos 0 

-f (A*cm 2ft) + y/j^sin 2a>) sin* 6?.... (4), 

from which ^we may select for special considoratiini tlio following 
notable cases ; 


(ft) the zonal harmonic, 

= (4). 

Here dO is proportional to sin 2^, and th(?roforo vanishes 

when 6 = \7r, This shews that tlio ccpiatorial piano i.s a nodal 
surface, so that the same motion might take jdacc within a closed 
hemisphere. Also since >Sy does not involve &>, any nieridianal plane 
may be regarded as rigid. 


(^) tlie sectorial harmonic 

;Sy = cos 2a) syi® 0 

Here again vavick as sin 20, and the equatorial plane is 


.(5), 


nodal. But varies as sin2o), and therefore does not vanish 

independently of 0, except when sin 2a) = 0. It appears accordingly 
that two, and but two, meridianal planes are nodal, and that these 
are at right angles to one another. 

(7) the tesseral harmonic, 

8^ = A^ cos o) sin ^ cos 0 (6). 


In this case vanishes independently of o) with cos 20, that 
is, when $ » \ir, or Jw, which gives a nodal cone of revolution 
whose vertical angle is a right angle. varies as sin a», and 

‘ thd!6 there is one meridianal nodal plane, and but one. 
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The spherical nodes are given by 

. — 9/ifr 

tatt*r= ( 7 ), 

of which the first finite solution is 

ST ==3-3422, 

giving a tone graver than any of the radial group. 


In the case of the general harmonic, the equation giving tlio 
tones possible within a sphere *of radius r may be written (21) 
§330 



tan {kt + inw) = 

(8). 

or 



** \d . tfcrj d,icr kv 

( 9 ). 

or again. 



(10). 


Table A shews the values of \ for a sphere of radius unity, 
corresponding to the more important modes of vibration. In B is 
exhibited the frequency of the various vibrations refersed to the 
gravest of the whole system. The Tabic is extended far enough to 
include two octaves. 


Table A, 

f 

Giving the valaes of X for a sphero of nnit radius. 

r 

Order of Harmonio. 



1-8800 1-892 1-113 -9300 -8002 

-86195 *7320 *6385 

-69208 *5248 

'458^ 
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Tablb B. 


Pitch of each 
tone, referred 
to gravest. 

Order 

of 

Harmonic. 

Number i( 
of internal ! 
spherical 
nodes, -i 

1' 

Pitch of each 
tone, referred 
to gravest. 

Order 

of 

Harmonic. 

Number < 
of internal 
spherical 
nodes 

1-0000 

1 

0 j! 

^•8510 


1 

1-6056 

2 

0 

3-2158 1 

5 

0 

2-1588 

0 

® ;! 

3-5021 

2 

1 

2-1G9 

3 

0 !; 

3-7111 

0 

i 

' 1 

2-712 

1 

0 1!' 

* 3-772 

6 

0 


332. If wo drop imnocessiiry constants, tlic particular solu- 
tion for the vibrations of gas uithin a spherical case of radius 
unity is ropresentod by 

(*0 ^ *^ 1 - a - ^) ( 1 )» 

where /c is a root of 

= ( 2 ). 

In generalising this, \vc must remember that may be com- 
posed of several terms, corresponding to each of which there may 
exist a vibration of arbitrary amplitude and phase. Jfurtlicr, each 
term in ^„*may be associated with any, or all, t»f the Vcaluos of k, 
determined by (2). For example, under the head of ?i=s2, wo 
might have 

= -d (cos’ 0 - J)' (K,r)"^ J («.r) cos (*.«« + 

+ Bfios 2a sin’ 0 («/)”^ (*,»•) cos (<r,at + 0^), 

and te^ being different roots of 

2kJ’^(k) = J^{k). 

Any two of the constituents of yfr are conjugate, i.e. will vanish, 
when multiplied together, and integrated over the volume of the 
sphere. This follows from the property of the spherical harmonics, 
wherever the two terms considered correspond to different values of 
n, or to two different constituents of /S^\ The only case remaining 
for consideration requires us to shejr that 

(ic^r ) . (*/) (*,r) = 0 (3), 

^ Thomson and Tait's Nat. PhiLf p. 161. 
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CASE OF UNIFOllM 


where and are different roots of 

W “ 

which is an immediate consequence of a fundamental property of 
these functions (§ 203). There is therefore no difficulty in adapt- 
ing the general solution to prescribed initial circumstances. 

In order to illustrate this subject we will take the case, where 
initially the gas is in its position of equilibrium but is moving with 
constant velocity parallel to x. This condition of things would b6 
approximately realised, if the case, having been previously in uni- 
form motion^ were suddenly stof)ped. 


Since there is no initial condensation or rarefaction, all the 

quantities 6^ vanish. If ^ be initially unity, we have = a: = r/A, 

which shews that the solution contains only terms of the first 
order in spherical harmonics. Tfie solution is therefore of the 


form 

cos 

+ A,(/iCgr)"^jr|(ic,r)/ACos/iCjaf + (5), 

where k ^; &c. are roots of 

( 6 ). 

To determine the coefficients, we have initially for values of r 

from 0 to 1, 

r = J^ (le/) + (*,r) + (7). 

Multiplying by and integrating with*' respect to r from 0 

to 1, we find 

( 8 ). 


the other terms on the right vanishing in virtue of the conjugate 
property. Now by (16), § 203, 

»£ c-^i (*»•)]*»•*■ + (i 


by (6). 


( 9 ), 
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The evaluation of J^r^J^(/cr)dr may be effected by the aid of 

a general theorem relating to these functions. By the fundamental 
differential equation 

whence by integration by parts we obtain, 

- )•»+’ (10). 

or, if we make r = 1, 

f r^'^^J^{icr) dr~ n J^{k) - icJ^{k) (II). 

• 0 

Thus in the case, with which wr. are hero otmeernod, 

* ^ 

Equation (8) therefore takes the form 
2/e^ 


2)^, » 


•( 12 ). 


and the final solution is 

^ = 2 ~ ’A- — - (13), 

» • 

where the summation is to be extended to all the adniis.siblc 
values of #c. 

When < = 0, and i' = 1, wc must have and accordingly 


V-2 


= 1 . 


.(14). 


It will be remembered that the higher values of k are approxi- 
mately, (3) § 331 

(1&). 


#c = fn7r — - 


The first value of k is 2'0815, and the second 6*9402, whence 
2 


ic;-2' 


•86742, 


«*-2 


•06009, 



SPHEBICAli SHELL. 


shewing that the first term in the series for is by far the most 
important. 

It may be well to recall here that 

•'.w-'v/sCt"-””') O')- 

Equation (14 j) may be verified thus ; The quantities k are the 
roots of 

or, if (-gr), the roots of ^ = 0, where <l> satisfies 

^"+?^'+(i-j)^=o : (17). 


Now, since the leading term in the expansion of in ascending 
powers of z, is independent of z, we^ma^ take 


^' = const. 


whence, by taking the logarithms and difTorentiating, 

S" 2a . 2af , 

If we now put a* = 2, we get by (17), 

333. In a similar manner we may treat the problem of the 
vibrations of air included between rigid concentric spherical 

surfaces, whose radii are r, and r,. For by (13) § 323, if 

or 

vanish for these values of r, 


whence 




tan^(rj — = 


where as before 


+ 
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When the difference between and is very small compared with 
either, the problem identities itself with that of the vibration of a 
spherical sheet of air, and is best solved independently. In (Ij 
§ 323, if be independent of ?*, as it is evident that it must ap- 
proximately be in the case supposed, we have 


_l_d / 
sin ((0 \ 

siii0^^)+ . + d 

, (id J sin* $ ^ 

( 3 ). 

whoso solutiou 

is simply 







while the admissible values of /c^ arc given by 



/cV* = «(n-f 1 ) 

('*). 


The interval between the gravest tone (n = 1) and the next is such 
tliat two of them would make a.i.wclfth (octave -f* fifth). The pro- 
blem of the spherical sheel; of«g.'is will be further considered in 
the following chapter. 

334. The next application that we sliall make of the spherical 
harmonic analysis is to investigate the disturbance which ensues 
when plfiiic waves of sound impinge on an obstructing sphere. 
Taking the centre of the sphere as origin of polar co-ordinates, and 
the direction from which the waves come as the axis of fi, let ^ 
be the potential of the unobstructed plane weaves. Then, leaving 
out an unnecessary complex coefficient, wc have 

^ ^ gW (a?+ jr) - , g »V»> ' 

and the solution of the problem requires the expansion of in 
spherical harmonias. On account of the symmetry the harmonics 
reduce themselves to Legendre’s functions (ft), so that we may 
take 

gfcrM = 4- . . . + A^P^ + (2), 

where are functions of r, but not of ft. From what has been 
alre^y proved we may anticipate that A^, considered as a func- 
tion of r, must vary as 



but tb©^me result may easily be obtained directly. Multiplying 
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(2) by P, (ji), aad integrating with respect to /* from /i* = - 1 to 
« + 1, we find 

f Pn W =■ fjP-y ^1^ “2!^ 

and, as in § 330, 

so that finally 

<"■) 

In the problem in hand the whole motion outside the sphere 
may be divided into two parts ; the first, that represented by ^ 
and corresponding to undisturbed plane waves, and the second 
a disturbance due to the presence *of thp sphere, and radiating out- 
wards from it. If the potential of the latter part be yfr, we have 
(2) § 324 on replacing the general harmonic 8^ by P„ (/a), 

= •«■*■’■/.(«»•) 1 

J 


The velocity potential of the whole motion is found by addition 
of <l> and the constants being determined by the bound aiy 
conditions, whose form depends upon the character of the obstruc- 
tion presented by the sphere. The simplest c^c is that of a rigid 
and fixed sphere, and then the condition to be satisfied when r = c 
is that 


dr dr 


0 


(6). 


a relation which must of course hold good for each harmonic 
element separately. For the element of order n, we get 


a,= (2»+l) 


f d \ 
(fV«j) * \d . %Kc) 


d sin/gc 

d,/CC' KG 


.(7). 


Corresponding to the plane waves the disturbance 

due to the presence of the sphere is expressed by 

^ 8s ^ 0ic(a«-r+e) 

^ r 


2ii+l 


Pn 
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At a sufficient dis{ance from the source of disturbance we may 
take /, (tKv) = 1. In order to pass to the solution of a real 
problem, we may separate the real and imaginary parts, and 
throw away the latter. On this supposition the plane waves are 
represented by 


=^cos« (o<*+ a') 


,( 9 ). 


Confining ourselves for simplicity’s sake to parts of space at a 
groat distance from the sphere, M*horo (i/cr) — 1 , we proceed to 
extract the real part of (8). Since the functions P are wholly 
even or wholly odd, , 


j> r - A. 

“ \d . itecj ii, KC 


sin KC 

KG 


is whfilly real or wholly imaginary, so that this factor presents no 
difficulty. h<nvever, i« coiriplox, and since F^{{kc) a*-f i/ 9 ,^ 


{F, (e«c)r’ = 


if tan 7 *= — yS -r a. 
Thus 

■^=2(2a + l) - 


ct — 1/3 _ ^ 


X . /’.o*) (10). 

‘ ^ ^ *\t/ . IKCj a, ICQ KO " 


When therefore n is c\;en, 

W *= (2» + 1) cos {#c (rti — r + c) + 7) 


while, if n be odd. 


KC* 

[^] ss (2 m + 1) f sin [k (at — r + c) + 7} 


As examples we ma^ write** down the terms in [^], in- 
volving harmonics of orders 0, l> 2 . The following table of the 
functidl^s (f*) will bo tiseful, 

B. IT. 


16 
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We have, 


p.-i. 

10 *’ -*/*). 

> 4 =W-Ia**+^). 

^ = ¥ 0 *’-^/*’+^/*). 

I 

nasO, a*+^a=l +#6^0^ tan7a=® — 


M —{1 +**«i^-* j^,^.cos{*(a«-r+c)+7.1....(13), 

( 14 ). 

q oi 9 

«- 2 , «*+^=*’c ’-2 + ;??+;??. 


r, , 4&*c* f 0,9^ Sir* 

t 

The solution of the problem here obtained, though analytically 
quite general, is hardly of practical use except when kc is a small 
quantity. In this case we may advantageously expand our results 
in rising powers of ko » 


M=> 

1 

iH 

1 

+ if -«•<<'+...) 




X cos {4C (a^-r+ c) +7ol 

( 16 ). 

w- 

-^(1. 

2r' 

- A ” A '^c' + • 0 



X /a. sin {ic(a«— r + c) +7J 

( 17 ). 



* < 

- Air + AV *‘®* + •••) 



X (^t*-i)oos{*(<rt-r + c)+7,}.. 
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It appears that wliile and are of the same order in 
the small quantity lec, [^J is two orders higher. Wo shall find 
presently that the higher harmonic components in [^] depend upon 
still more elevated powers of xc. For a first approximation, then, 
we may confine ourselves to the elements of order 0 and 1. 

Although contains a cosine, and a sine, tliey never- 
theless differ in phase by a small quantity only. Comparing tw») 

(\f the values of in (21) § 330 we see that 


a sin {xr + J wtt) — cos {xr + 1 wtt) 
n (xr^ 


= -(-!)- 


O' 57.: (2rt +T) 


itlentically. Dividing by a cos (#cr + him-), we got ultimately 


tan {xr + J«7r) 


a 


. _ n{xry*'_ 

a co&(xr + \nw) 1.3.5... (2?* + 1 ) ’ 


When n is even, tliis equation becomes on sub.stitution for a of 
its leading term. 


For exsCmple, if n = 2, 
tan KV — 


3". 5 


When n is at all high, tlic expressions tan xr «an<l ^ -5- a hoconic 
very nearly identical for moderate values of xr. 

When n is odd, we got in a nearly similar manner. 


. . P n ^ 

cot + a - (n + 1) {2a + 1) {i 7 3 . 5 . . . (2» - 1)}» 
or 

. . w . 

taji/w + jg (2» + l) {1.3.6... (2n-l)j* 

Prom these results we see that when n is even, 

7 rs — fco approximately, 

and wh^ n is odd, 

7 s Jtt — iKC approximately. 



16—2 



244 


INTENSITY OF SECONDABY WAVES. [334. 


The velocity-potential of the disturbance^ due to a small rigid 
and fixed sphere is therefore approximately! 


M + [^i] 



+ 3 /*) ^ ■“ '*') 


ilI 


(1 + 


I fl) cos K {pi — 


r) 


( 21 ), 


if T denote the volume of the obstacle! the corresponding (firect 
wave being 


[^] ~ cos « (at + 0 ?) 


( 22 ), 


For a given obstacle and a. given distanco the ratio of the 
amplitudes of the scattered and the direct waves is in general pro- 
portional to the inverse square of the wave-length, and* the ratio of 
intensities is proportional to the inverse fourth power (§ 296). 

In onder to compare the intensities of the primary and 
scattered sounds, we may suppose 'the bformer to originate in a 
simple source, provided it bo sufiicicntly distant (/?) from T. 


Thus, if 


w 


[«= 


cos K {at — E) 
M 


ttT 

rlt\^ 


(1 + j/») cos ic {at — r), 


(23), 

(2t); 


so that at equal distances from their sources the secondary and 
the primary waves are in the ratio 

{2s). 

The intensities are therefore in the iatio 

5^(l + iM)* (26). 

which, in the case of /a « + 1, gives approximately 


61*72 T* 


(27). 


It must be well understood that in order that this result may 
apply, X must be great compared with the linear dimension of T, 
and B must be great compared ^th X. ^ 

To find the leading term in the expression for ‘^„! when /ee is 
small, we have in the first place. 
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d 

KO 


1.3.5...(2»-1) f 2.ii.(2n + 3)^ •••] W 

Again, 

a* + ^ = (Uc) X (~ iKt ) 

- 1 , . 3 .5 {i H. ,„V"„ iL".) + ■■• } 

„.h.t 

{a* + y3»}-l_ _ fl_ ) 

‘ 3...(2ft-l),,» H;t 2.(n + l)(*2»-l) + - j 

••; ,• (30). 

Hcncc, from (10), 

^ = c(«c)‘”«i*P.O*) 

rll.3..5...(2»-l)j>(n+l)® 

X |l - kV (^^^2l^'+2j (2n - 1) ■*'27» (2n + 3))‘'' •■• } — 

When n is even, 7,^ = — /«c approximately, an<l tlieii 

III ’ c (ft) . . . 

(1 73 ..,,7 +1) cos * (at r ) 

X |l - *’c*(j;2— ::p2) (2‘,::rr) + 2» (2«T3)) } 

while if 91 be odd, we have merely to replace i" by the 
result being then still real. 

By means of (31) wo may verify the first two terms in the 
expressions for [-^J, [-^J, in (17), (18). To the case of h = 0 , (31) 
does not apply. 

Again, by (31), 


[^J = i^ov 


{1 - if/s '«*«’} {m* - S'“ {* (at -r + c) + 7.1 -(SS). 


M = Ia** - »/*’ + *1 «M {*<«< - r + 0) + 74} ( 34 ). 

CopAining (1^, (18), (83), (34), we have, the value ef W 
complete as far aS' the terms which are of the order compwed 
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with the two leading terms given in (21). In compounding the 
partied expressions, it is as necessary to be exact with respect to 
the phases of the components as with respect to their amplitudes; 
but for purposes requiring only one harmonic element at a time, 
the phase is often of subordinate importance. In such cases we 
may take 

(n oven) 7 = - icc, {n odd) 7 == Jtt — kc. 

From (31) or (32) it appears that the leading term m rises 
two orders in kc with each step in the order of the harmonic; and 
that is itself expressed by a series containing only even, or only 
odd, powers of kc. But besides being of higher order in kc, the 
leading term becomes rapidly smaller as n increases, pn account of 
the other factors which it contains. This is evident, because for 
all valt^s of n and [jl, (fi) < 1; the same is true of -r- « + 1 ; 
while i” only affects the phase. 

In particular cases any one of the harmonic elements of 
may vanish. From (11), (12) since + cannot vanish, wo 
have in such a case 

p ( ^ ^ ^ — 0 

*\d.*Vco/ d.KO KC ~ ' 

the same equation as that which gives the periods of the vibra- 
tions of order n in a closed sphere of radius c. A little con- 
sideration will shew that this result might have been expected. 
The table of § 331 is applicable to this question and shows, among 
other things, that when kc' is small, no harmonic element in ['^J 
can vanish. 

In consequence of the aerial pressures the sphere is acted on 
by a force parallel to the axis of /a, whose tendency is to set the 
sphere into vibration. The magnitude of this force, if cr be the 
density of the fluid, is given by 

2ir^<r + ‘^) H'dfA, 


in which, by the conjugate property of Legendre’s functions, only 
the term of the first order affects the result of the integration. 
Now, when r^c. 




qn/ro 


IKC KC 




s* 3icc 6*^ 


^ sin<^ 

d.%KC'd.KC' KC 
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where 

Ji',(wec)=.»AH!+2+^. 

In order that the force may vanish, it would bo necessary' that 
d sin KC /, (?/fc) rP sin kg __ . 

d,KG' KC F^[iKC) \d,KcY KG * 

which cannot be satisfied by «any real value of kc. Wc conclude 
that, if the sphere be free to move, it will always bo sot into 
vibration. 


If instead of being absolutoly^plano, the priinary waves have 
their origin in a unit source at a gicat, though finite, distance It 
from the centre of the sphere, wo have 


r.f (SO). 

^\d,%KC/d,KQ KG 


On the spliorc itself r ==■ c, so that the value of the total poten- 
tial at any point at the surface is 




gw(a£-iZ) 

47riJ 


2(2?i + 1)P.(m) 


X 




sm^cc 

KG 


+ KC 


fn (t^C) p 

FAi'ceV" 



d sin #cc“l 

d,KG KG J 


This expression may bo simplified. We have 

and thus the quantity within square brackets may be written 

e*- F. (tVo)/. (- Ate) - F, (- <«e)/. (vee) 

2t«> F^(iKe) 

which by (6) § 827 is identical with e<“ [i; (w»)r. Thus 

. ts -P.O*) 
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which is the same as if the source had been on the sphere, and 
the point at which the potential is required at a great distance 
(§328), and is an example of the general Principle of Reciprocity. By 
assuming the principle, and making use of the result (3) of § 328, we 
see that if the source of the primary waves be at a finite distance 
i2, the value of the total potential at any point on the sphere is 




If A and B be any two points external to the sphere, a unit 
source at A will give the same total potential at B, as a unit 
source at B would give at A» In either case the total potential is 
made up of two parts, of which the first is the same as if there were 
no obstacle to the free propagation of the ivaves, and the second 
represents the disturbance due to the obstacle. Of these two 
parts the first is obviously the same^ whichever of the two points 
be regarded as source, and therefore the otlier parts must also be 
equal, that is the value of at B when .d is a source is equal to 
the value of ^ at A when R is an equal source. Now when the 
source j 4 is at a great distance B, the value of at a point B 
whose angular distance from A is cos~^ fi, and linear distance 
from tile centre is r, is (36) 




gMat-K-r+c) 2 (2n + 1) 


■P. W/. (^•) 

F,(iKc) 



d sin KO 
d, kg' kg * 


and accordingly this is also the value of at a great distance B, 
when the source is at B. But since is a disturbance radiating 
outwards from the sphere, its value at any finite distance B may 
be inferred from that at an infinite distance by introducing into 
each harmonic term the factor {IkB), We thus obtain the fol- 
lowing^ symmetrical expression 






sin KG 
kg 


(39), 


which gives this part of the potential at either point, when the 
other is a unit soui'ce. 
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It should bo observed that the geueral part of tho argument 
does not depend upon the obstacle being either spherical or rigid. 

From the expansion of in sphenral harmonics, we may 
deduce that of the potential of waves issuing from a unit simple 
source A finitely distant (r) from th^ origin of co-ordinates. Tho 
potential at a point Ji at an infinite di.staiice 72 from tho origin, 
and in a dirocth)n making an angle cos''* with r, will bo 

the time factor being omitted. • 


Hence by the expansion of 




o.ty 




from which we pas^. to tho case of a finite /2 by the simple intio- 
duction of tin* factor (/«/2). 


Thus tlie i>otential at a finitely distant point 72 of a unit source 
at A is 




335. Ha\ing considered at some length tho cose of a rigid 
spherical obatacle, wo will now .sketch briefly the course of the 
investigation when the ob.staclo is gaseous. Altliougli in all 
natural gases the compressibility is nearly tho same, wo will sup- 
pose for the sake of generality that tho matter occupying the sphere 
differs in compressibility, as well as in density, from the medium in 
which the plane waves advance. 

Exterior to the sphere, is the same exactly, and ^ is of 
the same form as before. For the motion inside the Bjihero, if 
/e'ss 27r-s-X' be the internal wave-length, (2) § 330, 

(,Vr) - (- 1)* e**^*-/. (- i*'r)), 

^js „ {« sia (/r + inw) -^coi (*V + Jnir)}, 

dr T 

satisfying the condition of continuity through the centre. 
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If O', O'' be 'the natural densities, m, m' the compressibilities, 



and the conditions^ to be satisfied by each harmonic element 
separately, are •> 

^ + ^ (outside) =.^ (inside) ....(2), 

O' (outside)} == (inside) (3), * 

expressing respectively the equs^ties of the normal motions and 
of the pressures on the two sides of the bounding surface. From 
these equations the complete solution may be worked out; but 
we will here confine ourselves to finding the value of the leading 
terms, wljen #cc, kc arc very small. 

In this case, when r = c. 


(inside) = — 2tV a/ 
(inside) = J iK^ca^ 




•(4). 


dr 


:1 


.(5). 


.( 0 ). 


(outside) =-^ 

Using these in (2), (3), and eliminating retaining only the 
principal’ term, we find 



Q * tgyj 


In like manner for the term of first order, 
(inside) ** — f ' 
pnmdo) - - 


•( 8 ). 
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’which give 


(outside) 

^ (outside) 



* <r 4- 2<r 


( 10 ). 


( 11 ). 


At a distance from tlie sphere the disturbance due to it is 
expressed by 

' -"•‘“-"{“'"-’.-HTi-) <«>■ 

If wo introduce the r^ations 

.= 2.^X. 


and throw aw*ay the imaginaiy part, wo obtain 


“ XV ® a + W 


as the expression for the most important part of the disturb- 
ance, corresponding to (21) § 334 for a fixed rigid sphere. Jt 
appears, os might have been expected, that tlie term of zero order 
is due to the variation of compressibility, and that of order one to 
the variation, of density. 


From (13) we ‘inay fall back on the case of a rigid fixed sphere, 
by making both a and m' infinite. It is not sufficient to make o' 
by itself infinite, apparently because, if vi at the same time 
remained finite, kc would not be small, as the investigation has 
assumed. 


When m' -m, a - or are small, (13) becomes equivalent to 

corresponding to ^ = cos kxxA at the centre of the sphere. Tliis 
agreejTwith the result (13) of § 296, in which the obstacle may be 
of any form. 
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In actual gases m' » m, and the term of zero order disappears. 
If the ^ occupying the spherical space be incomparably lighter 
than the other gas, cr' = 0, and 

w T 

3^ /A cos ir (a« - r) (14), 

so that in the term of order one, the effect is twice that of a rigid 
body, and has the reverse sign. 

The greater part of this chapter is taken from two papers by 
the author '*On the vibrations of a gas contained within a rigid 
spherical envelope,” and an ** Investigation of the disturbance pro- 
duced by a spherical obstacle on the waves of sound and from 
the paper by Professor Stokes already referred to. 

^ Math, Society's Proceedings, Marcjb 14,' 1872; Nov. 14, 1872. 



CHAPTER XVHI. 


SPIIKRTCAL SHEETS OF AIR. ^lOTfON IN TWO DJMENSIONS. 


33G. In a former chapter (§ 135), wo saw that a proof of 
Fourier’s theorem might he obtained by coiisiiloring tlie n»ochaiiics 
of a vibrating string. A sitiilar treatment of the problem of 
a spherical sheet of air wiH lead us to a proof of Laplace’s 
expansion for a function which is arbitrary at every point of 
a spherical surface. 


As in § 333, if ^ is the velocity-potential, the equation of 
continuity, refeiTcd to the ordinary polar co-ordinates 6 , o>, takes 
tlie form, 


dt^' 



(fV) 

.sin“S dto \ ‘ 


Whatever may be the character of the free motion, it can 
bo analysed into a series of simple harmonic vibrations, the 
nature of which is determined by the corresponding functions 
considered as dependent on space. Thus, if -^oc e**"*, the 
equation to determine as a function of 0 and (o is 


1 d 
sin 6 dd 



^ sin* 6 




( 1 ). 


Again, whatever function may be, it can be expanded by 
FourieFs theorem* in a series of sines and cosines of the multiples 
of Thus 

^ s: -I- cos flj + sin » + cos 2a> + sin 2fl» 

-b '^/cos sa> + sin + (2), 

1 We kece introdaee the eondition that ^ recurs after one rerolntion round the 
sphere. 
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where the coefficients are functions of 6 only ; 

and by the conjugate property of the circular functions, each 
term of the series must satisfy the equation independently. 
Accordingly, 


sin 6 dO 


d f . 

de\^^ 






.(S) 


is the equation from which the character of or y/rj is to be 
determined. This equation may be written in various ways. 

I 

In terms of /i (= cos ^), 



or, if If s= sin 0, 

= 0. . . (5) . 

r. 

where is written for jeV. 


When the original function is symmetrical with respect 
to the pole, that is, depends upon latitude only, s vanishes, and 
the equations simplify. This case we may conveniently take 
first. In terms of /a, 




( 6 ). 


The solution of this equatmn involves two arbitraiy constants, 
multiplying two definite functions of .u, and may be obtained 
in the ordinary way by assuming an ascending series and de- 
termining the exponents and coefficients by substitution. Thus 



1 . 2 . 3. 4 ^ 


fe»(;^*-2.3)(A,*-4.5) 

1 . 2 . 3 . 4 . 6. 6 


“ + &C. 


+-b|m 


A*- 1.2 , (V- 1.2) (A*- 8. 4) 

1 . 2.8 ^ 1 . 2 . 8 . 4. 6 


/*• — &c.| ....(7), 


in which A and B are arbitrary constants. 


Let us now further suppose that tiesides being i^mmetrical 
round the pole is also symmetrical' with respect to the^^equator 
(which is accordingly nodal), or in other words that is an 
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336.] CONDITION TO BE SATISFIED AT POLKS. 

even function of the sine of the latitude (/*). Under these circum- 
stances it is clear that JB must vanish, and the value of ^ bo 
expressed simply by the first series, multiplied by the arbitrary 
constant A, This value of the velocity-potential is tho logical 
consequence of the original differential equation and of tho two 
restrictions as to symmetry. Tho* value of /t* might appear 
to bo arbitrary, but from what ayo know of the mechanics of the 
problem, it is certain beforehand that is really limitiMl to a 
ficries of i^articulfir values. The condition, which yet remains 
to bo introduced and by which h is iletermined, is that tho 
original equation is satisfied at the polo itself, or in other words 
that the polo is not a source; anti this requires ns to consid(*r 
the value of tho aeries when fi—L Since the series is an 
even function of /t, if the pole /a = + 1 be not a source*, mnther 
will be the pole /i4 = — I. It is eviilent at once that if 7 a* be of 
the form n + 1), where is^ an even integer, the series tcrini- 
nates, and therefore remains finite wdu'n /a=s 1 ; but w’hat vo 
now w^ant to prove is that, if the series remain finite for/[A = l, 
7 a* is necessarily of the above-mentioned foim. By tho ordinary 
rule it appears at once that, wdiatcver be tho value of 7t*, 
the ratio of successive terms lends to tho limit and there- 
ft»re the series is convergent for all values of fi less than unity. 
But for the extreme v»'*luc /a— 1, a higher method of discrimi- 
nation is necessary. 

It is known^ that the infinite hypergeoinctrical series 

. «5^a(a + l)6(i + l) . a(n+l)(a + 2)6(6 + l)(6 + 2) 

(c + l)d(f7+l) c{c +^l)(c + 2) d(rf+l)(d+ 2) 

is convergent, if c + d — a — 5 be greatc*r than 1, and divergent 
if c + c2 — a— 5 be equal to, or less than 1. In the latter case 
the value of c + d — a — h affords a criterion of tho degree of 
divergency. Of two divergent scries of the above form, for 
which the values of c + d - a - 5 are different, that one is relatively 
infinite for which the value of c+<7— a — t is the smaller. 

Our present series (7) may be reduced to the standard form 
by taking A* = w (« + !)„ where V' is not assumed to be integraL 
Thus 


* Boole’s Finite Differencet, p. 79. 
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1 - 


h* 

1.2 


,.A*(A*-2.3) 4 


n(n+l) , n(n + l ) (n -J) OLt-?) - 

1.2 ^ 1 : 2 . 3 . 4 ^ ‘ 

,(-W(i»^ + i) . , (-i«){-in + l)an + J)(in + i + l) , 

_i+ 1 . 2.44 

+ (9). 

which is of the standard form, if 

a=: — ^n, 5 = in+i, c = J, c? = l. 

Accordingly, since c + cZ — — 1, the series is divergent for 

/* = 1, mdess it terminate ; and it terminates only when n is an 
even integer. We are thus led to the conclusion* that . when 
the pole^is not a source, and is an even function of fi, h? must 
be of the*form n{n + 1), where n is .an even integer. 

In like manner, we may prove that when is an odd function 
of ffr, and the poles are not sources, A = 0, and /t* must bo of the 
form n(n + 1 ), n being an odd integer. 

If n be fractional, both series are divergent for = ± 1, and 
although a combination of them may bo found which remains 
finite at one or other pole, there can be no combination which 
remains finite at hoth poles. If therefore it be a condition that 

no point on the surface of the sphere is a source, we have no 

alternative but to make n integral, and even then we do not 
secure finiteness at the poles unless we further suppose A = 0, 
when n is odd, and when n is'^ven. We conclude that 

for a complete spherical layer, the only admissible values of 
which are functions of latitude only, and proportional to harmonic 
functions of the time, are included under 

where (/a) is Legendre’s function, and n is any odd or even 

integer. The possibility of expanding an arbitrary function of 

latitude in a series of Legendre’s functions is a n^essary con- 
sequence of what has now been proved. Any possible motion 
of the layer of gas is represented by the series 

+ P. M (^.co« <y >f!+ + :(10). 
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When i = 0, 

ir = . 1 , + A, PM + .. . + A„PM + ( 11 ), 

and the value of ^ wlioii i = 0 is an arfdtrury finu-tiou of latitude. 

The mothod that wo have here followod ha.s also tlio advantage 
of proving the conjugate pnipertv, 

I = 0 (1 ih 

•' -1 

(vhero n and m are ditto rent intogor.s. For the functions P (/u) 
are the normal functions (§ 94) for the vibrating system under 
consideration, and accordingly' tlio expression for th(3 kinetic 
energy can only invulve the sqitares of the g(*neralized vtdocities. 
If (12) do not hold good, the products also of the velocities must 
enter. 

• 

T1k‘ value of rjr appropriate to a pfauo layer of vibrating gas 
can of course be deduced as a particular ca-sc of the general solu 
lion applictible to a spherical layer. Confining ourselves to the 
cas(? whore there is no source at the )>ole (4* = 1), we have to in ■ 
vostigato the limiting form of CP„(/a), wliere n (n -f 1) = /rV, 
when c‘“ and are infinite. At the sames time — 1 and v are 
infinitesimal, and rv passes into the piano ])t)lar radius (/•), so 
that nv — KT. For this purpose tlje most convenient form of P„{fi) 
i.s tliat of ilurphy^ : 


(cos ^) = 1 — 


n /'ll 4- 1) . o ^ (n — H /t (h + 1 ) (n -f- 2) . 

C-ITl" J . -- . ' Ulll* . 


-sin- + 


1*.2» 


2 

.(13). 


The limit is evidently 

+2* — ga- 487(j* + • • - J — (^) (14), 


shewing that the Bessel’s function of zero order is an extreme case 
of Legendre’s functions. 

When the spherical layer is not completCi the problem re- 
quires a different treatment. Thus, if the gas be bounded by walls 
stretching along two parallels of latitude, the complete integral 
involving two arbitrary constants, will in general be necessary. 


» Thomsfe and Tait’s KaU Phil § 782. [f = «in* ^0, not 4 ain* Jd.] Todhtmter’a 
Lap1aee*9 Punetiorut $ 19 . 

R. 11. 


17 . 
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The ratio of the constants and the admissible’ values of 1^ are to be 
determined by the two boundary conditions expressing that at the 
parallels in question the motion is wholly in longitude. The value 
of lA being throughout numerically less than unity, the series are 
always convergent. 

If the portion of the surface occupied by gas be that included 
between two parallels of latitude at equal distances from tlie 
equator, the question becomes simpler, since tlien one or other of 
the constants A and B in (7) vanishes in the case of each uormaj 
function. 


337. When the spherical area contemplated includes a pole, 
we have, as in the case of the complete sphere, to introduce the 
condition that the pole is not a source. For this purpose the solu- 
tion in terms of v, i.c. sin ft will bo moi-e convenient. 

If vfe restrict ourselves for the presqut to the case of symmetry, 
we have, putting s = 0 in (5) § 336,* 

v (I - ^5” + (1 - 2v*) + A* 0 (t). 


One solution of this equation is rcatlily obtained in the ordinary 
way by assuming an ascending series and substituting in the 
differential equation to determine the exponents and coeflicieiits. 
We get' • 


. . L 0.1 -A* , 

*^0 = -^ jl + 2* — 


(0.1-A*)(2.3-^*) , 
■ 2* .’ 4" ™ " 


(0.1-/**) (2.3-70 (4. 5- A*) ) 

y + ...| 


This value of is the most general solution of (1), subject to 
the condition of dniteness when *» = 0. The complete solution 
involving two arbitrary constants provides for a source of .arbitrary 
intensity at the pole, in which case the value of is infinite when 
V as 0. Any solution which remains finite when v = 0 and involves 
one arbitrary constant, is therefore the most general possible under 
the restriction that the pole be not a source. Accordingly it is 
unnecessary for our purpose to complete the solution. The nature 
of the second function (involving a logarithm of p) will be illus- 
trated in the particular case of a plane layer to be considered 
presently. 


^ Heine’s Kugel-fimctimwn, § 88. . 
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By writing n (n +’l)*for h' the serios within brackets becomes 

I _ ” +il +J) (!!+ 

2"* 2'.4‘ ^ 

or, Avlien icdnml to tlio st.iiiduvd liyntM-ofoinotrii'iil 

1 _L 4. 'C- - ;;•>? f \) (\}t + A -}- 1) 4 

"l.] ■ - 1.2:i.:> ■ " *'+••' 


corresponding lo 

a --= h?. b ^ I ti -1- A, c == 1 , =r 1 . 

Since c + <7 — « the serio.s converges for .-dl values of v 

from 0 to 1 invlnsivt'. "J'!* values of 0 r) greater than ^tt 

the solution i.s ina pplioahlo. 

W Ik'ii If is nil integer, th.“ serses beei»nies identical with 
Log* .-nil re’s liuietioii i/i). If tln‘ integer he even, tju* scries 
terminates, hut. otlierwise rmnahis iiiHnitt'. Tims, wlicn w. — 1, the* 
scries is idiaitieal Avitli the exp-tin-sitin of /t, viz. v'(l —f'"), in powers 
of p. 


TIic expression for y/r in t<'rm.s of?' niny he conveni<'ntly appli* d 
to the investigation of tlie free syinnietrioal vihratinns of a sjdieri- 
cal layer of air, hoinnh'd hy a small eirele, whose radius is Jess than 

the (punlrant. ^hhe condition t«» ]>o satisfied is simply = 0, an 

equation hy which the possible values of 4", or «V, are connected 
with the given boundary value of v. 

Certain particular cascfS of this j>rf»hlem may he treated by 
means of .Legendre’s funclitlns. Snp})u.so, for exanqilc, that 7 i — t>, so 
that /t® = «V=42. Tlic corresponding solution is ylr^AJ\(fi). 

The great(.*st value *of fi, for whicli == 0 is /* = ■(S.302, corre- 
sponding to ^ = 33" o3' = 'oOlS? radians*. 

If we take c6 = 7% so that 7’ is the radius of the small circle 
measured along the sphere, we get 


xr = V(42) X *09137 = 3 8325, 

which is the equation connecting the value of tc (= 27r\“^) with the 
curved radius r, in the case of a small circle, whose angular radius 
is 33® 53'. If the layer w^cro plaiig (§ 330), the value of ler would 
be 3-8317 ; so that it makes no jierccptible difference in the pitch 
of the gravest tone whether the radius (r) of given length be 
1 The radian is the nnit of circnlar mcasnre. 


i7^a 
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straighli, or be curved to an arc of * The result of the com- 
parison would, however, be materially different, if we were to take 
the length of the circumference as the same in the two cases, that 
is, replace cO cv^r. 

In order to deduce the symmetrical solution for a plane layer, 
it is only necessaiy to make o infinite, while cv remains finite. On 
account of the infinite value of A*, the solution assumes the simple 
form- 

^ 2^ ‘^2’.^ 

or, if we write cv = r, where r is the polar radius in two dimensions, 

{l - if + ] = AJ,{Kr) (3), 

as in (14) § 336. 

The differential equation for ‘^qn terms of v, when c is infinite 
and cv » r, becomes • * 

(»)• 


An independent investigation and solution for the plane problem 
will be given presently. 

338. When a is different from zero, the differential equation 
satisfied by the coefficients of sin sa>, cos sat, is 

+ = 0 (1). 

and the solution, subject to the condition of finiteness when v = 0\ 
is easily found to be 


. A . a (« + 1) - A.* j 

2 ( 2 » + 2 ) ^ 


8{s + l)-h* (j + 2) (»+8 )-A' 


^ 2 ( 2 »+ 2 ) 

or, if wo put A* « n (n + 1), 


4 (2* + 4) 


-K* + ... |; 


2 .( 2 * + 2 ) 

. («-«)(«-n + 2)(« + «+l)(« + « + 3)„.^ [ 

~ 2.4.(2*+2)(2*+4) ' 


1 Th. wdotion nuy b. e(KmpI.t.d ly tlie .ddASem of a Moond fonotfon derived 
from ( 2 ) by ebaaging tbe sign of «, wbich ooevn in ( 1 ) only as «*, but apiodification 
is neeessaiy, when • is a poeitiye integer. The method of proeedme will be 
exemplified presently in the case of the plane layer. 
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We have here the* complete solution of tho problem of the 
vibrations of a spherical layer of gas bminded by a small circle 
whose i^ius is less than the quadrant. For each value of 9^ there 
are a series of possible values of m, dot ei mined by tho coudi- 

tion = 0 ; with any of thobc values of 7 i tlie function on the 

right-hand side of (2), when multiplied by cos^co or sinsa>, is a 
normal function of tlic sj^steni. Tlie nggiegate of all the uomial 
^functions correspiinding to every admibsible value of s and a, with 
an arbitrary coefficient piefixed to each, gives an CKprossion 
capable of being idtuititi(Ml \vith»the initial value of y/r, i.o. with a 
function given arbitrarily over the area i»f tho •'inall circle. 

When tiie radius of tljc sphere r is infinitely great, /ir is infinite. 
If cv = 7% = and (2; l>ccoiiu*s 


2.(2«-t 2'ri..(fs + 2; (2s+ <•) 


a function of r proportional to (fci). 


In terms of /a, tho differential e<tuatiou satisfied by tho co- 
efficient of cos sto, or sin 5 ft), is 


d 

*dfi. 





Assuming ‘^,= (1 — equation for 

(1 - M*) V - 2 (. + i) M {fc* - » (« + 1)} «^. = 0 (S). 

which will be more*easily dealt with. 


To solve it, let 

^, = /a* + a,/*®'*'* + + . . . + + • • •» 

and substitute in (5). Tho cocfiiciont of tho lowest power of 
fjL is a(a-l); so that a = 0, or a«=l. Tho relation between 
“■»»> equating to zero the coefficient of ft*'*’®"*, is 

(a+2fn + 5 — + 2m -^5-f w-4- 1) 

(a + 2m + l)(a+2iii-l-2) * 


where n(n-f 1)*=^*. 
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The complete value of is accordingly* given by 

|l I I (a-n)(«-n+2)(»+n+l)(s+n+3) ^, 

(»-n)(s-n + 2)(*-» + 4)(«+n + l)(«+n + 3)(«+w+.5) , ) 

1.2.3J4.6T6 

. (»-»+l)(«-n + 3)(« + n + 2)(« + n + 4) , . \ 

'2.3.4:T"; M+-| W, 


where A and J3 are arbitrary constants ; 

^.= ( 1 -/**)“^. ( 7 ). 

• 

Wo have now to prove that thtlr condition that neither pole is 
a source requires that w~s be a positive integer, in which case 
one or other of the series in the expression for terminates. 
For this purpose it will not be enough to show that the series 
(unless terminating) are infinite when /a = ± I ; it will bo nor(‘ssaiy 
to prove that they remain divergent after multi plication by 
(1 — /A*)**, or as wo may put it more conveniently, that they are 
infinite when /e*=s±1 in comparisim with It will bo 

sufficient to consider in detail the case of the fimt scries. ' 


Wo have 

< 

, . (s-n)(s+n + l) , («-»i)(s-n + 2)(f + n + l)(« + re + 3) 

1.2 l.?.3.4 

_ 1 ■ + • 

" l.i 

+ r:2Ti'.i +•••' 

which is of the standard form (8) § 336 

ab q(a + l)6(5+l ) 
cd 0 (c -p 1) c? (d + 1) * 

if — Jn, JssJa+Jn + J, c*«l, d=»J. 

The d^ee of divergency is determined by the ^ue of 
a + ft — c — d, which is here equal to s — 1. 


WHEN THE POLES ARE NOT SOURCES. 
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On the other hadd^ the binomial theorem gives for the ex- 
pansion of (1 — /a*)"** 



which is of tlie standard form, if 


a = c = 1, b = (If and makes a + & — c — d—Js — 1. 


Since 5 — 1 > Js — 1, it appears that the scries in the expression 
•for are infinities of a higher order tlian (1 —/**) "** and there- 
fore remain infinite after ninlti plication by (I — Accordingly 
cannot be finite at both poles unless one or other of the scries 
terminate, which can only happen whcMi a — s is zero, or a positive 
integer, if tlie integer be even, we have still to suppose B = 0; 
and if the integer be odd, -.'1=0, in order to secure tiuiteiiess at 
the poles. 

In either case the value of <l>, for the complete sphere may bo 
put into the form 




( 8 ), 


where the constant multiplier is omitted. The coinplcte expres- 
sion for that part of which contains cossto or siu^ci> os a factor 
is tlieroftiro 


cos SO) 

sin Sfo^is ' 




( 9 ), 


where is constant wi+h respect to fju and a>, hut as a function 
of the time will vary as 


. n -f 1) ai . ^ 


( 10 ). 


For most purposes, however, it is more convenient to grou]) 
the terms for which n is the same, rather than those for wliich s 
is the same. Thus for any value of n 


^ = 2 * cos «® + 5. sin *6.) (11), 

“A*' 

where every coefficient 5, may be regarded as containing a 
time factor of the form (lO). ^ 

Inititdly y^ is an arbitrary function of /i and and therefore 
any such function is capable of being represented in the form 
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i (.il,* COB «»+£’" sin «a») ( 12 ), 

ncsQ §mO afA 

whicli is Laplace's expansion in spherical surface harmonics. 


From the differential equation (5), or from its general solution 

• j 

(6), it is easy to prove that is of the same form as so 

that we may write 




..(13), 


(in which no connection between the arbitrary constants is as- 
serted), or in terms of by (7), 

^. = (1 -/*•)•' (0V^. (14). 

Equatign (13) is a generalization^ of ,tho property of Laplace's 
functions used in (8). 


The corresponding relations for the plane problem may bo 
deduced, as before, by attaching an infinite value to which 
in (13), (14) is arbitrary, and writing nv = xr. Since /a* + i/® = 1, 


<^0 being regarded as a function of p. In the limit fi (even 
though subject to differentiation) may be identified with unity, 
and thus we may take , 

^. = (-2*r)*(^^)V. (15). 

« 

When the pole is not a source, is proportional to 
The constant coefficient, left undetermined by (15), may be 
readily found by a comparison of the leading terms. It thus 
appears that 

.r.(*r)-(-2«-)-(j^.)v.(*r) (16), 

a well-known property of Bessers functions ^ 

The vibrations of a plane flayer of«, gas are of course more 
easily dealt with, than those of a layer of finite curvature, but 


^ Todhimter^s Laplace** Funetiem, $ 390. 
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I have preferred te hxhibit the indirect as* well as the direct 
method of investigation, both for the sake of tho spherical problem 
itself with the corresponding Laplaces expansion \ and because 
the connection between Bessers anti Laplace's functions appears 
not to be generally understood. Wo may now, however, proceed 
to the independent troatineut of the piano prohlom. 


339. If in the general equation of simple aerial vibrations 

wo assume that ^ is indopondent of z, and introduce plane polar 
coordinates, we get (§ 241) 


r dr ? dS* 


+ =s 0 


( 1 ); 


or, if ^ be expanded in Fourier’s series 

= “^0 + 

whore is of the form ^4^ cos sin n(f, 


4. I 

(//■" ^ r dr 




This equation is of the same form jvs th.at with winch we had to 
deal in ^treating of cinmlar mcinbratios (§ 200) ; tlio principal 
mathematical ditference between tlie two questions lies in tho 
fact that while in the case of membraiios tin? condition to be 
satisfied at the boundary is ‘i/r = 0, 'in the present case interest 

attaches itself rather to the boundary condition ^ = 0, corre- 
sponding to the confinement of the gas by a rigid cylindrical 
envelope. 

The pole not being a source, the solution of (3) is 

J". (*r) (4), 

and the equation giving the possible periods of vibration within 
a cylinder of radius r, is 

= 0 ( 6 ). 


^ I have been much assist^ by Heme’s Ilandbuch tier Kuffel/unetionen, Berlin, 
1861, and Sir W. Thomson’e papern^ on Laplace’s Theory of the Kdoe, Pfcif. 
Vol^ IV. 1875* 

* 1 here recur to the usual notation, hut the reader will understand that n ebr- 
responds to the s of preceding sections. The n of Laplace’s functions is now infinite. 



266 


BiaiD CIBCX7LAB BOUNDARY. 


[339. 

The lower values of ter satisfyihg (5) are* given in the following 
tabled which was calculated from Hansen’s tables of the functions 
Jhy means of the relations allowing to be expressed in tenits 
of Jq and 


Number of in- 
ternal cirau- 
lax nodes. 

w— 0 

• 71 = 1 

w = 2 

n=3 

0 

3*832 

1*841 

3*054 

4*201 

1 

7*015 

6*332 

6*705 

8*015 

2 

10*174 

8*536 

9*965 

11*344 

3 

13*324 

11 9706 



4 

16*471 

14*864 



5 

19*616 

18*016 


• 


The p&rticular solution may be ^irritten 

= (A cos nA + j5sin n0) («?•) cos Kat 

+ (CJcos + 2) sin nB) («?*) sin xat (0), 

where A, B, C, D are arbitrary for every admissible value of 
n and k. As in the corresponding problems for the sphere and 
circular membrane, the sum of all the particular solutions must 
be general* enough to represent, when t = 0, arbitrary values of 
and 

As an example of compound vibrations we may suppose, as 
in § 332, that the initial condition of the gas is that defined 

'^ = fiP = fCOS^. 

Under these circumstances (G) reduces to 

'^^A^ cos B (jc^) cos K^at + A, cos 6 {k^') cos K^txt + . . . (7), 

and, if we suppose the radius of the cylinder to be unity, the 


admissible values of k are the roots of 

( 8 ). 

The condition to determine the coefficients A is that for all values 
of r fix)m r*s0 to r — 1, 

r = (*.r) + ..(9), 


1 Notes <m Bessera Funetiona. Phil. Mag, Nov, 1872. 




267 


339.] CASE OF COMPOUND VIBRATIONS, 

whence,, as in § 332, ' 




.( 10 ). 


The complete solution is therefore 

^ “* (*' - 1 ) ./, (k) 

where the summation extends to all the values of k determined 

•by (8). 


If we put < = 0 and r = 1, we.get from (9) and (10) 


^ ~ i ^ • 


.( 12 ). 


an equation which may be verified nnmericall}^ or by an analy- 
tical process similar to that applied in the case of (1^) § 332. 
We may prove that 

log (s) = constant + log ^1 ~ , 

w'hcnce by differentiation 




From this (12) is derived by putting z=:l, and liaving regard 
to the fAndamental dilibrontial ccpiatiou satisfied by J^, which 
shews that 

Hitherto wo have supposed the cylinder complete, so that 
recurs after each revolution, which requires that n be integral ; 
but if instead of the complete cylinder we take tlie sector included 
between ^=0 and fractional values of n will in general pre- 

sent themselves. Since ^ vanishes at both limits of 0, -jr must 
he of the form 

cos (icat -b e) cos nd (act) (13), 

where n « , v being integral. If p be an aliquot part of 

IT (or w itself), the complete solution involves only integral values 
of n, as might have been foreseen ; but, in general, functions of 
fractional order must be introduced. 

An interesting example occurs when P 2w, which ^ corre- 
sponds to the case of a cylinder, traversed by a rigid wall 
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stretching from the centre to the circumierence (compare § 207). 
The offoct of the wall is to render possible a difference of pressure 
on its two sides ; but when no such difference occurs, the wall 
may be removed, and the vibrations are included under the 
theory of a complete cylinder. This state of things occurs 
when V is even. But when v Is odd, n is of the form (integer + J), 
and the pressures on the two sides of the wall are different. In 
the latter case is expressible in finite terms. The gravest 
tone is obtained by taking i/ = 1, orn = when 

^ = -4 cos (*a« + 1) . COB (14), 

and the admissible values of le are the roots of tan K^2/e. The 
first root (after /c = 0) is « = 1*1055, coi responding to a tone 
decidedly graver than any one, of which the complete cylinder is 
capable. 

The preceding analysis has an interesting application to 
the mathematically analogous problem of the vibrations of water 
in a cylindrical vessel of uniform depth. The reader may 
consult a paper on waves by the author in the Philosophical 
Magaaim for April, 1876, and papers by Prof. Outhrio to which 
reference is there made. The observation of the periodic time 
is very easy, and in this way may be obtained an experimental 
solution of problems, whoso theoretical treatment is far beyond 
the power of known methods., 

340. Betuming to the complete cylinder, let us suppose it 
closed by rigid transverse walls at £r = 0, and £ = 1, and remove 
the restriction that the motion is to bo the same in all transverse 
sections. The general differential equation (§ 241) is 



Let be expanded by Fourier’s theorem in the series 

cos^ + jET, cos^|~ + ...+-5^ co8^j>^^ + ... (2), 

where the coefficients ff, may be functions of r and d. This form 
secures the fulfilment of the boundary conditions, when » 0, sr » I 
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and each term mustr ^tisfy the differential equation separatuly. 
Thus 


dr^'^r dr 




( 3 ). 


which is of tho same form as when the motion is indepi^mlcnt of 
z, /e* being replaceil by /e* Tim particular solution may 

therefore be written 


. cos nd + sin n0 ) . cosj> ^ . e/ (Jk* - pVt^', r) cos xat 


+ (C^ cos n0+ sin nd) cos ( n/ — iyit^C“. r) sin mi, . . (4), 

which musit be generalized by a triple summation, with respect to 
all integral values of p and n, and also with respect to all the 
values of /f, determined by the equation, * 

= 0 (5). 

If r = 1, and K denote the values of « given in tho table (§ JloJ)), 
corresponding to purely transverse vibrations, we liavo 

*«=A7+i,*J (0). 

The ,puroly axial vibrations correspond to a zero value of 
not included in the table. 


341. The complete integral of t’ae equation 

<»■ 

when there is no fixnitation as to the absence of a source at the . 
pole, involves a second function of r, which may be denoted by 
Thus, omitting unnecessary constant multipliers, wo may 
take (§ 200) 

. A *nU I 

|i 2 + 2. 4. 2 + 2«. 4 + 2n ***) 

{ dcV K*7* 1 

^ 2 . 2 — 2n 2 . 4 . 2 — 2n . 4 — 2n *”J 

but the second series requires modification, if n be iutcgral. When 
n~0, tlie two series become identical, and thus the immediate 
result of supposing » = 0 in (2) lacks the necestoy generality. The 
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required solution may, however, be obtained* by the ordinary rule 
applicable to such cases. Denoting the coefficients of A and B 
in (2) by /(n), ./(— n\ we have 

'^ = -d/(w)+5/(-w) ^ 

by Maclaurin’s theorem. Hence, taking new arbitrary constants, 
we may write as the limiting form of (2), 

In this equation f{Q) is J^ijcr ) ; tb find/'(0) we have 

/(») =»^logr|l - 272ir27i + 2.4.2 + 2».4 + ^~;“'} 

. ^ . *V ) 

dn I 2 . 2 + 2n 2 . 4 . 2 + 2n . 4 + 2» ' ’ ' 


If u denote the general term (involving r*“) of the scries within 
brackets, taken without regard to sign. 


1 da __ d log M ^ 2 2 

14 d» dn ”” 2 + 2n 4 + 2/* 


2 

“ 2?n + 2?i * 


so that 
if 

Thus 


c 


’dwN 


'nasO 


.(3). 


/^(O) — logrjl “2*‘+2’'~4“ 2*74*. 6* 

‘*“12* 2n?^*'^2*.4*.6* * j’ 

and the complete integral for the case n = 0 is 

•} 

For the general integral va^ie of the corresponding ex- 
pression may be derived by means of (15) § 338 

nf d V 
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The formula of defivation (/>) may bo obtained tUrectly from 
the differential equation (1). Writing z for kv and putting 




(01 

we find in place of (1) 


. -"tJ + A -0 

^ ^ 

(7). 

Again (7) may be ]uit into the form 


+ + + 

(s). 

from which it follows at once that 




(»): 

so that *#>0 

(10), 

orby((!) C/c«) 

(11), 


which is equivalent to (.■>), since the constants in arc arbitrary 
in both cciuations. 

The serial expressions for thus obtjxinod arc converg(?nt for 
all values of the arguincut, but are practically ustdess wluju the 
argument is great. In such cjuses we must have, nu’ourse to semi- 
convei-gent series correspouding to that of (10) § 200, 

Equation (1) may be put into the form 




[*4t.)+*V.=o a2). 


whence by § 323 (4), (12), we find as the general solution of (1) 

Vr. - C{%Kr) e |1 - ^ 2 (W)' 

(1’ - 4»‘) (:v - 4n*) (5’ - 4»*) ) 

1.2'.3;(8wr/' ■ 

+ D (tier) *« jj. + + 1.2 :(8tKrf^ 

, a*-4n.*)(3*-4»*)(5*-4n‘) ) 

^ 
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When n is integral, these series are infinite and ultimately 
divergent, but (§§ 200, 302) this circumstance does not interfere 
with their practical utility. 

The most important application of the complete integral of (1) 
is to represent a disturbance diverging from the pole, a problem 
which has been treated by Sto&es in his memoir on the communi- 
cation of vibrations to a gas. The condition that the disturbance 
represented by (13) shall be exclusively divergent is simply 
D ~ 0, as appears immediately on introduction of the time factor 
by supposing r to be very great; the principal difficulty of 
the question consists in discovering what relation between the 
coefficients of the ascending series corresponds to this condition, 
for which purpose Stokes employs the solution of (1) in the form 
of a de^nite integral. Wo shall attain the same object, perhaps 
more simply, by using the results of § 302. 

By (22), (24) § 302 

\2izJ \ 1 . ^ 1 . 2 . (8i>) 

(14), 

and thus the question reduces itself to the determination of the 
form of the right-hand member of (14) when » is small. By (5) 
§ 302 and (5) § 200 we have 

^ir{K(z) + 1 «/o(«)} = * + itw + higher terms in z (15), 


so that all that remains is to find the form of the definite integral 
in (14), when z is small. Putting -'r s*) = y — A we have 


Jo + 0 



y y 


When z is small, z^(2y)~^ is also small throughout the range of 
integration, and thus we may write 


JoVW^) 







The first integral on the right is 


. ae)'. 

Jm y ^ 

> De Morgan^a DifennHiU and Tntegral Calaulw, p. 653. 
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whero 7 is Euler’s coiuStaiit (*5772...) ; and, as we may easily 
satisfy ourselves by integration by part-s, tile other integrals do not 
contribute ^ything to the leading terms. Thus, when s is very 
small, 

1 ’ . i*-3* 

V2iW \ 1.8iz'^iV2.{Sizf' *" 

= 7 + log ( Ja) + J + (17). 

!^placiug z by «r, and compaiing with the form assimicd by ( 4 ), 
when r is small, we see that in order to make tht* Kories identical 
we must take 


=7 + logi + log/ie4'iiV, ; 

so that a series of waves diverging from the pole, uliosi' exprchsioii 
in descending series is 


Y l.Bi«r^l.2.(8iier)* 
is represented also by the ascending scries 


.. (l»). 


, a * ^ A? ^ Q _ 

+ 2 * 2 *. 


.(19). 


In applying the formula of derivation ( 11 ) to the descending 
series, the parts contsAning «”***' and as factors will evidently 
remain distinct, and the complete integral for the general valuo 
of n, subject to the condition that the part containing shall 
not appear, will be got by differentiation from the complete 
integral for n = 0 'Subject to the same condition. Thus, since 

y>7 (6) 

, - 1.8 . -1.1. 8 .g 

\2«v * I l.St/er'^.l . 2 . (Swer/ 

H. n. 


.( 20 ). 

18 
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<»r, in tenns of the ascending series, 

-(7 + log 2 jla, 2'.4'^2*.V.6 "■) 


KT „ o . 

■** 2 ®‘~ S’. 4“*"^ 


V4*.6 


S.-, 


, ( 21 ). 


These expressions are applied by Prof. Stokes to shew how feebly 
the vibrations of a string, (corfesponding to the term of order 
one), are communicated to the surrounding gas. For this purpose 
he makes a comparison between the actual sound, and* what would 
have l^een emitted in the same direction, were the lateral motion 
of the ghs in the neighbourhood of the string prevented. For a 
piano string corresponding to the ^middle C, the radius of the 
wire may be about *02 inch, and X is about 25 inches ; and it 
appeals that the sotmd is nearly 40,000 times weaker than it would 
have been if the motion of the particles of air had taken place in 
planes passing through the axis of the string. ^'This shews the 
vital importance of sounding-boards in stringed instruments. 
Although the amplitude of vibration of the particles of the sound- 
ing-board is extremely small compared with that of the particles 
of the string, yet as it presents a broad surface to the air it is able 
to excite loud sonorous vibrations, whereas were the string 
supported in an absolutely 'rigid manner, the vibrations which it 
could excite directly in the air would be so small as to be almost or 
altogether inaudible.” 


Fig. 64. 



**The increase of sound produced by ihe stoppage of lateral 
motion may be prettily exhibited by a very simple ^eriment. 
Take a tuning-fdrk, and holding it in the fingers after it has been 
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made to vibrate, place 4 sheet of paper, or the blade of a broad 
knife, with its edge parallel to the axis of the fork, and as near to 
the fork as conveniently may be without touching. If the plane of 
the obstacle coincide with either of the places of symmetry of the 
fork, as represented in section at A or no effect is produced ; 
but if it be placed in an intermediate position, such os C, the 
sound becomes much stronger 

342. The real expression for the velocity-potential of sym- 
fnotrical waves diverging in two dimensions is obtained from (18) 
§ 341 after introduction of the time factor by rejecting the 
imaginary part ; it is • 




AC (of - r - J> ) I 


1*. 8/icr 


_1“.3V5’ 

■l.2“3.(8Kr)' 


j*+ •••| 0)» 


in which, as usual, two arbitrary constants may bo inserted, one as 
a multiplier of the whole expression and the other as an addition 
to the time. 


The problem of a linear source of uniform intensity may also 
be treated by the general method applicable in three dimensions. 
Thus by (3) § 277, if p be the distance of any element dx from O, 
the point at which the potential is to be estimated, and r bo the 
smallest value of p, so that p* = + <!i^, we may take 





e~^dp 


( 2 ). 


which must be of the same form as (1). Taking y^p'-'T^ we 
may write in place of (2) 



Vy.V(2r+y) 


( 3 ), 


from which the various expressions follow as in (14) § 341. When 
KT is great, an approximate value of the integral may be obtained 
by neglecting the variation of + sJ®ce on account of the 
rapid fluctuation of sign caused by the factor er^ we need attend 


> Phil, Tram, 1868. 


18—2 



[342. 


276 UNEAB SOURCE. 

<xoly to small yidues of y. Now ' 

f * COB _ f * sin xdx _ //w\ 

Jo fjfo Jo V® V \2/ 

BO that (5). 

Introducing the factor 6^, and rejecting the imaginary part of 
the expression, we have finally 

^ (^) cos* («*-»• -4^) (C), 

as the value of the velocity-potential at a great distance. A 
similar argument is applicable to shew that (1) is also the expres- 
sion for the velocity-potential on one side of an infinite plane 
(§ 278) due to the uniform normal motion of an infinitesimal strip 
bounded by parallel lines. 

In like manner *we may regard the term of the first order 
(20) § 341 as the expression of the velocity-potential duo to double 
sources uniformly distributed along an infinite straight line. 

From the point of view of the present section we see tlio 
significance of the retardation of which appears in (1) and in 
the results of the following section (16), (17). In the ordinary 
integration for surface distributions by Huygheus’ zones (§ 283) 
the whole effect is the half of that of the first zone, and the phase 
of the effect of the first zon^ is midway between the phases due 
to its extreme parts, i.e. behind the phase due to the central 
point. In the present case the retardation of the resultant rela- 
tively to the central element is less, on account of the prepon- 
derance of the central parts. 

343. In illustration of the formulro of § 341 we may take 
the problem of the disturbance of plane waves of sound by a 
cylindrical obstacle, whose radius is small in comparison with 
the length of the waves, and whose axis is parallel to their 
{dane. (Compare § 335.) 

Let the plane waves be represented by 

^ ( 1 ), 

The general expaninon of ^ in Fourier’s series may bo readily 
effected, the coefficients of the various terms being, as might 
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bo anticipated, simply the Bossel's functions of corresponding 
orders; but, as wo confine ourselves here to the case whore c 
the radius of the cylinder is small, wo will at once expand in 
powers of r. 

Thus, when r = o, if bo omitted, 

^ = 1 — J #cV + iKC . cos ^ + (2), 

dA , . . 

— — J /c c + %te . cos 0 + (3). 


The amount and even the law of the disturbance ilepends upon 
the character of the obstacle. We will begin by supposing tho 
material of. the cylinder to be a gas of density a and compressi- 
bility ni ; tho solution of the problem for a rigid obstacle may 
finally be derived by suitable suppositions witli respect 1 r) <r', m. 
If x' be the internal value of x, we have inside the cylinder by 
the condition that the axis is u«>t a source ‘ (§ 339), 


1-4 

so that, when r = c, 

(inside) = (1 — \x'^c^ + A^c (I - J/c'®c*).co3 (4), 
(inside) = — ^ (1 — 8^^®*) ^ ('^)* 


Outside the cylinder, when r = c, we have by (19), (2J) § 341, 

-Jr = ^7 + log -y j + (6), 

B^co&O 

dr’' 

The conditions to be satisfied at the surface of separation 
are thus 

+ ( 8 ), 

+ + (9). 

<>»)• 

, 
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from which by eliminatmg A,, we get aj^troximately 








o-' — <r 
cr + or 


( 12 ). 

.(13). 


Thus at a distance from the <^lmder we have by (18) and 
(20) § 341, 

Honce, corresponding to the primary wave 

^ = cos ~ (a« + a?) (15), 

Ai 


the scattered wave is approximately 


ir 


2ir , TTC* { m! — m o'* — <r 

rixt I 2m' + 0 ^ 


j^Jcos^ (ai— r — JX), 


.(1C). 


The fact that yarieft inversely as X"^ might have been 
anticipated by the method of dimensions as in the corresponding 
problem for the sphere (§ 385). As in that case, the symmetrical 
part of the divergent wave depends upon ibe variation of com- 
pressibility, and would disappear in the application to an actual 
gas, and the term of the first order depends upon the variation of 
density. 

By supposing and m' to become infinite, in such a manner 
that their ratio remains finite, we obtain the solution corre- 
sponding to a rigid and immoveable obstacle, 

♦ — ^j5^(i + S08^co8.f («*-r-iX) ...(17). 

The analysis of this section is applicable to the matliematically 
aaalc^us problem of finding the effect of a cylindrical obstacle 
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on plane waves of transverse vibration in an elastic solid, the 
direction of vibration being parallel to the axis of the cylinder. 
If the densities be a and the rigidities be n, n\ and 7 denote 
the jtransverse displacement, the boundary conditions are 

7 (inside) =7 (eutsido), 
n' ~ (inside) = n ™ (outside). 

The result is that, corresponding to the primary waves 

7 = cos ^ bt (IS), 

the disturbance is 


27r,irc^(a —cr 



n — w 

- , - - cos 0} cos 
/a + a J 


X 




For an application to the theory of light the reader is referred 
to a ]>apc*r by the author, * On the manufacture and theory of 
diffraction gi*atmgs\* 


The exceeding smallness of the obstruction offered by fine 
wires or fibres to the passage of sound is strikingly illustrated 
in some of Tynilall’s experiments. A piece of stiff felt half an 
inch in thickness allowij much more sound to paas than a wetted 
pocket-handkerchief, which in cousoqnenco of the closing of 
its pores behaves rather as a thin lamina. For the same reason 
fogs, and even rain and snow, interfere but little with the free 
propagation of sounds of moderate wave-length. In the case 
of a hiss, or other very acute sound, tlio effect would perhaps 
be apparent. 


1 Phil. Mug. Tol. xlvii. 1874. 
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FLUID FRICTION. PRINCIPLE OF DYNAMICAL SIMILARITY.* 

344. The equations of Chapter xi. and the consequences that 
we have deduced from them are ba8>''d upon the assumption (§ 23G), 
that the mutual action between any two portions of fluid separated 
by an imaginary surface is normal to that surface. Actual fluids 
however do not come up to this idlal ; , in many phenomena the 
defect of fluidity, usually called viscosity or fluid friction, plays an 
important and even a preponderating part. It will therefore he 
proper to inquire whether the laws of aerial vibrations are sensibly 
influenced by the viscosity of air, and if so in what manner. 

In order to understand clearly the nature of viscosity, let us 
conceive a fluid divided into parallel strata in such a manner that 
while each stratum moves in its own plane with uniform velocity, 
a change of velocity occurs in passing from one stratum to another. 
The simplest supposition which we can make is that the velocities 
of all the strata are in the same directipn, but increase uniformly 
in magnitude as we x>a8s idong a line perpendicular to the planes 
of stratification. Under these circumstances a tangential force 
between contiguous strata is called into play^ in the direction of 
the relative motion, and of magnitude proportional to the rate at 
which the velocity changes, and to a coefficient of viscosity, com- 
monly denoted by the letter fu Thus, if the strata be parallel to 
xy and the direction of their motion be parallel to y, the tangential 
force, reckoned (like a pressure) per unit of area, is 



The dimensions of ^ are [i££r*2^]. 

The examination of the origin of the tangential force belongs 
to molecular sdeiice. It has been explained by Maxwell tin ac- 
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cordance with the kinetic theory of gases as resulting from inter- 
change of molecules between the stratUi giving rise to diffusion of 
momentum. Both by theory and experiment the remarkable 
conclusion has been established that within wide limits the force 
is independent of the density of the gas. For air at 6^ Centigrade 
Maxwell' found 

ti . « 0001878 (1+ *00300^ ( 2 ), 

the centimetre, gramme, and second being units. 

345. The investigation of the equations of fluid motion in 
which regard is paid to viscous forces can scarcely be considered 
to belong to the subject of this work, but it may be of service 
to some readers to point out its close connection with the more 
generally known theory of solid elasticity. 

The potential energy of iinit of volume of iinifornfly strained 
isotropic matter may be expressed* 

i w (c*+/* + / - 2 ^ - - 2 c/ 4* + c*) 

= i /eS* + J n (2e» + 2/* + 2/ - 1 5* + a* + 5*4- c*) (1), 


in which 8(=6 + /+ g) is the dilatation, c,/ a, 5, c are the six 
components of strain, connected with the actual ilisplacemcnts a, A 7 
by the equations 


dx 

^~dx' 

- rf/3 

11 


( 2 ). 

II 

+ 


d% djS 
dy^ dx 

(3). 


and w, n, k are constants of elasticity, connected by the equation 
K = (4), • 


of which fi measures the rigidity, or resistance to ahmring, and k 
measures the resistance to change of volume. The components of 
stress P, Q, P, N, T, U, corresponding respectively to e,/, g, a, h, c, 
are found from V by simple differentiation with respect to those 

’ quantities; thus . . „ /-n 

^ P=:ic 8 + 2 n{i 9 -l&) &c (5), 

8 = na &c (fl)- 


1 On*fbe Tiscosity or Internal Friction of Air and other Gases. Phtl. Tran*, 
MS. 

* Tni/wnaftn and Tait*s Natural Philoiophjf. Aiqpendiz C. 
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If X, ^ be the components of the applied force reckoned per 
unit of volume, the equations of equilibrium are of the form 


dP 


dx dy 




0 &c., 


.( 7 )> 


from which the equations of fhotion are immediately obtainable 
by means of D’Alembert’s principle. In terms of tlie displace- 
ments a, 13, 7, these equations become 


where 


dS , , dS . ^ ^ ^ 


dx^ dy dz 


( 8 ), 

( 9 ). 


In the ordinary theory of fluid friction no forces of restitution 
are included, but on the other hand^^we have to consider viscous 
forces whose relation to the velocities \u, v/ u>) of the fluid elements 
is of precisely the same character as that of tlio forces of restitution 
to the displacements {a, 13, y) of an isotropic solid. Thus if ^ bo 
the velocity of dilatation, so that 


® '“dx^dy^ dz 


( 10 ), 


the force parallel to x due to viscosity is, as in (8), 

*§+»»•£+« ( 11 ). 

V 

So far and n are arbitrary constants; but it has been argued 
with great force by Prof. Stokes, that there is no reason why a 
motion of dilatation uniform in all directions stiould give rise to 
viscous force, or cause the pressure to difiEer from the statical pres- 
sure corresponding to the actual density. In accordance with this 
argument we are to put » 0 ; and, as appears from (6), n coincides 
with the quantity previously denoted by fk. The frictional terms 
are therefore 

and (§ 237) the equations of motich take the form 



PLANE WAVES. 


or, if there be no applied forces and the square of the motion be 
neglected, 

du dp , . d ftht dv dw\ ^ 

. ''•a* + + f>3)- 

We may observe that the dissipative forces hero considered 
corrcsjxmd to a dissipation function, whoso foiiii is tho same with 
respect to m, v, \o as that of V with respect to a, /9, 7 , in tho theoiy 
of isotropic solids. Tims putting k = 0 , \V(' have from ( 1 ) 

O'- s (£* 

n*), 

in agreement with Piof. Stokes’ caloulation*. Tho th(s>i^ of friction 

for the ca.S(' of a coniprobsib''o lluid was iirst given by Poisson*, 

• 

340. We will now apply the diffen‘ntial equations to the in- 
vestigation of plane wavt's of sound. Supposing that v and ?/» arc 
zero and that m, &c. are functions of only, we obtain from 
(13) §345 

du dp (Pa 

+ 3 

The equation of continuity (3) § 238 is in this case 



and the relation between the variable part of the pressure §0 and 
the condensation a is as usual (§ 244) 

Bp = a*p^3 (3). 

Thus, eliminating 8p and 8 between (1), (2), (3), wo obtain 

ePu 4sp fPli ... 

^ dx* 3pf,dx*dt'~ 

which is the equation given by Stokes*. 

Let us now inquire how a train of harmonic waves of wave- 
length X, which are maintained at the origin fade away' 


1 Cambrige TrafuaeHontt 1851. g 49. 

* JwnuU de VEeole Polytechniquet t. xm. cah. 20, p. 139. 

* Cambridge Tfan»action$f 1845. 
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as X increasos. Assuming that u varies hs e*^, wo find as in 
§148, 

y Ae-^ cos (pt - fix) (5), 


where 


a*+ 


16 ^ 




8-a 


a*+ 


16 


..( 6 ). 


In the application to air at ordinary pressures may be con- 
sidered to be a veiy small quantity and its square may be 
neglected. Thus « 

1 “" ■ 

It appears that to this order of approximation the velocity of 
sound iETuoaffected by fluid friction. If we replace n by 27raX"‘, 
the expression for the coefficient of devay ^ecomes 




'BX^p.a 


.(8), 


shewing that the influence of viscosity is greatest on the waves of 
short wave-length. The amplitude is diminished in the ratio 
e : 1, when x^a^. In c. o.s. measure we may take 


Po» 0013, /a* 00019, a = 33200; 
whence x = 8800 X* (9). 


Thus the am^ditude of waves of one centimetre wave-length is 
diminished in the ratio e : 1 after travelling a distance of 88 
metres. A wave-length of 10 centimetres would correspond nearly 
to ; for this case x ~ 8800 metres. It appears, therefore that at 
atmospheric pressures the influence of friction is not likely to be 
sensible to ordinary observation, except near the upper limit of the 
musical scale. The mellowing of sounds by distance, as observed in 
mountainous countries, is perhaps to be attributed to friction, by 
the operation of which the higher and harsher components are 
gradually eliminated. It must often have been noticed that the 
sound 8 is scarcely, if at all, returned by echos, and I have found^ 
that at a distance of 200 metres a powerful hiss loses its charaidm:, 
even when there is no reflection. Brobably this effect also is due 
to viscosity. 


1 Aooiutioal Observations, Pkil. No^., June, 1877. 
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In highly rarefied* air the value of a as gitou in (8) is much 
increased, /a being constant. Sounds even of grave pitch may then 
be affected within moderate distances. 

JFrom the observations of Colladon in the lake of Qcneva it 
would appear that in water grave sounds are more rapully damped 
than acute sounds. At a moderate distance from a bell, struck 
under water, he found the sound sliort and sharp, without musical 
character. 


347. The effect of viscosity in motlifying the motion of air in 
contact with vibniting solids will^be best understood from tlio solu- 
tion of the problem for a very simple ease givt‘n by Stokes. Let us 
suppose that an infinite plane (yz) uKecutes hannonie vibrations hi 
a direction (y) parallel to itself. The motion being in pm-allel 
strata, u ami w vanish, and the >ariahle quantities ^re func- 
tions of X only. The first of> oc|uations (13) § 345 hhewr> that tho 
pressure is conslant; the corresponding equation in u takes the 
form 

di~ pdx 


similar to the c<piation for the lim*ar conduction of heat. If we 
now suppose that u is proportional to c*"', the resulting ccpiatiou 
in X is 


and its general solution 

v^Ae-^^ + Be+y^ (3), 

where . y/(^0-±^ (*)• 

If the gas be on the positive side of the vibrating plane the motion 

is to vanish when sc — + oo . Hence J? **= 0, and tho value of v 
becomes on. rejection of the imaginary port 

(5), 

corresponding to the motion 

V=^ALco8nt ( 6 ) 


at The velocity of the fluid in contact with the. plane is 

usually assumed to be the same as that of the plane itself on the 
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apparently sufficient ground that the contvoiy would imply an 
infinitely greater smoothness of the fluid with respect to the solid 
than with respect to itself. On this supposition (5) expresses the 
motion of the fluid on the positive side duo to a motion of the 
plane given by (6). 


The tangential force per unit area acting on the plane is 



" (v) l- - V(inp/*) (^+ — (7)> 

if .d ss 1. The first term represents a dissipative force tending to 
stop the motion ; the second represents a force equivalent to an 
increase in the inertia of the vibrating body. The magnitude of 
both fdhsQs depends upon the frequency of the vibration. 

We will apply this result to calcul^o approximately the velocity 
of sound in tubes so narrow that the viscosity of air exercises a 
sensible influence. As in § 265 , let X denote the total transfer of 
fluid across the section of the tube at the point x. The force, 
due to hydrostatic pressure, acting on the slice between x and 
« + fia; is, as usual, 

= ,...( 8 ). 


The force due to viscosity may be inferred &om the investigation 
for a vibrating plane, provided that the thickness of the layer of 
air adhering to the walls of the tube be^small in comparison with 
the diameter. Thus, if P be the perimeter of the tube, and V bo 
the velocity of the current at a distance from the walls of the 
tube, the tangential force on the slice, whose** volume ia SBx, is 
by (7) 

- PSx ^ > 

dX ' 

or on replacing V by -!■ 8 

-PSx ^ + (9). 


The equation of motion /or this period is therefore 
s //I sPSx/dX^ld^X\- , 
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Tho velocity of sound is ajipnixiinatoly 

“{‘-iiVp! 

or in the case of a circular tube of radius r, 


.( 10 ). 

( 11 ), 


■■l‘-V(4)} 

The result expressed in (12) was first obtained by HelinlioUz. 
An elaborate investigation of this problem has also beim givc*ii by 
Kirclihoff‘, who included in his c'alculatiou not oidy the effect of 
friction but also that of tho oonduetioii of lii'at. Kirehlioff s r(\su1t 
is of the same form as ( 12 ), but V(Atp“’) is replaeeil by the (|uaiitity 
(ejilled 7 ) 





( 13 ). 


whore 1* is Newton’s value of llie velocity of sound, and v is a co- 
efficient of conduction, e<pial according to the kinetic theory of 
gases to I 


The diminution of the velocity of sound in narrow tulx's, as 
indicated by the wave-length of statimiary vibrations, wjis observ«*d 
by Kundt (§ 200), and has been specially investigated by 
Schueebeli* and A. Seebeck*. It apjK>ars that ilie dimiuutiou of 
velocity varies as 7 ’*, in accordance with (12), but, when n varies, it 
is proportional rather tc/n”* than to Since is independent 
of the density (p), tlic effect vrould bo increoBcd in rarefied air. 


348. In the course of this work we have hod frequent occasion 
to notice the importance of the conclusions that may be arrived at 
by the method of dimensions. Now that we are in a position to 
draw illustrations from a greater variety of acoustical phenomena 
relating to the vibrations of both solids and fluids, it will be con- 
venient to resume the subject, and to develope somewhat in detail 
the principles upon which the method rests. 

In the case of systems, such as bells or tuning-forks, formed of 
uniform isotropic material, andmbrating in virtue of elasticity, the 


> Pofg, Awn. t. cranr 177. 1868. 
* Pogg. Ann, t. cxxxix. 104. 1870. 


* Pogg, Ann. t. cxzzvi. 296. 1869. 
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acoustical elements are the shape, the linear dimension c, the 
constants of elasticity q and fi (§ 149), and the density p. Hence, 
by the method of dimensions^he periodic time varies coBteris 
pa/rilms as the linear dimensionfft least if the amplitude of vibra- 
tion be in the same proportion; and, if the law of isochronism 
be assumed, the last-named restriction may be dispensed witL In 
fact, since the dimensions of q and p are respectively [ML^ 
and [ML^y while /a is a mere number, the only combination 
capable of representing a time is . a 

The argument which underlies this mathematical shorthand is 
of the following nature. Conceive two geometrically similar bodies, 
whose mechanical constitution at corresponding points is the 
same, to execute similar movements in such a manner that the 
corresponding changes occupy times' which are proportional to the 
linear dii^ensions — in the ratio, say, of 1 : n. Then, if ‘the one 
movement be possible as a conseque^s^ce of the elastic forces, the 
other will be also. For the masses to be>moved are as 1 : the acce- 
lerations as 1 : n"', and therefore the necessary forces are as 1 : n*; 
and, since the strains are the same, this is in fact the ratio of the 
elastic forces due to them when referred to corresponding areas. 
If the elastic forces are competent to produce the supposed motion 
in the first case, they are also competent to produce the supposed 
motion in tlie second case. 

The dynamical similarity is disturbed by the operation of a 
force like gravity, proportional to the cubes, and not to the squares, 
of corresponding lines; but in cases where gravity is the sole 
motive power, dynamical similarity may be secured by a different 
relation between corresponding spaces i^d corresponding times. 
Thus if the ratio of corresponding spaces be 1 : tz, and that of 
corresponding times be 1 : n^, the accelerations are in both cases 
the same, and maybe the effects of forces in the ratio 1 : n* acting 
on masses which are in the same ratio. As examples coming under 

head may be mentioned the common pendulum, sea-waves, 
whose velocity varies as the square root of the wave-length, and the 
whole theory of the comparison of ships and their models by 
which Mr Froude predicts the behaviour of ships from experi- 
ments made on models of moderate dimensions. 

^ The oonoeptioii of an alteration of sode in Bpaeethas been made familiar hy 
the nniTersal use of maps and modelB, hut the oorreBpondixig oonoeption for time 
is often less distinek Beferenee to the ease of a mnsieal ecmposition peifiirmed at 
different speeds may assist the Imagination of the stndent. 
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The same comparison that wo have employed above for elastic 
solids applies also to aerial vibrations. The pressures in the ciises to 
be compared are the same, and therefore when acting over areas in 
the ratio 1 : n®, give forces in the same ratio. These forces operate 
on masses in the ratio 1 ; n®, and tlieroforo produce accelerations in 
the ratio 1 : w \ which is the latio of^hc actual accelerations when 
both spaces and times arc as 1 ; Aecoidinj^ly the penodic times 

of similar resonant cavities, filled with the same gas, are directly os 
the linear dimension — a very impoitant law fiiht formulated by 
Savart. 


Since the same mctlio<l of tftmparison applies both to elastic 
solids and to elastic fluids, an extension may be niiulc to systems 
into which both kinds of vibiati<»n enter. For example, the scale 
of a system compouiidcil of a tuning-folk and of an air ri senator 
may ho supposed to be altcreil without change in the motion other 
than that involved in tal iugMho times in the same ratio as the 
linear dimensions. 

Hitherto the alteration of scale lias been supposed to be 
uniform in all dimensions, but there are cases, not coming under 
this head, to which the principle of dynamical similarity may be 
most usefully applied. Let us consider, for example, the flexural 
vibrations of a sy>tem composed of a thin elastic lamina, plane or 
curved. By §§ 214,215 wc see that the thickness of the lamina h, 
and the mechanical constants q and p, will occur only in the com- 
binations qJ}* and 6p, and thus a comparison may bo mtule even 
although the alteration of ^thickness 6c not in tho same proportion 
as for the other dimensions. If c be tho linear dimension when 
the thickness is disregarded, the times must vary casleris paribus 
as ,Ir\ For a given material, thickness, and shape, the 

times are therefore as tho squares of the linear dimension. Jt must 
not be forgotten, however, that results such as these, which involve 
a law whoso truth is only approximate, stand on a different level 
from tho more immediate consequences of the principle of simi- 
larity. 
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APPENDIX A. (§.107). 


The problem of delorinuihifj tjie comvtitm fm* the o))en end of a 
tube is one of considenvble dilVi<‘uUy, even whc*n theu* is nu infiiiiti* 
ilango. It improved in the text 307) that the eovrt‘ct Lon a i> grealor than 

Jit/?, and less thrfn^^/A Hie latter \aliie is obtuincil by ealeulnting 

the energy of the motion on Hiip]M)sition tliat the vehwify ])ara11<>l 
to the axis is constant ovei the^phine of the mouth, and fsimpariitg tfiis 
energy with the square of the total current. The actual >clocity, no 
doubt, incifasea fi'om the centre outwartls, la-coming iutiiiilo at the sluirp 
edge j and the asHiim]3tion of a constant value is a Homc‘\\h.it violent one. 
Nevertheless the value of a so ctileulat(>d turns out to l)c not greatly in 
excess of the truth. It is evident that we should bo justified in ex- 
pecting a veiy good jvsult, if wo iissumo an axial velocity of the fonn 

+ H ji.. 


r donotiBg tho distance of tho jioint cousidercsl from the centre of tlio 
mouth, and then deteiiiiino«fc and [k bo as to make tin* wholo energy a 
minimum. Tho enorgy so calculated, though necessarily in excess, uiust 
be a veij good approximation to tho truth. 

Tn carrying out this plan wc liavo two distinct problems to deal with, , 
the determination of the motion (1) outside, and (2) inside tlie cylinder. 
The former, being the easier, we will take fii'st. 

The ( wn ditionw are that ^ vanish at indnity, and that when ^ ~ ^ 


vanish, except over the area of the circle r- 7?, where 


dA ^ , T* 


.( 1 ). 


Under these eucomstancetf we know (§ 278) that 


2irjj(f« p 


-.(S), 

19—2 
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where p denotes the distance of the point where ^ is to be estimated 
from the dement of *axea dtr. Now 


a (kinetic «n«*y) ■ — J //« ' ffjtj ■ ^ ’ 

it P represent the potential on itself of a disc of radius 7?, wlioso 

density=l+/.2i + /j^. 

The value of 2* is to be cdcnlated hy the method employed in the text 
(§ 307) for a uniform density. At the edge of tho disc, when cut dow ii 
to radius a, we have the potential 

' y Ji‘*u-20 Jf 


and thus 




>14 V A 


MS'* ■‘■(>76'*'* ■''825'*'/ 


(I). 


on efibcting the integration. This quantity divided by v gives twice the 
kinetic energy of the motion defined by (1). 


The total current 

= JT 2itrdr(l +ii^ + /t' ^ = (1 + ln+l i/)... {H). 

We have next to consider tho problem of determining the motion of nn 
incompressible fluid within a rigM cylinder under the conditions that tlie 
axial velocity shall be uniform when x=-- — d), and when is = 0 shall be of 

the form « 

dth ^ , r'* 


It will conduce to clearness if wo separate from that part of it wliich 
oorreBponds to a u^orm flow. Thus, if we take 


dx 




^ will co!rreq;x>nd to a motion, which vanishes when x is' numerically 
greak When « » 0, 

( 6 ), 

if for the sake of brevity we put i? = 1. 


> The density of the fluid is sapposed to he unity. 
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Now ^ may bo ex^xinded in tlic senca 

(7), 

■whoro p denotes a i-oot of tlio ‘equation 

0 ( 8 )^ 

Kticli term of this series satisllra tli8 coiitlitimi of giving no rtuluil 
velocity, when r 1 ; and no motion of any kinil, wlien a; - oo , Xt 


remains to determine tlio coefficients t/p so ub to satisfy (6), \ihcn x 0. 
From r — 0 to r - 1, wo must huvo 

wlicnce multiplying by J^^pr) rdr and intcgniting fiom 0 to 1, 

Pf^f [*^0 ( X^)]* ^ ( pr) [/* {r* - i) + // (/•*-’)[, 

t‘\ciy tenii on the left, ex(V[it one, >aiuhliiiig by the piopftly of tho 
fiiuutiuus. For tho righi-h'uid side v o lui\ o 

, i 

j^r<lrJ„(iir) 0, 

(pr) v.= (A _ ( j ,) ; 

SO that 

^^*'.0 "?)} 

The velocity-potontisd ^ of the whole motion is tlius 

+ - (I + i /*.+ J <rJAp^).^.^ m 

tlie summation extending to all the atlinissiblo values of p. We havo 
now to find the energy of motion of bO much of tho fluid as is included 
between » = 0, and a: = - X, where X is so great that the velocity is there 
sensibly constant. 

By Green’s theorem 

2 (kinotilc energy) = (’^^0 )-*- (* = -X)* 

1 The numerical values of the loots aie approximately 

8*83170o, p,- 7'015, ^,=10-174, 

j,,«18-S24, p.=16-471. p.«l9*618. 
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Now, when sc * ~ Z, 

BO that the second term is irZ(l + 

In calculating the first term, we must remember that if and be 
two different Tslues of p, 

j^^irrdrJ^ (ji^r)J^ (pjr) = 0. 

Thus 

=ios 


Accordingly, on restoring j?, 

2 (kinetic energy) = (1 -fc i f^+ J 

+ 16ir-R®S I 

To this must be added the energy of the motion on the x>OHitive side 
of sc = 0. On the whole 


2 kinetic eneigy I 16 xs/ . q -» 

(current)* ~ ttjK" vli(i + ^p+ Ip)* J^/j 

61J/+ 6 7 ‘ 

(1 + if* ■»- 1/*T 


Hence, if a be the correction io the length, 

5=ti + itM+ Sil/*'+(64^-’+ A)/*’ 

+ {24T(3p-‘-8^-^ + ^i}^/ 

+ {2iw (Sp-*- lOSp-' + 64^-) + ,"A} + i/* + »’• 

By numerical calculation from the Talues of p 

:Ep“* = -00128266 ; Ip^* - 8:^'"- -00061265, 

2p-* - 16:^“^ + 64Si>-* = -00030361, 


and turn |^=[l + -9333333p+’«980951/ 

• + -3622728 /t* + -363223 nn' + -1307634 /»"]-«■ (1 + Jf» + J#*')' 

-0666667^ + -0685716 n' - -0122728 p* -.-029890 p/i' - -0196523 p" 

(T+ImImT ! 

:..(ii). 

The fraction on the right is the ratio of two quadratic fonctionB of 


* 1 -- 
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fi, /*', and our object is to determine its maximum vuluo. In general if 
S and S' be two quadratic functions, the maximum and minimum values 
of ZbsS-^ S' ai*o given by the cubic e<|iiaiion 

- A„-® + ©3“-* - @3”* + A' ~ 0, 

where a/** + + c + 2 j ) jl ' + + 2/p/t/i', 

S' ~ a' /A* + b'lt!^ + c' + 2^'/*' + 2y'/i + 

A - aic + '^A - -b,/- ch‘ = V “ "') - 

0 -= (i»c -/•*) rt' + {at - tf) h’ + {nh - h^) c' 

+ 2 (y/* - q/ V" I- (V “ ^/) *y + ^(/u- c/i) A', 
and 0', A', are derived from 0 mid A by intcTchanging tlic* acceutc'd au<l 
unaccented let lore. 

In the present case, siivo S‘ is a |irothiet of lini*ar f»ietoi*s, A' - 0 ; 
and since the two faeloi’S arc the same, 0’ 0, so ilmt 3 A 0 simply. 

SubstituUng the iiuiiua'ieal va^ius, ami < Ih'eting the caleiilsitions, we 
find 3 = ‘02808G1, which is the piaxiuiuiu value of Uu‘ fnictiou consibient 
with I'cal values of /x and /*'. 

The corresponding vuliu* of a is •821227*’, than which the true 
correction cannot b(» greater. 


If w’e assume /x' 0, tin* greatest \aluo of t then possible is •021203, 

which gives 

a - 8281 10 /*". 

On the other hand if w'c put /ix 0, the maximum \ aluo of z comes 
out •027f»53, whence 

a • •82:»ur)3/^. 

It would ajipcar from this result that the va rial do j)art of the 
normal velocity at the mouth is better n'presented by u term varying us 
r*, than by one varying as v*. 

The value a -*82*1272 is probably xiretty close to the truth. If the 
normal velocity bo assumed constfXnt, a *81882672; if of the foriir 
1+fir^, a -*8281572, when fi is suitably determined ; and when the 
form l+/xr* + ftV*, containing anotlicr ai-bitrary constant, is made 
the foundation of the calculation, wo get a • •824272. 

The true value of a is probably aljout *82 /f. 

In the case of ft = 0, the iniuuuum energy corresiwnds to /x'- 1*103, 
BO that * 

On Ijiis supposition tlie nomal velocity of the edge (r 72) would b© 

about double of that near the centre. 

* Notes on Bessel’s fouotions, PhiL Mag. Nov. 1872, 
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NOTE TO § 273. 


A method of obtaining Poisson’s solution (8) ^vcn by liouville’ is 
worthy of notice. 


If r be the polar radius vector measured from any point 0, and tlie 
general differential equation bo integrated over the volume included 
between spherical surfaces of radii r and r + wo find on transforma- 
tion of the second integral by Green’s theorem 


d? 




in which ff^d(r, that is to say is proportional to the inoaii value 


of ^ reckoned over the spherical surface of radius r. Equation (a) may 
be regardi^ as an extension of (1) § 279 j it may also be proved from 
the expression (6) § 241 for in terms of' the ordinary polar co-ordi- 

nates rj 0, to. 


The general solution of (a) is 

(“<-’•) 


where x and $ are arbitrary functions ; but, os in § 279, if the ][)olc be 
not a source, + aothat 

rX = x(“<+»‘)-X (“<-»•) 

It appears from (y) that at 0, whpn r— 0, \.==2x'(at), which is 
therefore also the value of 4ir^ at^G at time Again from (y) * 


V («*+••) 


d(r\) rf (rX) 
d (at) '~[dr ’ 


so that 



or in the notation of § 273 


sx" w = 5//^ w ^ /j/w ^ 


( 8 ). 


By writing oA in jdaoe of r in (3) w;e obtain the value of 2x'(td), or 
4ir^ which agrees with (8) g 273. 


1 Lioavills, toA I. p. 1| ^6. 
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Note OH rrogrcssive Wuv«8. From (hr Fiwcedivgs of the LoiuIoh 
MaiJuimatiml Socut»/y !'<•/. IX. Xo. 1:15. 


It has dfteii l>ccn rcmarkotl thnif wlion a gi*oup of wavoa advances 
into still water, the vchxjity of the gioiip is less tlmu that of the iuili- 
vidual waves of which it is eomposctl; the waves sipjx'ar to advance 
through tlie gi’oup, dying away as they ajipmudi its anterior limit. 
This plienoiuenoii was, 1 Ik'Ucvo, lii-st explained hy Stokes, who re- 
garded tlie group as formed by the suptu’position of two iiitinitc trains 
of waves, of equal amplitudos and of ncitrly equal wavcs-longths, ad- 
Viuicing ill the same direction. IMy athuitioii was railed to the subject 
about tw9* years since by- Mr Fronde, and tlie same ox]>lanation then 
occuiTed to me indepeudeiitly In iny btmk on the “Theory of 
Sound” (§ 101), 1 have considered the question more gcfiemlly, and 
have shewn that, if V W; tl/j velocity of in-opugation of any kind of 
waves whoso wave-length is %, and k- the velocity of 

a group composed of a great number of w'avos, and moving into an un- 
disturbed part of the nicdiuni, is cxpi’essed by 


'•■■--iv’ «• 

or, as we may also write it, 

U : ^ (O). 

^ alOgK ' ' 

Thils, if Foe X", U-^{U--u)V (;i). 

Ill fhet, if tho two iuiinito tmius bo I’epi'OKcnUMl by cos K(rt-- a*) 
and COS k ( V't — a;), their resultant is roxircsentcd hy 

cos K ( - a) + cos k' ( F7 - a;), 


1 Another phenomenon, also mentioned to mo by Mr Froude, adraita of a 
aiipiiftr explanation. A steam launch moving quickly through tho water is ac- 
companied by a peculiar system of diverging waves, of which tho most striking 
feature is the obliquity of the lino containing the greatest elevations of successive 
wavM to the wave-fronts. This wave pattern may bo explained by the snper- 
posiUpn of two (ox mote) inanite trains of waves, of sliehtly differing wave-lengths, 
whose directions and vdocities of propagation are so related in each case that thoe 
is no change of position relatively to the boat. The mode of omnposition will be ‘ 
best understood by drawing on pape]|^ two sets of parallel and equidistant linos, 
snbjeot to the above eonditi&, to repr&eht the erests of the comport tmins» In 
the case/>f two trains of slightly different wave-lengdia, it may be proved that the 
tangent of the angle between the line of maxima and the wave-fronts is half the 
tangent of the between the wave-fronts and the boat's oonrse. 
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which is equid to^ 


2oob f- 


Vr-icK, k'-k 
2— < 2-” 


(l^r'*Kr, 


I'+jf 


*}• 


If V'— F be small, we have a tram of waves whose amplitude 

varies slowly from one point to another between the limits 0 and 2, 
forming a series of groups separated from one another by regions com- 
paratively free from disturbance. The position at time t of the middle 
of that group, whi<di was initially at tiie origin, is given by 


(ic'F'-KF)«-(it'-K)a! = 0, 

which shews that the velocity of tMe group is (ic'F'-kF) 

In the limit, when the number of waves in each group is indefiziitr'ly 
great, this residt coincides with (1). « 

The following particular cases are worth notice, and are here tabu- 
lated for coifvenience of comparison : — 


FoeX, 

ir=o, 

Reynolds’ disconnected pendulums. 

F oc X*, 

U^\Y, 

Deep-water gravity waves. 

FooX®, 


Ac rial waves, the. 

FoeX-i, 

u^%v. 

Capillary water waves. 

FoeX-*, 

U^27, 

Moxural waves. 


The capillary water waves are those whoso wavo-longth is so small 
that the force of restitution due to capillarity largely exceeds ^hat duo 
to gravity. Their theory has been given by Thomson (PhU. Jltfff., 
Nov. 1871). The flexmal waves, for which U=2Vi are tliose cor- 
responding to tho bending of up clastic rod or plate Theory 'of 
Sound,” § 191). 

In a paper read at the Plymouth meeting pf the British Association 
(afterwards printed in ** Nature,” Aug. 23, 187,7), Prof Osborne 
Reynolds gave a dynamicid explanation of the fact that a group of 
deep-water waves advances with only half die rapidity of the indi- 
vidual waves. It appears that the energy propagated across any point, 
when a train of waves is passing, is only one-half of the energy neces- 
sary to supply the waves which ^muss in the same time, so that, i£ tho 
train of waves be limited, it is impossible that its front can be propa- 
gated with the full velocity of the waves, because this would imply the 
acquisition of more energy than can in fact be supplied. Prof. Reynolds 
did not contemplate the oases where more energy is propagated than 
corresponds to the waves passing in the same time; but his argument, 
applied conversdiy to the results already given, shews that suqh cases 
must exist. The ratio of the energy propagated to that of the passing 
waves is 27 : F; thus the energy propagated: in the unit time is 27 : F 
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of that existing iii a ICngth V, or XJ tinicB that existing iu tlic unit 
length. Accordingly 

Energy prapagated in unit time : Energy contained (on an average) 
in'Onitlengtli =d(Kr) : </k, by (1). 

As an example, I will take the cijpe of simill irrotational waves in 
Avater of iuiite depth If bo measuved downwaixls from the Hurfiu^e, 
and the elevation (A) of the wave bo denoted by 

li = // cos (wi — /c.r) ( 1 ), 


in vrhich n = KVf the corresponding velocily-potoiiLial (^) is 

^ ^ _ J // ^ (r,). 

This A'liluo of ^ satisfies the general diiiereiiti.-d equation for irroUi* 
tiunal iitotioii (v“^“ makes the vertical veh»city •Kero when 
tlh * . 

s; /, and — vhon 0. I^io M*lutily of propagation is given by 




■ ('!)• 


Wc in.»y now cabudafe tin* ciieigy contained in a lengtJi u', whieli is 
biijjposed to include so great a number of vva\i‘s that fmctlonul parts 
may bo l<d’t out of account. 

For the potential energy wo have 

II (7). 


For the kinetic eiieigy,^ 


!''• 

by (1) and (6). If, in accordance witli the argument lulvunced at tho 
end of this paper, the equality of K, and T be assumed, tho value of 
the velocity of propagation follows from tho present oxin-essions. Tho 
whole energy in the waves occupying a length j’ is tliei*ofore (for each 

unit of breadth) F, + iffpXP .oe (9), 

7/ denoting the maximuifl olevatioli. 


> Prof. Eoynolds considers tho troohoidal wave of Bankinc and Fronde, which 
involves molecular rotation. 
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Wo have next to calculate the energy i>ropagated in time 6 across a 
plane for which x is constant, or, in other word^ the work (W) that 
must be done in order to sustain the motion of the plane (considered 
as a flexible lamina) in tho face of the fluid pressures acting upon the 
front of it. ^The variable part of tho pressure (8/>), at depth js, is 
given by 




while for the hori/outal velocity 


^ - K VU cos {nt - Kx ) ; 

Bothat .. ... (10), 

% 

on integration. Fi’oin the value of V in (C) it may bo in-ovcd that 

% 

- i f/i + 1 - 1 //i I _ I . 

dK + dK j ’ 


and it is thus verified that the value of W for a unit time 


= X energy in unit length. 

As an example of tho direct calculation of we may takit the case 
of waves moving under the joint influence of gravity and cohesion. 

I 

It is proved by Thomson that ^ 

V'^^+T'k :. ( 11 ), 

K 

where T' is tho cohesive tension. Ucnce 

( 12 ). 

When K is small, the surface tension is negligible, and tlien 17= JV; 
but when, on the contraiy, k is large, as has ali'eady been 

stated. U ^V, This corraponds to the m i nimum 

velodly of propagation investigated by Thomson. 

Although the argument from interference groups seems satisflu^ry, 
an independent investigation is deuiable of the ration between 
energy existing and energy propagated. For some time I was at a loss 
for a method applicable to all kinds of wavesi not seeing in particulai* 
why the comparison of energies should introduce the consideration of 
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a variation of wave-length. Tlie following investigation, in which the 
increment of wave-longth is imatfinttry^ may ptTha})8 ho considered to 
meet the want : — 

, lict ns suj)pose that the motion of ovei'j j>art of the niedinm is 
resisted hy a foi'ce of very small magnitiule piopovlional to the mass 
and to the velocity of the part, the elli*et of wliiLli will he that waves 
generated at the origin gradually ilit* a^^a 5 as ,r ineivaM's. Tlu* motion, 
which in the ahsenee of frielion would h<‘ ivpn‘',enttd h\ cos(«<-na*), 
under the inlhieuco of friition is lepresented hv r qk\-s{^uI- 
whoTO ft is a small iwsili\o eoefficieiu. In tin* value of k is 

also Jilteml hy the irietiou ; hut the alicr.itiou is »)f the second orchu* as 
'regartls tlie friciuuial forces, amf may !»<» omlttiHl under the eirciim- 
stsinccs here supp^)^ed. The energy of the \\a\js per unit h^ngth at 
any stage ftf degradation Is pro])oi t ioiiul to the sqiiar(‘ of the auipUtude, 
and thus the whole energy on tlu‘ ja»siti\e side of the origin is to the 
enci’gy of so iiuieh of tlio waves at llwai gieatest ^alue, i.e,, at tho 
origin, as would he coulaiud ni th<" unit td‘ length, us : I, 

or as : 1. The energy trausmittt'd through the oiigin^ in the 

unit time is Uic same as the energy disbipat* tl ; aiul, if the frictional 
force acting on the element of mass m ho hnu\ wheiv <• is llie \e1o(i(y 
of tho cleiiunit and h is eunstaiit, tho energy dissip.i(ed in unit time is 
or 27*7^, T b<*irig tho kiuctie energy. Tims, on the assum|>tion 
that the kinetic energy is half the tvholo energy, wo iind that tho 
oiieigy tjansmitted in the unit time is to tlie gi*oatest energy existing 
in tho unit length ns a : 2fi. ft remains to find tho coniu'ctiou ho- 
tween h and fi. 

For* this purpose it will ho oonveikleiit to reganl cos {nt -Kar) ns tho 
real part^f 6*“^ e"***^, and to impiin^ how k is aifeelefl, when n is gi\en, 
hy the introduction of frieticui. Now the effect f»f friction is repn^senled 

, il 

in the differential cqii^tions of motion hy Uio suhstitulion of 

in place of or, since tho whole motion is projiorlional to hy 

substituting -w* + fAn for -«*. TTence tlie intrcMlnetion of friction 
corresponds to an alteration of n from n to n-h fh (tlu* wpiaro of h 

being neglected); and accordingly #c is altered from k to 

c/« 

Tlie solution thus becomes c” pi(nf-nz\ or, when the imaginary 

(/k 

part is rejected, a cos (A - xac) ; so that fi 


h • 2m - ~ . The ratio of the energy transmithsl in the 
^ iU 
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the energy ezistuig in the unit length is therefore exprossod hy 
dn d(KV) ^ . 

Ibi ’ die * ^ ^ proved. 

It has often been noticed, in particular cases of progressive wavon, 
Uiat the potential and kinetic energies are equal ; but 1 do not call to 
mind any general treatment oft the question. Tlie theorem is not 
usually true for the individual parts of the medium ^ but must be 
understood to refer either to an integral number of wave-lengths, or to 
a space so considerable that tlie outstanding fractional ports of waves 
may be left out of account. As an examine well adapted to give in- 
sight into the question, I will take the case of a uniform stretched 
circular membrane (“Theory of Sound,” § 200) vibrating with a given 
number of nodal circles and diameters. Tlie fundamental modes arc 
not quite determinate in consequence of the symmetry, fdr any dia- 
meter jnay be made nodal. In order to got rid of this indetermiii.ate- 
noss, we may suppose the mcmbnuie to carry a small load attached to 
it anywhere except on a nodal circle. Tl,'ere are thou two definite 
fundamental modes, in one of which the !toad lies on a nodal diameter, 
thus producing no effect, and in the other midway between nodtil dia- 
meters, where it produces a maximum effect (“Theory of Souml,” 
§ 208). If vibrations of both modes are going on simultaneously, tlie 
potential and kinetic energies of tho whole motion may be calculated 
by simply addition of those of the components. Let us now", supposing 
the load to diminish without limit, imagine that tho vibrations are of 
equal amplitude and differ in phase by a quarter of a jierlod. The 
result is a progressive wave, whoso potential and kinetic energies are 
the sums of those of the stationary waves of which it is composed. 
For the first component wo haVe cob’ nt, T^-=EBm’nt; and 

for the second component, F, = ^ sin* 7U, cos* ; * so that. 

Fg= + or tho potential and kinetic energies of the 

progressive wave ore equal, being the same as tke whole energy of 
either of the oomponents. The method of proof here employed appears 
to be sufficiently general, though it is rather difficult to express it in 
language which is appropriate to idl kinds of waves. 


^ Aerial waves are an important exception. 
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sequent volumes, for whieh this^prcimrcs the way. ^J'hc higiier stiiily of 
acoustics will be a different thing altogetlier wdieii they am in our handH.” — 
Academy, 
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